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PREFACE. 



Seventeen years ago the New Elementary Algebra was 
fii'st presented to the public. The generous favor with which 
the book has been greeted, indicates that it in some degree pro- 
vided for the wants of many schools. 

But it has been noticed that, in consequence of the improved 
condition of our public schools at the present timfe, pupils are 
enabled to complete their arithmetical studies at a comparatively 
early age ; and in consequence, a demand has arisen for a 
briefer algebraic course to follow. To meet this growuig de- 
mand, this revised edition has been prepared. 

While the aim has been to render the course easy and simple, 
great care has been taken that this should not be secured at the 
expense of strength and thoroughness. 

The analytic method has been pursued, with a view to a 
strictly logical development of the science, it being believed 
that one of the principal benefits of the study of mathematics is 
to teach the learner how to reason with elegance and exactness. 

The articles on Rationalization, Radical Equations, and the 
Theory of Quadratic Equations, have been retained, and a brief 
treatment of Logarithms inserted, to render the course ample 
for students preparing for admission to college. 

The time of the learner has been materially economized by 
the omission from this edition of many difficult and complicated 
examples. 



IV PREFACE. 

Miscellaneous examples at the end of the book have been 
replaced by Problems from Examination Papers for admission, 
furnished by Professors of Mathematics in several of our prin- 
cipal Colleges and 'Universities, and to whom indebtedness i» 
acknowledged. 

Every effort has been made to include valuable improve- 
ments, and all that is required by the best standards of instruc- 
tion. To this end, the latest foreign works on the subject have 
been examined and compared, and the most prominent practical 
teachers of this country freely consulted. Especial credit is 
due Albro E. Chase of Portland High School, and A. L. Good- 
rich of Salem High School, for valuable suggestions. 



Several articles have been marked by a *, to be omitted at 
the option of the teacher. 
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ELEMENTARY ALGEBRA. 



DEFINITIONS AND NOTATION. 

It Quantity is anything that can be measured; as dis- 
tance, time, weight, and number. 

2t The Unit of quantity is one of the same kind as the 
quantity, taken as the standard, or unit of measure. 

3« Mathematics is the science of quantities and their 
relations. 

Letters and other characters used in mathematics, to indicate 
quantities, and signs used to denote their relations, or operations 
to be performed, are called symbols. 

4t Algebra is that branch of mathematics in which the rela- 
tion of quantities is investigated, and the reasoning is abridged, 
by means of symbols. 

The symbols usually employed are the figures of arithmetic, 
letters of the alphabet and certain signs. 

&• Letters are used to represent any quantity whatever, 
known or imknown. 

6i Known Quantities, or those whose vsllues are given, 
are generall}'^ represented by the first letters of the alphabet, as 
a, ft, c. 

Define Quantity. Unit of Quantity. Mathematics. Algebra. How 
are Letters used ? How are Known Quantities generally represented ? 



8 ELEMENTARY ALGEBRA. 

7t Unknown Quantities, or those whose values are to be 
determined, are generally represented by the last letters of the 
alphabet, as a?, y, z, 

8t Numerical Quantities are those represented by fig- 
ures. 

9. Literal Quantities are those represented by letters. 

10. Addition is indicated by an erect cross, -|-, called plus. 
Thus 10 -|- 4, read ten plus four, signifies that 10 and 4 are to 
be added. 

11. Subtraction is indicated by a short horizontal line, — , 
called minus. Thus, 10 — 4, read ten minus four, signifies that 
4 is to be subtracted from 10. 

13. Multiplication is indicated by an inclined cross, X« 
Thus, 8X2 signifies that 8 and 2 are to be multiplied to- 
gether. 

In Algebra, the inclined cross is usually omitted, ex- 
cept between two arithmetical figures, separated by no 
other sign, and the absence of any sign indicates multi- 
plication. Thus, ah signifies that a and h are to be mul- 
tiplied together. 

Note. Sometimes a period is used in place of the inclined cross; 
but this should never be done when there is danger of mistaking it for 
the decimal point. Thus, a . h signifies that a and h are to be mul- 
tiplied together, and 2.3.5.7 indicates that 2, 3, 5, and 7 are to be mol- 
tiplicd together ; but 2 . 3 would be read two and three tenths, unless the 
connection made it obvious that multiplication was intended. 

13. Division is indicated by a horizontal line, with one dot 
above and another below, -4-. Thus, 8-^2 signifies that 8 is 
to be divided by 2. 

Division is otherwise often indicated by writing the dividend 
above and the divisor below a horizontal line, in the form of a 
fraction. Thus, f signifies the same as 8 -7- 2. 

How are Unknown Quantities generally represented ? What are Nu- 
merical Quantities? What are Literal Quantities? How is Multiplica- 
tion iudiccited? Division? 



DEFINITIONS AND NOTATION. 9 

U, Equality is indicated by two short horizontal lines, =. 
Thus, 10 -f- 6 = 16 signifies that the sum of 10 and 6 is equal 
to 16. 

NoTB. Inequality is indicated by the angle >',or<,the opening 

being towards the larger quantity. Thus, 12 + 5 >14 signifies that the 

sum of 12 and 5 is greater than 14 ; and 14 < 12 -|- 5 signifies that 14 is 
less than the sum of 12 and 5. 

15, A Parenthesis, ( ), or a Vinculum, , is used to 

include quantities which are to be considered together, or sub- 
jected to the same operation. Thus, (4 -|- 2 -|- 6) X 3 signi- 
fies that the sum of 4, 2, and 6 is to be multiplied by 3 ; and 
9 — 5 -^ 2 signifies that the diiFerence of 9 and 5 is to be di- 
vided by 2. 

16, The Bracket, f^, or the Brace, } (, is sometimes 
used in the place of the parenthesis, or the vinculum. Thus, 
[15 + 7] X 6, ^15 + 7} X 6, indicates the same as (15 -f7)X 
6, or 15 + 7 X 6. 

17, Factors are quantities which are to be multiplied to- 
gether. Thus, in 7X^X5, the quantities 7, 3, and 5 are the 
factors. 

18t A Coefficient of a quantity is a figure or letter pre- 
fixed to it, to show how many times the quantity is to be taken. 
Thus, in A a = a -{- a -\- a -\- Oj 4k is the coefficient of a, and 
indicates that a is taken 4 times ; in bx,b is the coefficient of x, 
and indicates that x is taken b times ; and in 5 r y, 5 may be re- 
garded as the coefficient oi c y, or 5 c as the coefficient of y. 

When no coefficient of a quantity is written, 1 is understood 
to be its coefficient. Thus, a is the same as 1 a, and ar y is the 
same as 1 x y. 



How is Equality indicated ? How is a Parenthesis or Vinculum used ? 

A Bracket or a Brace ? Define Factors ? A Coefficient. 

1* 
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As 4 a indicates that four a'& are to be added • to- 
gether, or that a is to be taken four times, it is evident 
that a and 4 are to be multiplied together. The expres- 
sion bx also indicates that x is to be multiplied b}' b. 
Hence, when a figure and a letter, or two letters, are 
separated by no sign, multiplication is understood, and 
the quantities are to be used as factors. (Art. 12.) 

Note. This method of expressing multiplication cannot be extended to 
figures separated by no sign. Thus, 82 could not be used to denote the 
product of 8 and 2, because that form is already appro|)riated in Arithmetic 
to eighty-two, or the sum of 8 tens and 2 units. 

In such expressions as 8 (2 -|- 3), multiplication is understood, for the 
figures 8 and 2 are separated by a sign. 

19» An Exponent is a figure or letter written at the 
right and above a quantity, to indicate the number of 
times the quantity is taken as a factor. Thus, x X ^ 
X ^, or XXX, may be written x^, in which 3 is the 
exponent of x, and indicates that x is taken 3 times as 
a factor. 

Unless a parenthesis or vinculum is used, an exponent 
affects only the single letter or figure to which it is 
aflSxed. Thus, in the expression 3ab^, the 2 affects 
only the b. If it were to extend its power to the whole 
expression, it would be written thus, {Saby, 

NoTK. It will be observed that the coefficient and exponent both sig- 
nify how many times a quantity is taken. 

A coefficient shows how many times the jriven quantity is taken, in addi- 
tion, to produce a smn ; while an exponent shows how many times the given 
quantity is taken, as a factor, in multiplication, to produce a product. Thus, 
5 a denotes 5 a's added together, OTa-\-a-{-a~{-a-\-a, while a^ denotes 
5 a's multiplied together, ora X a X a X a X «• 



What does the absence of any sign between two quantities indicate? 
DefiLC an Exponent. How far does the power of an exponent extend 1 



DEFINITIONS AND NOTATION. 11 

i^Ot A Power of any quantity is the product obtained 
by taking that quantity one or more times as a factor. 
A power is indicated by an exponent. Thus, 

a X ci-=.a^^ read a square, is the second power of a ; 

o X o X o = a', read a cube, is the third power of a ; 

« X fl X a X ct = a*, read a fourth, is the fourth, pow- 
er of a. 

When a quantity has no exponent written, it is under- 
stood to be the first power. Thus, a is the same as a^ 
or the first power of a. 

21 1 A Root of any quantity is a factor which, taken a 
certain number of times, will form that quantity. Thus, 
a is the second or square root of a^, since a X a = o^ ; 
a is the third or cube root, of a', since a X a X o^ «' J 
a is the fourth root' of a*, since ay^ay,ay,a = a^, 

22» The Radical Sign, \/, when prefixed to a quantity, 
indicates that the root is to be taken. Thus, 

\/ a indicates the second or square root of a ; 

4^ a indicates the third or cube root of a ; 

/^ a indicates the fourth root of a. 

The index of the root is the figure or letter written 
over the radical. Thus, 2 is the index of the square 
root, 3 of the cube root, and so on. 

When the radical has no index over it, 2 is under- 
stood. Thus, \/a is the same as \/a, 

A fractional exponent is also used to indicate a root. 

Thus a^ indicates the square root of a, and a* indicates 
the cube root of a. The numerator of the exponent de- 
notes the power, and the denominator the root. Thus, 

b* indicates the fifth power of the fourth root of b, or 
the fourth root of the fifth power of b. 

Define a Power. A Root. What does the Eadical Sign indicate? 
Define an Index of the root. How is a fractional exponent used ? 
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25, The Terms of an algebraic expression are its parts con- 
nected by the signs -|- or — . Thus, 

a and b are the terms of the expression a-\-b; 

2 a, b% and — 2 a c, of the expression 2a-\-¥ — 2ac. 

24, The Degree of a term is the number of literal factors 
which it contains. Thus, 

3 a, or 3 X «j is the Jirst degree, since it contains but mie 
literal factor a. 

ab, or aX b, is of the second degree, since it contains but two 
literal factors, a and b. 

5 a i^, or 5 X « X ^ X ^j is of the third degree, since it con- 
tains but three literal factors, a, b, and b. 

a% or a X ct, is of the second degree ; a^ or a X ^ X «? is of 
the third degree ; a*^, or a X « X « X « X «> is of the Jijlh de- 
gree ; the number of the degree, in each case, being equal to 
the exponent of the given letter. 

a^ ^, or a X « X ^ X ^ X ^? the product of five literal factors, 
is of the Jifih degree ; exponents 2 and 3 is 5 ; in a* ¥ c^, the 
sum of the exponents 4, 3, and 2, is 9 ; in each case the number 
of the degree is equal to the sum of the exponents of all the 
letters in the term. That is. 

The degree of any term is determined by adding the expo* 
nents of its several letters. Thus, — 

3 ab^c^ is of the sixth degree, since 1 -|- 2 -f- 3 = 6. 

25t A Monomial is an algebraic expression consisting of 
only one term ; as, 5 a, 7 a i, or 3 ^ c. 

26, A Polynomial is an algebmic expression consisting of 
more than one term ; as, 

a-\-b,0TSa^-\-b—5bK 

27, A Binomial is a polynomial of two terms ; as, 

a — b, 2 a -\' b% or S a c^ — b. 



Define the Terms of an Algebraical Expression 1 The Degrees ? A 
Monomial ? A Polynomial ? A Binomial 1 
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jJS. A Residual is a binomial whose terms are connected 
by the minus sign ; as, 

a — d, or 3 a — 2 he. 

29» A Trinomial is a polynomial of three terms ; as, 

a'\-h'^Cf or ah-\-c^ — 6^. 

30* Homogeneous Terms are those of the same degree. 

Thus, the terms a^, 3 6 c, — 4 x'^ are homogeneous. 

A polynomial is homogeneous when all its terms are 
homogeneous. Thus, the polynomial a?-\-ahc — V^ is 
homogeneous. 

31* Positive Terms are those having the plus sign ; as, 

-|- a, or -|- a 6^ 
When a term has no sign written, it is understood to 
be positive. Thus, a is the same as -f-^- 

32* Negative Terms are those having the minus sign ; 
as, — a, or — 2h c^ This sign should never be omitted. 

33* Similar or Like Terms are those containing the 
same letters, affected by the same exponents. 
Thus, 2xy and — *l ^y are similar terms; 
also, 3 a^ W and 9 o^ 6^ are similar terms. 

34* Dissimilar or Unlike Terms are those containing 
different letters or exponents. 

Thus, ah and ad are dissimilar terms; 
also, hx'^y and hxy^ are dissimilar terms. 

35* The Reciprocal of a quantity is 1 divided by that 
quantity. 

Thus, the reciprocal of a is -, and of a? -j- y is -— r— - • 

a X -\-y 

Note. The reci/n-ocal of a fraction is that fraction inverted. Thus, - 
is the reciprocal of — 



n 

m 



m 
n 



Define a Trinomial. Homogeneous Terms. Positive Terms. Nega- 
tive Terms. Similar Terms. Dissimilar Terms. A Reciprocal of a 
Quantity. 
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Examples. 



Write in algebraic form : — 

1. Three times b, added to two times a. 

Ans. 2 a + 3 6. 

2. Three times 6, subtracted from five times a. 

Ans. 5 a — 3 6. 

3. The sum of a and b, diminished by c. 

Ans. a -|- b — c, 

4. The sum of x and two times y, diminished by z. 

6. a plus the product of b and c, minus d, 

Ans. a -f- be — d. 

6. The sum of* a and b multiplied by the difference of 
c and d. Ans. {a-\-b) (c — d). 

Y. Five times b, divided by four times c. 

, '6b 
Ans. -— . 
4c 

8. Four times a, divided by three times c, 

9. a diminished by 6, divided by a multiplied by b. 

10. a plus b, multiplied by c into d. 

Ans. (a-\-b) cd. 

11. Two times a, plus the quotient of b divided by c. 

12. Six times a square into b cube, plus three times 
c square into d cube. Ans. 6 a^6*-|- 3c*rf'. 

13. a fourth power minus b fifth, divided by a minus 
b square. 

14. Two a square, into a minus b, into c plus d, plus 
c cube. Ans. 2 a^ (a — 6) (c + eZ ) + c^. 

15. Fifteen a cube plus b fifth, divided by a square 
minus b square, plus two c. 

16. The reciprocal of c minus d, plus two a square, 
minus b cube. Ans. ; + 2 a^ — b^, 

c (1 ' 
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17. The reciprocal of a into b square, minus the recip- 
rocal of a square plus c square. 

18. The square root of a, plus the square root of b, 

Ans. ^ a-\-\/ b, 

ft m 

19. The cube root of a, minus b, Ans. va — b. 



20. The square root of a minus 6. Ans. \/ a — b, 

21. The cube root of x, minus the square root of x, 

22. Write a polynomial of three terms, with its third 
term negative. 

23. Write a homogeneous binomial of the first de- 
gree ; a homogeneous trinomial of the third degree, with 
its second term negative. 

AXIOMS. 

3A* An Axiom is a self-evident truth. 
Algebraic operations are based upon definitions and 
the following axioms: — 

1. If the same quantity, or equal quantities, be added 
to equal quantities, the sums will be equal. 

2. If the same quantity, or equal quantities, be sub- 
tracted from equal quantities, the remainders will be 
equal. 

3. If equal quantities be multiplied by the same quan- 
titj'-, or equal quantities, the products will be equal. 

4. If equal quantities be divided by the same quan- 
tity, or equal quantities, the quotients will be equal. 

6. If the same quantity be both added to and sub- 
tracted from another, the value of the latter will not be 
changed. 

6. If a quantity be both multiplied and divided by an- 
other, the value of the former will not be changed. 

Define an Axiom, 
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7. Quantities which are equal to the same quantity are equ£^ 
to each other. 

8. Like powers and like roots, of equal quantities, are equal. 

9. The whole of a quantity is equal to the sum of all its 
parts. 

Note. Teachers and pupils should refer to these axioms, when they 
are applicable, in oral explanations. 

INTERPRETATION. 

37t The Interpretation of an algebraic expression con- 
sists in rendering it into arithmetic, by means of the numerical 
values assigned to its letters. 

38, The Numerical Value of an algebraic expression is 
obtained by substituting for its letters their numerical values, 
and then performing the operations indicated. 

Thus, the numerical value of 

Aa-^-Sbc—d, 

when a = 4, b=S, c = 5, and d=i2, 

is 4x4 + 3x3x5 — 2 = 59. 

Examples. 

Give the numerical values of the following expressions, when, 
a= 12, b = 3, c= 2, d = 4, ?w=: 5, n = 9. 

1. a-\-b — c-\-d. Ans. 17. 

2. ab'-\-c — d, Ans. 34. 

3. 4a — 5i+4c— 7rf. 

4. (a — b) (c-^d). Ans. 54. 

5. (6 a -\- b^) c -\- d. Ans. 166. 

6. — ^t — U/w/i. Ans. 48. 

8. 2c(a — b) — {b + c)d. Ans. 16. 

9. 2 a^ c — — -+- 4. Ans. 507. 



What is the Interpretntion of an Algebraic Expression ? How is its 
Numerical Value obtained ? 
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10 ^^^±^ X ^^. Ans. 29. 

11. (^+-f ^a)x{b-c)-d. Ans. 9. 

12. Find the value of c* — 4 c^ + 3 c — 6, when c = 4. 

13. If a = 6, 6 = 5, c = 4, eZ=l, x = 0, find the 
iralue of t a« + (6 — c) (^ — a;) . Ans. 253. 

14. If a = 4, 6 = 2, c = 3, (i = l, find the value of 
iba—1 (6 + c — cZ). Ans. 32. 

15. If a: = 3 and y = ^, find the value of 

(9-2/)(^ + l) + (a: + 5)(2/+t)-112.. 

16. If ft = 2, c = 3, c?=l, find the value of 

^Yb + \/'iOOd — \/2Tc. Ans. 6. 

11. If a = 6, b = 5, c = 4.y find the value of 

2a\/62— aV4- \/2Tc+V. Ans. 20. 

18. If a = 2, 6 = 3, c = 4, find the value of 

V 27 ft — v^ 2^+ \/ 2'a. Ans. 9. 

19. If a =10, 6 = 8, a; =12, y = 4, find the value of 
a + hs/ {x^y)r-^{a — h)i^ (x — y). Ans. 38. 

ALGEBRAIC PROCESSES. 

39* The Processes of Algebra, in general, are onl^ 
those of Arithmetic extended, or rendered more compre- 
hensive by the aid of letters taken in combination with 
figures. 

The processes of Algebra are employed in the demon- 
stration of theorems and in the solution of problems. 

40* A Theorem is the statement of some relation or 
property, the truth of which is required to be demon- 
strated. 

41* A Problem is a question proposed for solution, or 
something to be done. 

I — - - . ■ 

What are the Processes of Algebra ? Define a Theorem. A Problem. 
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42* An Equation is the expression of equality between 
two quantities. Thus, 

X = a — b. 

is an equation, expressing equality between x and a — h, 

43* The First Member of an equation is the quantity 
on the left of the sign of equality ; and 

The Second Member is the quantity on the right of 
that sign. Thus, in the equation, 

hx'\-y=h-^c, 

h X '\- y is the first member, and 6 -|- c is the second. 

44* The Solution of a problem or question by Algebra, 
consists^ of two parts. 

1. In STATING the QUESTION, hy expressiTig its conditions 
in the form of an equation. 

2. In SOLVING THE EQUATION, by finding the value of the 
unknown quantity. 

Hence, the solution of the equation is the solution of 
the problem. 

iS, The Verification of the value found for the un- 
known quantity, is the process of proving that it will 
satisfy the conditions of the question. 

Thus, in the equation, 

2 a; = 9 + 6, 

if the value of x be found to be T, it may be verified by 
substituting 7 for x, and showing that 

2X7=9+5. 

46* To show some of the simpler algebraic forms and 
processes pertaining to the solution of problems, there 
are introduced the following 



I^efine an Equation. The First Member of an Equation. The Sec- 
ond Member. Solution of a Problem. Verification of the Value of an 
Unknown Quantity. 



DEFINITIONS AND NOTATION. 19 

Examples. 

1. The sum of the ages of two boys is 21 years, and 
the age of the older is twice that of the younger ; what 
is the age of each ? 

SOLUTION. In this question, if the age 

r . /• xu r. of the younger were known, 

Let » = age of the younger ; i , 1 , ui- -J 

2 r — a^e of the older • ^"^ ''''''^'^' ^^ '^''''^^'''^ '*' 

'=' ' ohtain that of the older. 

3 a: = 21 years. rj.y^^ ^^^ ^^ ^^^ younger, 
x=1 years, the younger ; then, may be regarded as 

2 a: = 14 years, the older. the unknown quantity. 

TEMPICATION. Y + 14 = 21. We therefore represent 

the age of the younger by 
ar; then, as the age of the older is twice that of the younger, 2x 
will represent the age of the older ; and rr -|- 2 x, or 3 a:, will rep- 
resent the sum of their ages, which, by the conditions of the ques- 
tion, is 21 years. Hence, if 3 x equals 21 years, x, the age of the 
younger, must be one third of 21 years, or 7 years ; and 2 x, the 
age of the older, must be 2 times 7 years, or 14 years. 

2. John had 45 cents ; after spending a part of them, 
he found he had twice as many left as he had spent ; 
how many cents had he spent? Ans. 15 cents. 

3. James and William together have 66 apples, and 
one has as many as the other ; how many has each ? 

4. A tree 60 feet high was broken at such a point 
that the part broken oif was 3 times the length of the 
part left standing ; required the length of each part. 

Ans. Part left standing, 15 ft. v part broken off, 45 ft. 

5. The greater of two numbers is 5 times the less, and 
their sum is 126 ; required the numbers. 

Ans. Less number, 21 ; greater number, 106. 

6. My horse and chaise together are worth $ 340, and 
the horse is worth 3 times as much as the chaise ; what 
is each worth ? Ans. Chaise, $ 85 ; horse, $ 255. 

« — V : ' 

Explain the Solution. 
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I. A gentleman divided property, amounting to $2500^ 
between his two sons, A and B, and gave B 4 times as 
much as he gave A ; how mnch did he give to each ? 

Ans. A, $500; B, $2000. 

8. The sum of three numbers is 72 ; the second is 
^qual to twice the first, and the third is equal to three 
times the first; what are the numbers? 

SOLUTION. We represent the first 

Let X = first number; ""'"*^' ^^ .^' *•■«"' ^ '^'^ 

_ , , second number is twice the 

2x = second number ; /? . « mi 

first, 2x will represent the 

3x =z third number. «^^^„^ . „„ *i,« i.u-«^ 

second ; as the third num- 

^ X ^= i^' ber is three times the first, 

X = 12, first number ; Sx will represent the third; 

2x = 24, second number; and a: -|- 2 a; -f- 3 ^» or 6 ar, 

3 a; = 36, third number. will represent the sum ol 

VERIFICATION. 12 + 24 + 36 = Y2. '^'^ **^"^^ !^"°™^"' ^^^^^'. ^^ 

the conditions of the questioUf 

is 72. Henae, if 6 a: equals 72, a:, the first number, must be ono 

«xth of 72, or 12; 2 a;, the second number, must be 2 times 12. 

or 24; and 3 a:, the third number, must be three times 12, or 36. 

9. It is required to divide $300 among A, B, and C, 
no that B and C may each have twice as much as A. 
How many dollars will each have ? 

Ans. A's share, $ 60 ; B's share, $ 120 ; C's share, $ 120. 

10. Henry bought some apples, pears, and oranges, 
(or 63 cents ; he paid for the pears 2 times as much as 
for the apples, and for the oranges 4 times as much as 
for the apples ; what did he pay for each kind of fruit ? 

II. The sum of the ages of A, B, and C is 78 years; 
but B's age is twice that of A, and C's is equal to tho 
sum of A's and B's ; what is the age of each ? 

Ans. A's, 13 years ; B^s, 26 years ; C's, 39 years. 

'-. . . , I 

« __ 

Explain the Operation. 



ADDITION. 
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ADDITION. 

47« Addition, in Alg'ebra, is the process of collecting 
two or more quantities into one equivalent expression, 
called the sum. 

48. In algebraic addition there are three cases, de- 
pending upon the similarity and signs of the terms : — 

I. When the terms are similar, and have the same 
sign. 

II. When the terms are similar, and have different 
signs. 

III. When the terms are dissimilar, or some similar 
and others dissimilar. 

CASE I. 

% 

49i When the terms are similar, and have the 
same sign. 

1. John has 4 books, Edward 6 books, and James 7 
books ; how many books have they all ? 



OPERATION. 



4 books, 
6 books, 
1 books, 

IT books. 



or, A 



4 b 
6 b 

1 b 



11 b 



It is evident, by Arithme- 
tic, that the sum of 4 books, 
6 books, and 7 books is 17 
books. 

Now, instead of writing 
the word books, we may 
simply use the letter 6; or 
we may represent one book by the letter b ; then, 4 b will rep- 
resent 4 books, 6 b will represent 6 books, and 7 b will represent 
7 books; and since 4 books -\- 6 books -|" ^ books =17 books, 
4:b + 6b+7b==nb, 

2. Let it be required to find the sum of — 4 ft, — 6 i, 
ftnd — 1 b. 



Define Addition in Algebra. How many Cases in algebraic addi- 
tion ? Name them. Explain the first operation under Case I. 
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OPERATION. In the same manner as in the pre* 

A I ceding operation, ( — 4 2>) -(- ( — 6 b) 

/, 1 + ( — 7 6)= — 17 6; since, wha^ 

ever b may represent, it is taken, in 

^ the first term, — 4 times; in the sec- 

— 1 ^ ^ ond, — 6 times ; and in the third, 

-- 7 times ; or, in all, — 17 times. 

Hence, when the terras are similar and have the same 
«ign : 

RULE. 

Add the coefficients, and to their sum, with the common 
sign, annex the common letter or letters, 

NoTF. It must be remembered, that when a quantity has no coef^ 
(icient wiitten, 1 is understood (Art. 18), and that when a tenn hai 
no sign written, + is understood (Art. 31). 





Examples. 




(3.) 


(4.) 


(5.) 


(6.) 


2 a 


4aa: 


2xy 


— Sa be 


3a 


2aa; 


xy 


— abc 


5a 


ax 


xy 


— 5 abc 


a 


6 ax 


1 xy 


— 2abc 


la 


d ax 


2xy 


— Sabc 


6a 


2 ax 


xy 


— 4:abc 


Ma 


20 ax 


14, xy 


— 23 abc 


(^.) 


(8.) 


(9.) 


(10.) 


— 4:bx 


6 mn^ 


2a + b 


3c^d c^c 


Ibx 


5mn^ 


a-j-d 


c^d c^c 


— 3bx 


mn^ 


4.a-\-b 


2c^d c^c 


2bx 


Smn^ 


la + b 


f>c^d a^G 


— ^ bx 


2mn^ 


3a + ^ 


c^d o^/? 



Explain the operation. Repeat the Rule. The Note. 
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11. What is the sum of — 6 n, — 4n, — n, — 8 n, 
and — 12 n ? 

12. What is the sum of 5 x, 2 x, a?, 8 a:, 4 a?, 6 x, x, 
and 8 a;? 

13. What is the sum of 2x-\-Sy, x-\-Sy, Sx-^-y, 
6x"\'2y, x-{-4:y, and 4 a:-}- 2/? Ans. 11 x-\- I9y, 

. 14. What is the sum of Ya^ — i, 3 a* — 3 6, Ga* — 2i, 
2a2 — 6, 4a2 — 66, and 0^ — 46? Ans. 2^0" — lib. 

CASE 11. 

50* When the terms are similar, and have differ- 
.ent signs. 

1 . Let it be required to add -|- 8 a, — 5 a, +10, and 
^3 a. 

OPERATION. Since the terms to be added are 

t r^ some positive and others negative, in 

. ' finding their sum regard must be 

' paid to their signs. Now, the signs, 

' ' -|- and — indicate, not only opposite 

\ ^^* processes, but may be regarded as 

-[- t a. used to denote opposite qualities, 

effects, or conditions of quantities. 
Thus, if a merchant's gains are indicated by -|-, his losses will 
de indicated by — ; if distance north be reckoned -(-, distance 
south will b6 — , and so on. Hence, two equal quantities, of which 
one is positive and the other negative, will exactly balance, or cancel 
each other. 

Now, in the example, -|-8a-|-7a=-|-15a; and — 5 a — 3 a, 
or ( — 5 a) -|- ( — 3 a) == — 8 a. But — 8 a cancels -|- 8 a in the 
quantity -j- 15 a, which leaves -|- 7 a for the sum of the quantities. 

2. A merchant having a certain capital, in the first 
quarter of the year gained 6 a dollars, and in the second 
quax'ter gained 6 a dollars, but in the third and fourth 



Explain the first operation. 
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quarters lost 1 a and 9 a dollars. What was the result 
of the business at the end of the year ? 

OPERATION. We indicate the gains as positive, 

I g and their opposite, the losses, as neg- 

+ c • ative. 

o a, 
. The sum of — 9 a and — 7 a ia 

— — 7 a 

' — 16 a, and the sum of -}- 5 a and 

^^> 4-6ais+lla. But+llacau- 

— 6 a. eels — 11 a in the quantity — 16 aj 

which leaves — 5 a, or a loss of 

5 a dollars. 

From the preceding operations, it appears that, 

Tlve Algebraic Sum (j/" a positive and a negative quantity 
is numerically the Difference of the two quantities, urith the 
sign of the greater prefixed. 

Hence, when the terms are similar, and have different 
signs : 

RULE. 

Add the coefficients of the positive terms, and also the 
coefficients of the negative terms, and to the difference of 
these sums, with the sign of tJie greater, annex the common 
letter or letters. 

Examples. 



(3.) 


(4.) 


(5.) 




(6.) 


3a 


4:dx 


2bx'^ 


3by 


3X^ — 4:X^ 


5a 


— 2ax 


Sbx 


2by 


ar^+ xf/" 


2a 


Sax 


56x + 


4:by 


4:x^ 3 ar y^ 


la 


*l ax 


4:bx — 


by 


2x^-^2xy^ 


4a 


12ax 


6bx + 


Iby 


x" xy^ 



9a —2bx-\-\lby 

Y. What is the sum of a — b, — 2a — 1 b,*l a — 2b, 
— 3a + 3 5, — 8a-|-6, and a -|- 7 ft ? Ans. — 4 a -|- ft. 

Explain the second operation. What is the Algebraic Sum of a posi* 
tive and a negative quantity ? Kepeat the Rule. 
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8. What is the sum of 5 cd^-^l aH, —Scd^ — b a*b, 
%cd^—lOaH, ^4.cd^ + aH? Ans. Icd^—laH. 

CASE ni. 

51* When the terms are dissimilar, or some similar, 
and others dissimilar. 

1. What is the sum of 2 «, 6 b, and — ac? 

OPERATION, If the given terms were similar, 

o^icr ^- the addition could be performed by 

uniting them into one (Art. 50) ; but 
the terms being dissimilar, we can only add them by writing them 
one after the other, with their respective signs ; which gives 2 a -|- 
5 b — ac, 

2. What is the sum of Sa-^- b, — 2 a — 2 b, and 
Qa-{-3b — 2c? 

OPERATION. We write similar terms in the 

^ a -\- b same column, for convenience in per- 

jj ^ , forming the operation. 

Beginning at the left, we find 

! -J-3« — 2a+6a= /a, which we 

\ a '\- 2 b — 2 c write under the column added ; and 

-^&-_26-f36 = 4-2 6, which we 
write under the column added ; and there being no term similar 
to — 2 c, we write it, with its proper sign, after the other terms 
obtained, and have as the entire sum, 7a-f-26 — 2c. 

Hence, since this case clearly includes the two pre- 
ceding cases, for the addition of algebraic quantities, the 
following 

GENERAL RULE. 

TFnte similar terms, with their proper signs, in the same 
column. 

Add each column, and to the results obtained annex the 
dissimilar terms, with their proper signs. 

Explain the first operation. The second. Repeat the Rule. 
2 
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NoTB. It is immaterial in what order terms connected by + ad^ — * 
may Mand, provided each term has its proper sign. Thus, — 6 + a is 
tho fame as a — 6. 

It is, however, more common to commence a polynominal with a posi- 
tive term, unless there is a special reason for some other arrangement 

Examples. 

(3.) (4.) 

Sax— by-^- x^ 2a: + 8y' 

ax -\- 2 by Qx — ^y'^ — 2st? 

4:ax — Sby-\'2x!' 3y''+ ar* 

bby — aP — 4:X-\- y^ — Sar* 

Sax-^3by + 2x^ 4a;4- 8 y'— 4 ar' 

6. What is the sum of — ab^ — cd% — a ^ -|- c rf*, 

— ^ab + crf^ and 5 a i' + c rf2 ? 

6 What is the sum of3x — 1 y -{- 2z, 4zy-\-Qz — x, 

— 3z — 2y -\- a, and 4a:-|-3z — y? 

Ans. 6a: — 6y -^ S z -{- a, 

T. What is the simplest equivalent expression for 

— 5 ax ■^2by — 1, 36i/+18 — 4z, 4: ax — 9 — by, 
Q,nd26 + 3ax — 2by? 

8 Adda:^+ax2+&a; + 2, S a^ — 4:ax^ — 6 bxy -\- 1, 
and 3a:» — 3aa^ — Tfta;— 19. 

Ans. 7a^ — Qax^ — Qbx — 6bxy — 10. . 

9. Find the? sum of 8 a^ a?^ — 3 a a;, *l ax — 5 a; y, 
— b ax -\- 9 xy — ¥c^, and 2 a^ x^ -\- xy, 

Ans. 10 a^ a:^ — ax -{- bxy — 5^ c*. 

52* Similar quantities, of any kind, may be added by 
taking the algebraic sum of their coefficients ; and quan- 
tities inclosed in a parenthesis may be considered as one 
quantity. (Art. 15.) 

1. What is the sum of 3 (a -|- 5), 5(0 + ^); a"^ 
8 (a + i) ? 

Repeat the Note. How may quantities in a parenthesis be considered* 
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OPERATION, We consider (a -|- 6) aa a single 

„ / I 7\ quantity. Then, since 8 times, 5 

, . J. times, and 8 times any quantity, will 

^ , , V equal 16 times that quantity, 

^{^ + V 3 (a + 6) + 5 (a + 6) + 8 (a + 5) 

16 (a + ^) = 16 (a + 6) 

2. Required the sum of 5 (a -|- x), 6 (a -j- x), 8 (a -}- ^)> 
3 (o + a:), and (a -\- x), Ans. 23 (a -j- a:). 

3. Required the sum of 3 (a:^ — a), 2 (ar» — a), — {x^ — a), 
6 (ar» — «), and (ar* — a). 

4. " Find the sum of4/\/a — a:, 3/\/a — a:, — Y^/a — a:, 
2 /\/ a — a:, and /\/ a — x, 

6. Find the sum of T y — 4 (o + i), 6 j/ + 2 (a + /^), 
2 3/ + (« + ^), and y — 3 (a + 6). 

Ans. 16 1/ — 4 (a -}- ^)- 
6. Find the sum of 2 (a: — yY, 3 (a: — y)?, {x — yf, 
— {x — yY + (ar -f y), and (x -j- t/). 

Ans. 6 (a? — y)* + 2 (a: + y). 

53* When dissimilar terms have a common factor 
(Art. 17, 18), they may be added by annexing that fac- 
tor to the sum of its coeflficients, inclosed in a pai;en- 
thesis. 

The quantity whose coefficients are added will then be 
considered as a single quantity. 

1. Required the sum of a7?j ba^, and car'. 

OPERATION. The terms, although dissimilar, have 

o a common factor, a^, which as such 

T » we use in the addition. Then, since a 

_ times, b times, and c times s^ wiU 

C 3u 

equal 3^ multiplied by the sum of a 

[a -\- b-f- c) X j)^ and c, we indicate the addition ol 

a, 5, and c, which are dissimilar, and 

Explain the operation. How may dissimilar terms having a common 
factor be added? Explain tho operation. 
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inclofling the sum in a parenthesis, write it as the coefficieui; of 
j^, and thus obtain the sum required. 

2. What is the sum of bx, abx, and 2 ex? 

Ans. (b -{- ab-^2c) X. 
3 Find the sum of 3 ay, — ct/, and — 2 ay. 
4. What is the sum of {a ^ b) x and (a — c) x? 

Ans. (2 a + i — c) x. 
6. What is the sum of (a -{- h) x, 2 ex, and 2 a:? 

6. What is the sum of ax -\- b and ex -^ d? 

Ans. (a -|- c) a: -|- 5 -f- rf. 

7. Add ax -j- ^ m, *l ax — 3m, and i a: -(- 4 m. 

8. Find the sum of ax^ -\'hx and ex^ — dx. 

Ans. (a -{■ c) x^ -^ (b — d) x. 

SUBTRACTION. 

54a Subtraction, in Algebra, is the process of find- 
ing the difference between two algebraic quantities. 

The Subtrahend is the quantity subtracted. 

The Minuend is the quantity from which it is sub- 
tracted. 

The Difference y or Remainder, is the quantity left after 
the subtraction is performed. 

1. If I have 8o dollars and give away 3 a dollars, how 

paany shall I have left ? 

OPERATTON Since 8 times any quantity less 3 

times the same quantity will equal 6 
times the quantity, 8a — 3a«=5a. 
" ^ a1 will be noticed that in express- 

5 a ing the difference between the quan- 

tities, the sign of the subtrahend is 
changed from -[- to — . 



Define Subtraction in Algebra. Subtrahend. Minuend. Difference. 
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2. Let it be required to take 8 b from 6 b. 

OPERATION ^^® cannot, numerically, take 8 time& 

any quantity from 5 times the same 

quantity. If we take 5 b from 5 b, 

" ^ nothing will remain ; there is yet, 

— Sb however, a quantity, 3 6, to be sub- 

tractedy with nothing to take it from, 
wliioh we indicate by — 3 6. 

As in the previous example, the expression for the difference is 
5 6 — 8 6, and this expression reduced to its simplest form, accord- 
ing to the rules of Addition (Art. 50), is — 3 6. 

3. A thermometer was observed to stand at one time 
at 17 degrees above zero, and at another time at 5 de- 
grees below ; required the difference in range. 

OPERATION. ^^^ degree we write rf, and indi- 

cate the range above zero as posi- 
' tive, and that below as negative. 

Then the difference of range, which 
-|- 22 c? evidently must equal the degrees 

above zero plus those below, will be 
1 7 </ -f- 5 c? = 22 rf, or 22 degrees. 

Here, as in the former operations, in expressing the difference, 
the sign of the subtrahend is changed, but in this case from — 
to +. 

It will also be observed that the algebraic difference between twp 
quantities may be numerically greater than either of theni. 

4. Let it be required to take b -\- c from a. 

OPERATION. If we take 6 from a, the remainder 

^ n '^ obviously a — 6. But a ia to be 



6 + 



c 



diminished by c, as well as 6, conse- 
— quently the true remainder will be 

^ ^ ^ a — 6 diminished by c, or a w^ 6 — c. 



Explain the first operation. The second. The thiid. The fourth. 
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6. Let it be required to take b — c from «. 

OPERATION. ^ ^® **^® ^ ^^^ ^» ^'^ obtain 

a — b. But, in doing this, we subtivct 

c too much, consequently the true re- 

^ mainder will be a — h increased by 

a — b -^ c c,or a — b-\- c. 

Now, in performing each of the 

above operations, we have simply changed the signs of the sub 

trahend, and then added it to the minuend. 

In like manner may any quantity whatever be subtracted from 

another. 

Hence, for the subtraction of algebraic quantities, the 



GENERAL RULE. 

Conceive the signs of all the terms of the subtrahend to be 
changed, from -[- to — , or from — to -}-, and then proceed 
as in addition. 

NoTS. Subtraction may be proved, as in Arithmetic, by adding the 
remainder, or difference, to the subtrahend. If the work is right, the sum 
should equal the minuend. 





• 


EXAKPLES. 




(6.) 


a.) 


• 

(8.) 


(9.) (10.) 


6a 


-12 a: 


21 y 


— Sxy 14: y 


2a 


- 4.x 


— 21y 
42 2/ 


+1xy 3y 


3a 


— Sx 


— 10 xy 


(11.) 


(12.) 


(13.) 


(14.) 


la 


4 ax^ 


Bar" 


1^ 3x 2a 


— 16 a 


ax^ 


+ 8ar» 


2/^ 4^x -\- a 






X 3a 



Explain the fifth operation. Repeat the general Rule. How may sub- 
traction be proved 1 
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(15.) (16.) 

2*1 a — 1o-{- 5a: — bx^-{-cx — 6d 

lSb~ 1x bx^-\-cx—l2d—l9 



21a — 20b-^12x —2b3c^ -{- 1d + l9 

lY. From 12 b take Ub, Ans. —2b, 

18. From 27 a take — 9 a. Ans. 36 a. 

19. From — 8 c take — 8 c. 

20. From 5 x take — *l x. Ans. 12 x. 

21. From — 11 <Z take 4eZ. 

22. From a -|- ^ take — a. Ans. 2 a -(- i. 

23. From a -f- i take a — b. 

24. From « — b take a -|- ^. Ans. — 2 b 

25. From ^ — b take 5 — a. 

26. From Sary take 3xy — 3. Ans. 2xy-\'3. 
2Y . From a -)- ft -f- c take a — b — c. 

28. From x take a? -|" !/• Ans. — y. 

29. From x -{- 5 take 2/ — 2. Ans. x — 2/ -|- t. 

30. From a^ b take a P. 

31. From 16 a^ b^ take — 15 a^ b^, Ans. 31 a^ ft«. 
32. . From 2 a:^ _ y^ take — 2 a:^ — f/. 

33. From 6 (a -\- b) take 3 (a + ft). Ans. 3 (o + ft). 

34. From 4 (a — ft) take — 5 (a — ft). 

35. Subtract 3 xy — ar* — 7 a from 5 xy-\-2 a:« + 2 a. 

36. Subtract 3afta: — 7 from 6 a fta; -(- 12 — 3 a:y. 

37. Subtract bx^-^-cx — 12 rffrom asf^ — hx^-{-cx. 

38. From 3 a-\-b-\-c — d, take'3 a + ft — 18. 

39. From 5 a: — ft take — 2 xy-\-b, 

40. From 3 a (a-ny)-j- 4 fty + a^ take 2 a (a — y)^7 
5y+4a». Ans. a (a — y) + 11 by — S a\ 
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41. K the minuend i8a*-{-3&*c-|-a6^ — a b c, and the 
subtrahend is a b^ — a i c -j- ft^, what will be the difference ? 

Ans. a« + 3 62c — ^. 

42. Subtract 8a-|-4i — 5 c — 2 x from — 6 a — 4 ^ 

— 12 c + 12 X. Ans. — 14 a — 8 6 — 7 c -f 14 ar. 

43. From 2ab + l^— 4c-^bc, take Sab+2lt^ — e 

— 3 ft c + 4 &^. Ans. — ab — 3c-\'4:bc — 5V. 

USE OF PARENTHESES. 
55. The Parenthesis indicates that the quantities within it 
are to be considered together and treated as one quantity ; and 
the vinculum, bracket, and brace have the same signification. 
(Art 11). Thus: — 

The addition of 56 — c-|-2(fto3ai8 indicated by 

3a+(5b — c+2d). 
Performing the operation indicated, we obtain (Art. 51), 

3 a + 5b — c + 2d. 
The subtraction of 5ft — c-)-2rf from 3 a is indicated by 

3a — (5 b — c-^2d). 
Performing the operation indicated, we obtain (Art. 54), 

3a — 5ft4-c — 2<;?. 

That is, — 

If the parenthesis is preceded by -(-, it may be removed if the 
sign of every enclosed term be unchanged ; and 

If the parenthesis is preceded by — , it may be removed if the 
sign of every enclosed term be changed. 

Conversely, — 

Any number of terms may be enclosed in a parenthesis^ with + 
prefixed^ if the sign of every term enclosed be unchanged ; and 

Any number of terms may be enclosed in a parenthesis, with — 
prefixed, if the sign of every term enclosed be changed. 

Note. It must not be forgotten that, in such expressions as 5a3 

— (a2 -|- 62 — c), the sign of a^ is really plus, and no sign Is expressed. 
The sign — before the parenthesis belongs to a^ + ^^ — <^» ''* " whde. 

What does the parenthesis indicate'* When the parenthesis is pre- 
ceded by + how may the enclosed quantity be removed ? How when the 
parenthesis is preceded by — ? 
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1. Remove the parenthesis from x — (a -f- i). 

Ans. X — a — h. 

2. Remove the parenthesis from a -f- ( — c-\-d). 

3. What is the value of a — h — c — rf-f-c? 

Ans. a — A-|-c-|-rf — e. 

4. Indicate the addition of 2 a — J to 3 a:. 

Ans. 3a: + (2a — i). 

5. Indicate the subtraction of 5 a^ -)- ^ from — 6 a^ — h. 

Ans. — 6 c^ — h — (5 a^-j- A*>. 

6. Reduce — 6 a^ — i — (4 a^ -|- ^) to its simplest form. 

Ans.— 10 a^ — *—^. 

7. Reduce 5 a-\-x — [« + 5 x — (3 a — 2 a;)] to its sim- 
plest form. 

OPERATION. 

5 a-j-ar — [a-j-5a; — (3a — 2 a;)] = 5a-|-a; — [a-|-5a: 

— 3a + 2a:]. 

= 5 a -(- a: — [7 ar — 2 a]. 

= 5 a-|-ar — 7a;-j-2a = 7 a — 6a;. 
Here, where there is one enclosure within another, we begin 
by removing that inside. 

8. Reduce 1 — \ 2 — (1 — x-\-ay^) \ to its simplest form. 

9. Simplify 2a;--[3y— |4a;— (5y— 6ar) n- 

Ans. 12 a; — S y, 

10. Simplify 3 a — [(a — 3 c) — (2 J — c)]. 

1 1. Simplify 5a — [a-f-5a; — \a — x — 3a — 2a;} ]. 

Ans. 2 a — 4 a;. 

1 2. Enclose the last three terms oi a^ b-^xy^ — ac — 7 ab 

— Ga-j-QaT'y^ina parenthesis with — prefixed. 

Ans. a^b-{-xf--ac — (7 ab-^Q a—d a^ y^). 

13. Place the last two terms of x — a — i in a parenthesis, 
without changing the value expressed. 

Ans. X — (a -\- b), or X -{- ( — a — b). 

14. Simplify 6 a;^ — (2 — 3 a; + a:^) + [— 7 + (5 x — 

8 a; — 2) — (3 — 3 — 3 a:) ]. Ans. oar^ — Sa; — 7. 

How may any number of terms be enclosed In a parenthesis with -|- 
prefixed ** With — prefixed ? 
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56a When dissimilar terms have a common factor^ their 
difference may often be conveniently expressed by annex- 
ing that factor to the difference of its coefficients, in- 
closed in a parenthesis. 

The coefficients whose subtraction is expressed will then 
be considered a single quantity. 

1. Required to take dx from ex. 

OPERATION '^^ *^^ terms have a common 

quantity, x, which as such we use in 

the subtraction. 

Then, since d times x taken from 

(c — d^ X c times x will leave c times x less d 

times X, we have the expression 

(c — d) x, 

2. From 3 a? y* take ar* y. Ans. {^ x y — a?*) y. 

3. From 1 abc^ take ad<^, 

4. From ay-\-hy take cy-\-hy. Ans. (a — c)y, 

6. From ax — h take ex — d, 

Ans. (a — c) x — ft -j- (f. 

6. From ay — by '\- cy take y -\- ay — ft y. 

Ans. (c — 1) y. 

T. Subtract ct? — c p: from aoi? -\-hx, 

Ans. (a — c) a:^ -|- (ft -}- <?) a:. 

8. From aar^-t"^^^"!"^^"!"^; take c o^ — d xy -\-bx 
— 2. Ans. (a — c) a:^ -|- (w -f- cZ) a: y -f- {n — e)X'\-h-\- z, 

MULTIPLICATION. 

57. Multiplication is the process of taking one quantity 
as many times as there are units in another quantity. 

The Multiplicand is the quantity to be multiplied or 
taken. 



How may the difference of dissimilar terms often be expressed? Ex- 
plain the operation. Define Multiplication. The Maltiplicand. 
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The Multiplier is the quantity by whicli we multiply. 

The Product is the result of the operation. 

The multiplicand and multiplier are often called factors, 

58a The product of factors is the same, in whatever order 
\hey are taken. 

For, the product contains one factor as many times as there aro 
units in the other. Thus, the product of a X &» or 6 X a» will be 
nh units, since h taken a times, is the same as a taken h times. 
Let a = 4. and 6 = 3, we have 4 X 3, or 3 X 4, equal to 12. 

Note. Numerical factors are usually placed before literal ones, as 
coefficients, and letters are most frequently placed in the order of the 
alphabet 

59a The prodtict of two factors having like tigjis is positive ; 
and the product of factors having different signs is nega- 
tive. Thus, 

1. Let it be required to find the product of -(- a by 

Now, a is to be taken as many times as there are units in &, 
and as the sum of any number of positive quantities is positive, the 
product, a J, must be positive, or -\- ah. (Art. 19, Note.) If 6 = 4, 
the product of a by h may be represented thus, a y^ A ^^ a '\- a 
-f- a + « == 4 a. 

2. Let it be required to find the product of — a bj" 

+ h. 

Here we must take — a as many times as there are units in 5, 
and as thei sum of any number of negative quantities is negative, 
the product must be negative, or — ah. If h = 4, the product of 
— a by J may be represented thus,(— a) X4=( — «)+ ( — a) + 
( — a) -|- ( — a)= — a — a — a — a = — 4 a. 

3. Let it be required to find the product of -|- a by — h. 

DeGne the Multiplier. The Product. What are called factors? Does 
the order in which factors are taken affect the product ? What is the 
product when factors have like signs ? What is the product when fac 
tors have different signs? 
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The negative multiplier, — 6, indicates that <!2: is to be taken as 
many times as there are units in b, but it is to be subtracledy 
rather than added, ilencc, as a positive quantity becomes nega- 
tive by subtraction, the product must be negative, or — ah If I 
= 4, the product of a by — h may be represented thus, a X ( — 4} 
= — a — a — a — a=ss — 4 a. 

4. Let it be required to find the product of — a by 
— 5. 

Here we must take — a as many times as there are units in 6, 
and subtract; and as a negative quantity becomes positive by sub- 
traction, the product must be .positive, or a 6. If 6 ^ 4, the pro- 
duct of — a by — h may be represented thus, ( — a) X ( — O 
j«= — ( — a) — ( — a) — ( — a) — ( — a) = a-{-a-|-« + « = 4a. 

Note. If any difficulty is experienced in conceiving quantities to be 
independently additive or sulitractive, they may be regarded as added to, 
or subtracted from, 0, the neutral point, or starting-point, of all positive 
and negative quantities. 

60t From the foregoing discussion it will be noticed, 
in brief, that in multiplication of algebraic quantities, 

Like signs produce -f-, and unlike signs produce — . 

61a In multiplication of algebraic quantities, there will 
be three cases : — 

I. When both factors are monomials. 
II. When one factor is a polynomial. 
III. When both factors are polynomials. 

CASE I. 

62. When both factors are monomials. 

1. If a man earn T a dollars in 1 week, how much 
will he earn in 2 b weeks ? 

In Multiplication of algebraic quantities, what do like signs produce f 
Unlike signs 'i How many cases of algebraic multiplication 1 
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OPERATION Since the factors in multiplication 

. may be taken in any order (Art. 58), 

7 a X 2 6 is the same as 7 V 2 X a 

Ok . /'X ^N 

_z__ X ^ ; then, 2 times 7 = 14; b times 

14: a b a = ab] and 14 times a 2> => 14 a (, 

the required result. 

2. Required the product of 2 a' by a'-^. 

OPERATION Since the exponent of a quantity 

- indicates the number of times the 

quantity is taken as a factor (Art 

?. 19), 2 a' is the same as 2aaa; and 

2 a^ c? is the same as a a ; then, a a times 

2aaa^=^2aaaaa, or 2a*. The ex- 
ponent, 5, in the result might have been obtained at once, by tak- 
ing the sum of the exponents, 3 and 2, of the common letter a. 
Hence, 

The exponent of a letter in the product is eqtial to the sum 
of Its exponents in the factors. 

From the preceding examples and illustrations of mul- 
tiplication of monomials is derived the following 

RULE. 

Multiply the numerical coefficients of the two factors together, 
md annex to the result the letters of both quantities, giving to 
each letter an exponent equal to the sum of its exponefUs in the 
two factors. 

Make the product positive, when the factors have like signs^ 
find negative when they have different signs. 





Examples. 




(3.) 


(4.) 


(5.) 


(6.) 


3a 


4.x 


— 6a 


12 a: 


2b 


-3;/ 
I2xy 


+ *2 3 
I2ab 


3er 


6ab 


— 36aa: 



Explain the first operation under Case I. The second operation. To 
^hat is the exponent of a letter in the product equal? Repeat the Rule. 
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(7.) (8.) (9.) (10.) 

4cx +17a —3a —lb 

X — 2h — 4fi +4c 



(11.) (12.) (13.) (14.) 

3m2 lofi — 6a« 8ar»y 



— 2 m' ar* -f- 2a» 6xy 

— 6 m^ 7 a:' — 10 a* 40 a:*y» 

16. Multiply ^ah by — 3c. Ans. — 24: a be. 

16. Multiply — 3^y by 2aar. 

17. Multiply 20mn» by 3wn. Ans. 60 m^n\ 

18. Multiply 7a«c by 2ab. 

19. Multiply — 5 a^ j:^ by — 3 a'' a:. Ans. 15 a' x\ 

20. Multiply _36crfby— ftcr/. Ans. SlPc^d\ 

Note. Any namber of terms inclosed in a parenthesis may be r^ 
gardtid as a monomial. 

21. Multiply a (x -|- y) by b, Ans. ab (x -\- ^). 

22. Multiply 2 (a + ft) by a*. 

23. Multiply (x — y)* by a. Ans. a (a: — y)'. 

24. Multiply (a -^ by by (a + ft). Ans. (a + ft)'. 

25. Multiply — a (« -f y)» by 2 a (o + y)\ 

Ans. — 2 a^ (a -f y)*. 

26. Find the product of 2a:~ by x, Ans. 2ar™ + ^ 

27. Multiply y"* by y*. Ans. y" + *. 

28. Multiply (a + "ft)" by (a + ft)'. 

Ans. (a4-ft)"'+». 

29. Find the product of a^ {x — y)"* by a"» (a: — y)^ 

Ans. o2 + »»(a: — y)"«+* 
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CASE n. 

63, When one factor is a polynomial. 

1. Required the product of a -{- b — c multiplied by c. 

OPERATION Since the whole expression a + * 

is to be multiplied by c, it is evident 

"I that each term is to be taken c times; 

^ c times a =s ac] c times 6 = & c ; c 



ac -\- he — c^ times — c =« — c* ; and these partial 

products, connected with their proper 
signs, give ac -\-hc — c*, the required product. Hence the 



RULE. 



Multiply each term of the mtiltipUcand separately hy the mid' 
Uplier, and connect the partial products hy their proper signs. 





Examples. 






(2.) 


(3.) 






7y + ft 


4a -f- 4:aT 




Qx" a 


4a 


— 3n 




4:h 


28ay + 4ai 


12 an 12 


n X 


24. bx^ 4tak 


(5.) 






(6.) 


7a: + 4y 


+ a2 5 


ah - 


— a^ X -\- x 


x" 


4 


ax^ 





7. Multiply 4 a2ft2_j_ 3 ^y_^^ ljy _^2 

Ans. — 4,a^l? — Z(j?xy -\- c? c 

8. Multiply 4 a^y — 6 y + 5 a:M)y 2. 

Ans. 8025^—125^+ 10x2. 

9. Multiply c? — ax -\' 7? \yy'nb. 

Ans. c^h — c^hx + ah 7?, 

Explain the operation under Case II. Repeat the Kule. 
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10. Multiply — m — n — a — c hy — iw. 

Ans. in^'^fnn-\'am'-]-cm, 

11. Find the product of 3 a + i« + a* ar — J by 4 a*. 

Ans. 12 a" + 4. a' l^-]- 4. a^x — 4.<^b. 

12. Find the product of2a:^y — 3a:y* — ^ by baxy, 

Ans. \^ax^^ — 16 a a:*^ — baxy^* 

CASE III. 

64> When both factors are polynomials. 

1. Required the product of 3 o -|- 2 6 by a + ft. 

OPERATION Since the multiplicand must be 

taken as many times as there are 

' units in a -f- ft (Art. 57), it is evident 

^ \ . that 3 a -[- 2 6 must be taken a times 

3 a^ -|" 2 a ft - plus ft times ; a times 3 a -f- 2 ft 

3aft-(-2ft' = 3a'+ 2aft; ft times Sa -f 2ft 

.Z 2 I K 7 ~| Q M = 3 a 6 -[- 2 ft* ; and the sum of these 

partial products is3a*-f-^^ft + 2ft*; 
the required product. Hence the following 

RULE. 

Multiply each term of the mvliiplicand hy each term of the 
multiplier separately, and add the partial products. 







Ex. 


^MPLES. 


(2.) 




" 


(3.) 


4a + 3ft 






5a; + 3y 


3a + ft 






X - 2y 


12 0^4- 9 aft 






b3?-\- Zxy 


4a ft 


+ 


3ft3 


— \Qxy — Qf 


12a2+13aft 


+ 


3ft2 


bx"— 1xy — Qt^ 



Explain the operation under Case III. Repeat the Rule. 
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(4.) (5.) (6.) 

Ba^ — 2y a — b bax -^ Sx 

X -\- f/ a — b 3ax-\'2x 

a.) (8.) 

a* -{- a^(^ -\-c^ a*" — a" -|- a' 

^ — c^ or — d!" 



* 






a« 



9. Multiply 3ic + 2y by 2x — 3y. 

Ana. 6a:^ — 5a;y — 6y*. 

10. Multiply 5 a* + 3 ar by ha^^Bx. 

Ans. 25a* + 30a2a;-|.9a:a. 

11. Multiply a -\-2x by a — 3 a:. 

Ans. a' — ax — Qx^. 

12. Multiply Sa — x by 2a + 4.x, 

Ans. 6 a* + 1^^^ — ^^' 

13. Multip/y a: -|- y by x -^-y. Ans. a:* -(- 2 x y -f" ^* 

14. Multiply X — y by x -{- y, 

16. Multiply a* + a ^ 4- ^ by a — i. Ans. c? — !?, 

16. Multiply a* — a + 1 by a + 1. 

lY. Required the product of a^ — aa^ -{- c^ x — a* and 
r + a. Ans. a^ — a*. 

18. Required the product of a* — a'y + a^^ — ^^^ "h y* 
and a + y. 

19. Required the product oi t? -{- y and ar^-|-y. 

Ans. a:* -|- 2 a:* y -f- y^. 

20. Required the product of 2 a ^ — 3 i^ ^nd 3 a ft + 4 ^ 

Ans. Qa^}^—aJP—\2b\ 

21. Find. the product oix^-{-xy — y* by x — y, 

Ans. Qi? — 2 a:^ + y* 
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22. Find the product of a' — 4 a + 16 by a -}- 6, 

Ans. a8 4- a« — 4 a + 80. 

23. Find the product of 1— a-fo* — a» by l-f-a. 

Ans. 1 — a* 

24. Multiply a:^ + a:y -f" ^ ^7 ^ — ^y + ^' 

_^ ins. a^ + x*y* + y*. 

25. Multiply a — hx by c — dx, 

Ans. ac — (ir -|- a rf) a: -|- ftrfa;*. 

26. Multiply Zo^ — ^xy — fhy 2 a: — 4y. 

Ans. '6 a:* — 16 ar^y 4- 6 ar^ -f 4/. 

27. Multiply a: — y + ^r by^-^-y — r. 

Ans. 7^ — y*-|-2y« — 2'. 

28. Multiply 27a:* + 9ar^y + 3a:y2 + y» by 3a:— y. 

Ans. 81 x^ — y*. 

29. Multiply l-far + ar^+ar* by l—ar-far^ — aj». 

Ans. 1 — Q?, 

30. Show that a" + y* multiplied by a" -f- y* ^s equal 
to a2» + 2a"y»4-y^". 

S3, The multiplication of polynomials may be indicated 
by inclosing each in a parenthesis, and writing them one 
after the other. When the operation indicated is actually 
performed, the expression is said to be expanded^ or devel- 
oped, 

1. Expand (a — 5) (a — V), Ans. c^ — 2a6 + 5^. 

2. Expand (a + i) (c + c?). 

Ans. flrc-{-^<J + «^ + ^^. 

3 Expand (a + i) (a + *) (« + i). 

Ans. o-^ + 3 a2 6 + 3 a 5? 4. i?. 

4. Develop (a + 5) (a + 5) (a — 5). 

Ans. a^^an — a}? — }^. 

5. Develop (a:^ — ^V '\' 'iT) (^ H" y)- Ans. a:* -f" y'* 

P" ■■' ■— - - ■ I I- ■ I . , ,1, — — - — . ..I I - ^ ■ ■ -- - , I. ■ -I -■ II ■^ ■ 

How may the multiplication of polynomials be indicated ? When is 
the expression said to be expanded, or developed? 
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6. Develop (a -j- 6 -j- c) (a — b — c), 

Ans. a« — 5^ — 2 6c — er*. 

1. Show that {2x + 3) (2x — 8) (ix^ + 9) = 16 x* — 81 

8. Fiud the value of the expression (a** -|- ^) (a — b). 

Ans. a» + i + a6" — a"6 — ^•♦•^ 

9. Find the value of the expression (4 a"* + 6 6") (a"* — y) 

Ans. 4 a2»» -j- 6 a™ ^ ~ 4 a"* 6^ — 6 ^+*. 



DIVISION. 

Division, in Algebra, is the procews of fodin^ how 
many times one quantity is contained in another ; 

Or, it is the process of finding one of two factors, when 
their product and the other factor are given. 

The Dividend is the quantity to be divided. 

The ZHvisor is the quantity by which we divide. 

The Quotient is the result of the division. 

Division is the converse of multiplication, the dividend 
corresponding to the product, and the divisor and quo- 
tient to the two factors. 

67. When dividend and divisor have like signs, the quotient 
U POSITIVE ; and when dividend and divisor have different 
signs, the quotient is negative. 

For the quotient multiplied by the divisor must produce the 
dividend. Thus, 

(-h«*)-f-(+2>) = + «, for (+a) X (+h)^ + ab 
(+ «6) -T- (— *) = - «, for (- a) X (— b) == + ab 
(— aft) -^ (+ fc) « — a, for (— a) X (+ ^) — — <^b 

(— ab) ^ (- ft) = + a, for (+ a) X(—b). aft. 

Hence, in division, as in multiplication, 

Define Division. Dividend. Divisor. Quotient When is the quotient 
oositive ' When negative ? 
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Like signs prodtice -|-, and unlike signs produce — . 

68« In division of algebraic quantities, there will be 
three cases : — 

I. When both divisor and dividend are monomials. 
II. When the divisor is a monomial and the dividend 
a polynomial. 

III. When both divisor and dividend are polynomials. 

CASE I. 

69, When both divisor and dividend are mono^ 
mials. 

1. Let it be required to divide 14 a i by 7 a. 

OPERATION. •^®^' ^^® quotient must be a quan- 

tity which, multiplied by 7 a, the di- 
^^^ =26 visor, will produce 14 a ft, the dividend. 

7 a Such a quantity is 2 6 ; which is ob- 

tained by rejecting from the dividend 
a factor equal to the divisor ; or by dividing 14, the coefficient of 
the dividend, by 7, the coefficient of the divisor, and rejecting from 
the dividend the factor a, common to both. 

2. Let it be required to divide a^ by a*. 

OPERATION. Since a^ = a a a a a, and c^ = aact^ 

it is evident that the quotient, or the 

izr a'' quantity which, multiplied by the di- 

c^ visor a*, will equal the dividend a*, 

must be a a, or a*. The exponent 2, 
in the quotient, which is the result of rejecting from the dividend 
a factor equal to the divisor, might have been obtained at once, 
by taking the difference of the exponents, 5 and 3. Hence, 

77ie exponent of a letter in the quotient is equal to its exponent 
in the dividend, diminished hy its eocponent in the divisor. 

In division what do like signs produce ? Unlike signs ? How many 
cases in division of algebraic quantities ? Explain tlie first operation un- 
der Case I. The second. To what is the exponent of a letter in the 
quotient equal ? 



J 



DIVISION. 45 

■ 

70# When the exponents of the same letter in the div- 
idend and divisor are equal, the letter may be introduced 
into the quotient, without affecting the value of the ex- 
pression, by writing the letter with the exponent 0. 

For. let a* be any power of the qaantitj a, then, dividing a* by 

a**, we have 

a*» , a* 

—- r» a""" »= ao ; but - = 1. 

Therefore (Ax. 7), o^ ss i ; and as a may have any value what- 
ever, 

Any quantity whose exponent is is equal to 1 . 

Hence, by this notation the trace of a letter which 
has disappeared in an operation may be preserved, since 
the introduction of any factor whose value is unity will 
not affect the value of an expression. 

Thus, a^ b has the same value as b alone. 

71 • When the exponent of any letter in the divisor 
is greater than it is in the dividend, the exponent of 
that letter in the quotient will be negative. 

For, let it be required to divide c? by a*, and we have (Art. 69), 

a* 

a* 1 1 . 

Also, Hs ^^ 1 ; consequently, a ~ * *= -j ; that is, 

Any quantity with a negative exponent is equal to the reciprocal 
p/* that quantity with an equal positive exponent. 

a* r 1 

So, also, ^3 — ^3_6 = ^_3. 

^ a» 1 

But, -3 = 0*; consequently, — n = a* ; hence, 

What is the value of any quantity whose exponent is 0? When 
may a letter be introduced into the quotient without affecting the value 
expressed? What will be the character of the exponent in the quo- 
tient, when that of the divisor is greater than that of the dividend ? To 
lihat is a quantity with a negative exponent equal? 
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Any factor may he transferred from tJie divisor to the dividend, 
or the reverse, by changing the sign of its exponent. 

Note. As the signs + and — indicate opposite processes, qaalities, 
or conditions (Art. 50), we should infer, from the relations of the signs 
themselves, that, if a positive exponent indicates the number of times a 
quantity is taken as ti factor ^ a negative exponent must show the number 
>f times it is used as a divisor. As the negative coefficient indicates sub- 
traction, whether numerically possible or not (Art 54, Exam. 2), so the 
negative exponent indicates division. (Art 19, Note.) If the expression 
in which a negative exponent stands is already a divisor, then the quan- 
tity which it affects is a divisor of a divisor, and may be regarded as a 
factor of the dividend. 

The relation of positive and negative exponents to each other, and to 
the exponent 0, is readily illustrated by such a series as the following, 
in which the exponents decrease regularly by one, to indicate a division 
by 3. 

3«, 3«, 3\ 30, 3->, 3-«, 3-» 
27, 9, 3, 1, J. i, ^ 

72. From the preceding examples and illustrations we 
have, for dividing one monomial by another, the follow- 
ing 

RULE. 

Divide the numerical coefficient of the dividend hy that of the 
divisor, and to the result annex the literal factors of the dividend 
which are not found in the divisor. 

Make the quotient positive, when the dividend and divisor have 
like signs, and negative when they have different signs. 

Note. It is evident from the rule that one monomial cannot be ex- 
actly divided by another: — 

1st. When the coefficient of the divisor is not exactly contained in that 
of the divi(^end. 

2d. When the same letter has a greater exponent in the divisor than 
in the dividend. 

3d. When the divisor cont^ns one or more letters not found in the 
dividend. 

How may any factor be transferred from the divisor to the dividend • 
Repeat the Rule. When is exact division of monomials impossible? 
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In each of these cases, the division is to be indicated by writing the 
divisor under the dividend, in the form of a fraction, or by the use of 
negative exponents. 





Examples. 


(1) 




(2.) 


3a 




"3 a'Y ^'^^ 


(3.) 


• 


(4.) 


— 25 ar'yz' 
bxyz 


■5a»z 


9 m* n* a; ^ , 

=— — — 9 n' 0? 

— mrn 


(5.) 




(6.) 


21adx' 
— 7 ad X 


Sx' 


-lit-^-'^ 


Divide 16 a:^ by 


8x. 


Ans. 2.T. 



8. Divide *l mxy by xy, 

9. Divide — xy by xy, Ans. — tP ff or — 1. 

10. Divide 15 aH* by bah. Ans. 3afi« 

11. Divide — 15a^a:^ by bax^, 

12. Divide 10 a nary by — 2 ay. Ans. — 5na:, 

13. Divide 8 a;« y* by — 2 a:^ y. Ans. — 4ary\ 

14. Divide — a* by a*. 

15. Divide — 16 ar^y* 2;^ by — 4a:z. Ans. 4a:y*r. 

16. Divide a"* + " by a". Ans. a*". 

17. Divide a:^-" by a;\ Ans. a:^"^!,, 

18. Divide ZQ d! b^ c" hy ^ o^JP ^. 

19. Divide (a + J)« by (a + h)\ Ans. (a + hf, 

20. Divide 4 (a — 6)^ by 2 (a — ^). Ans. 2 (a ■— h,) 

21. Divide 27 a ft^ (a: + y)« by 3 ^ (a: 4- yf. 

Ans. 9aJ-i(a: + y)-^ 

Note. In the last three examples, the expression in the parenthesis is 
to be considered as one qaantity. 
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CASE IL 



73* When the divisor is a monomial and the divi- 
dend a polynomial. 

1. Divide 12 aH + 24 a^'c — 36 a 5 by 12 a. 

OPERATION. Since the whole dividend 

must contain the divisor as 
12 a )12a»t + 24a'c-36a6 „^y ^j^,; ^ ^^ ,^tt^, i, 

a*i-|- 2 o^c — 3^ contained in the terms of 

the former, we divide 120*6, 
-t-24a'c, and — 36 a 6, respectively, by 12 a, and, connecting the 
partial quotients by their proper signs, have as the entire quo- 
tient, a*b-{' 2a*c — 3 6. 

RULE. 

Divide each term of the dividend separately, and connect the 
remlU hy their proper signs. 

Examples. 

(2.) (3.) (4.) 

3a)6aa:-|r 12ay ah)a^h^a¥ — ah 2xy) 2xy — Qxy^ 

2x + 4y a + 6— 1 1 — 3y 

(5.) 
4 a^ c) 12 a^b C'j'20_^ h c — 8a^c» 

(6.) 
ItF) 56ar^+ 10 6a:^ — 12 ^ a:* 

7. Divide 9 a^ 5^ _ 12 a^ c^ by 3 a. 

Ans. 3 a 6^ — 4 a^ c*. 

8. Divide 12a\v' — 16aV hy — 4 aV- 

Ans. — 3^ 4" ^ ^^« 

■^— ... ■■,,-■ ... ■ . 

Explain the operation. Repeat the Rule. 
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9. Divide 25 5c^ + ISa:^ — 5y by — 5. 

Ans. — 56c* — Sa^ -^ y, 

10. Divide 24a»c2x+ 12a6'c*a: by —6ac*a:. 

Ans. — 4 a* — 2 ft« c«. 

11. Divide 4 a xy — 8 a -j- 4 a rf by 4 a. 

Ans. xy — 2 + rf. 

12. Divide 5 (a — by + 10 (a — b) by 5. 

Ans. (a — by + 2 (a — b). 

13. Divide (a; + y)» — (x + yy by {x + y). 

Ans. {x + y)2 — (ar + y). 

14. Divide (a + c)* + 5 (a + c) by {a^c). 

Ans. (« + c) -|- 6. 

Note. When the parenthesis', as in the last answer, has neither coef- 
ficient nor exponent written, it may be dispensed with ; thas, (a + c) + 5 
may be written a + c + 5. If the parenthesis is preceded by the minas 
sign, all the signs of the inclosed terms should be changed. (Art. 55.) 

15. Divide a{x -\- y) — ^ (a? + y) by (a: -f- y), 

Ans. a — b. 

16. Divide 3 a (a + ft) + (a + by by (a + b). 

Ans. 4 a + ft. 

17. Divide 4 (x + 3) — (x + 3)* by (x + 3). 

Ans. 1 — X, 

18. Divide 15 a~* ft' x — 10 a ft x — 5 a ft^ x by 5 a ft* x. 

Ans. 3a-«ft — 2ft-i— 1. 



CASE m. 

74, When both divisor and dividend are polyno- 
mials. 

1. Divide c?-\-bf%^X'\'bax^'\'a? by a -\- x, 

3 
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OPERATION. 

ax^ -\- a? 
ax^ '\- 7? 

Th« terms of the divisor and dividend are arranged with refer- 
ence to the decreasing powers of the letter a, so that the term 
having the highest exponent of a is placed first, that having the 
next highest immediately after, and so on ; and, since the dividend 
is the product of the divisor and the quotient, the quotient will be 
arranged in the same order as the dividend. 

Now, since the first term of the dividend, as arranged, must equal 
the product of the first term of the divisor by the first terra of the 
quotient, or that having the highest power of a, we divide d^ by a, 
and obtiiin n^ for the first term of the quotient. 

The product of the whole divisor by this term, or a^-\-a^x, sub- 
tracted from the whole dividend, leaves A: oC^ x -\- b a x^ -\- x\ This 
remainder may be regarded as a new dividend, produced by multi- 
plying each term of the divisor by each of the remaining terms of 
the quotient. 

The first term of this new dividend must have been produced by 
the first term of the divisor multiplied by the second term of the 
quotient, we therefore divide 4 ol^ x by a, and obtain 4 a a; as the second 
term of the quotient. 

The product of the whole divisor by this term, ov Aa^x-\-A^a x^y 
subtracted from the second dividend, leaves ax'^-\-3^, for a third 
dividend. Dividing ax*, the first term of this dividend, by a, the 
first term of the divisor, we obtain a:*, as the third term of the quo- 
tient; and multiplying the whole divisor by a:*, obtain as? -[" ^» 
which subtracted from the last dividend leaves no remainder. 

Since, at each step in the operation, we divide the term 
containing the highest exponent of some letter in the div- 



Explain the operation. 
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idend, by the term containing the highest exponent of 
the same letter in the divisor, 

The terms of the divisor and dividend should always he ar- 
ranged in the order of the powers of some letter common to 
both. ■ 

From what precedes, we deduce, for the division of one 
polynomial by another, the following 

RULE. 

Arrange both dividend and divisor according to the powers 
of some common letter. 

Divide the first term of the dividend hy the first term of the 
divisor, and write the result for the first term of the quotient ; 
hy which multiply the whole divisor, and subtract the product 
from the dividend. 

Regard the remainder as a new dividend, find the next term 
of the quotient, in the same manner as before, and proceed 
with it as with the first quotient, and so on. 

Note 1. The divisor is sometimes placed on the right of the divi- 
dend, that it may be the more readily multiplied by the several terms 
of the quotient, as they are found. 

Note 2. It will not be necessary to bring down any more terms of 
the dividend to form the remainder at each successive subtraction than 
are required by the quantity to be subtracted. 

Note 3. When the first term of an arranged dividend is not di- 
visible by the first term of the arranged divisor, exact division is im- 
possible; and when it is thus found that any remainder is not divisible 
by the divisor, that remainder, with the divisor under it, in the form 
of a fraction, should be written after the quotient found. 

Note 4. The work in division may be proved, as in Arithmetic, 
by multiplication. 



How should the terms of the divisor and dividend be arranged ? Re- 
peat the Rule. Where is the divisor sometimes placed 1 What is said 
in Note 2? When is exact division impossible? What is to be done 
with the last remainder? How may division be proved? 
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Examples. 
2. Divide a« + 2 a 6 + ^ by a + 6. 



OPERATION. 



a^ + 2 a 5 + i« 
a^-f. ab 



« + * Proof - 



ab + if" 



a + J 



a»+ ab 

a M:_^ 



3. Divide a» — i^ by a + 6. 

OPERATION. 



a 4-6 



«»+ 


a" 6 




— 


aH — 





al^ — W 

qy + y 

— 2J' 

4. Divide a^ — ^ by a + 6. Ans. a — J. 

5. Divide a^ + 2aH + 2aft2 + 6» by a» + a6 + 63. 

Ans. a -j- ^• 

6. Divide a^ — Sa^ft + Sa^ — A^bya — 6. 

Ans. a* — 2 a 6 -j- ^« 

7. Divide a* — 1 by a — 1. 

8. Divide So^ — 4 0^^ — 6a^ + 3i^by 2a — 6. 

Ans. 4 a« — 3 y. 

9. Divide a:^ + 4a: + 3 byar» — 2x + 3. 

Ans. x^-^-^x+l: 

10. Divide a^ — a? by a^ -j- a a: -j- a:^. 

11. Divide a* + 4 a^ ^ + 16 ft* by a^ — 2 a ft + 4 5*. 

Ans. a2 4.2aft + 4ft^. 
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12. Divide o^ — a? hy a — x, Ans. a^ -^ ax -^ 2?, 

13. Divide a^ -{- a? hy a '\- x. 

14. Divide x^ — 6 a:^ _ 4^ a: — 40 by ar + 4. 

Ans. a:^ _ 9 a; _ 10. 

16. Divide a/ — 1 by ar — 1. 

Ans. a:^ + ^ + ^* + ^ + ^ + ^+l- 
16. Divide a* + a:* by a + ar. 

Ans. a* — a' a: -j- a^^a? — a a:^ -|- a?*. 

n. Divide 21 a* — 21 ^ by T a — 7 ^. 

Ans. 3a*+3a»^ + 3a2^+3aiP + 3 6*. 

18. Divide 2a*4-2a'6+6<42 5?_6aft« + 4**by 
2 a2 — 2 a ^ + ^. 

19. Divide 2 0"*+^ — 2 a» + ^ — a"» + " + o^" by 2 a — a». 

Ans. a"* — a*. 

20. Divide a^ — 3 a:* by a -^ x, 

Ans. a* — c^ X -A- aa? — a? ; — . 

21. Divide a«6« — 5 aH + 10 o^^ — 10 a^i^ + 5 aft* 
— a«6« by a^ — 2aft + ft2. 

Ans. a» — 3a2ft-[_3aft2_5P. 



THEOREMS. 

75. A Formula, is an algebraic expression of a general 
rule. 

The following theorems give rise to formulas, useful in 
abridging algebraic operations. 

THEOREM I. 

76. The square of the sum of two quantities is equal to the 
square of the first, plus twice the product of the first hy the 
second, plus the square of the second. 

Define a Formnla. What is Theorem I. ? 
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For, let a represent 'one of the quantities, and b the other; 

then, 

{a + by^(a + b) X (a + b)^c^ + 2ab + I^. 

Hence, the theorem is true. 

Examples. 

1. Find the square of 3 a -|- x*. From the formula, we 

have 

(3 a + ar2)« = 9 a« + 6 a ar« + a^. 

2. Square 2a;+y. Ans. 4a:* + 4xy + y*- 

3. Square 6 a' + 2 a* 5. 

• Ans. 36a* + 24an + 4a*5». 

4. Square a» ft^ + 3 a^ tf» c*. 

Ans. fl«&* + 6a*^'c* + 9fl*i*c«. 

THEOREM IL 

77* The square of the difference of two quantities it equal 
to the square of the firsts minus twice the product of the Jirst 
hy the second, plus the square of the second. 

For, let a represent one of the quantities, and b the other; 

then, 

(rt — 5)« = (a — 6) X (a — ft) = a' — 2a6 + 6«, 

which proves the theorem. 

Examples. 

1. Find the square of 3 a: — a. We have 

{Sx — ay = 9x^ — 6 ax -{-a^ 

2. Square 5 c — 1. Ans. 25 c^ — 10 c + 1, 

3. Square a^ — b\ Ans. a* — 2a^lr^ + b\ 

4. What is the square of 5 a^ i^ — 10 a^b^? 

Ans. 26 a* b* — 100 a* ft« + 100 rt* b\ 

% 

Give its demonstration. What is Theorem II. ? Give its demonstratioa 
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THEOREM III. 

78# The 'product of the sum and difference of two quanti' 
ties is egucd to the difference of their squares. 

For, let a represent one of the quantities, and b the other ; 

then, 

(a + &)X(a~&)==a«-ft«, 

which agrees with the theorem. 

Examples. 

1. Find the product of3a + 2ftby3a — 2*. 

Ans. 9a» — 4^. 

2. Kequired the product of a + y by a — y. 

Ans. a* — y*. 

3. Multiply 5a + b by 5 a — b, Ans. 25 a* — ft*. 

4. Multiply 9x4-1 by 9a!— 1. Ans. Sla^—1. 

5. What is the product of 3 a^ c + 10 a 5^ by 3 a* <r 
r-lOa^? Ans. 9 a* c* — 100 a« i^. 

6. Multiply 3 ar^y + 12 a:y* by 3 ar^y — 12 a:y». 

Ans. 9arV— l^a:^/. 

MISCELLANEOUS EXAMPLES. 

1. Required the square of m — w. 

Ans. m* — 2 m n -|- n*. 

2. Multiply 3a — 2 by 3a — 2. 

Ans. 9 a^ — 12 a + 4, 

3. Expand (9a^ + 2^2)2 

Ans. 81a2^ + 36air^ + 45^ 

4. What is the product of a — d hy a — d? 

Ans. a^ — 2 ad^ d^. 

5. Expand (2 — of") (2 — a:*"). Ans. 4 — 4 ar~ + ar^". 



What is Theorem III. ? Give its demonstration. 
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6. Multiply a» + 1 by a^ — 1. Ans. cfi — I. 

1. Expand (a^ —- l^) (a^ + b^), Ans. a* — b\ 

8. Square 1 — 3 c^. Ans. 1 — 6 c» + 9 c*. 



9. Expand (2 + a — 6) (2 — a — *). 

Ans. 4 — {a — by, 

10. Expand 2 (a -{- b) (a — b). Ans. 2 a« — 2 ft^. 

11. Expand S^ {x^ — a^y, 

Ans. 27 a:* — 54 a^ar* + 21 a\ 

12. Expand (1 _ 4 a) (1 — 4 a). 

Ans. 1 — 8 a + 16 a*. 

13. Expand (3 m 4- 4 n) (3 w — 4w). 

Ans. 9 m^ — 16 w*. 

\4. Expand (3 a — 4 a:) (3 a + 4 a:). 

16. Expand (2 a -f 3 a:) (2 a + 3 a:). 

Ans. 4a2+ 12aa: + 9a:«. 

16. Expand (2 a c — 3 ^ c) (2 a c — 3 6 c). 

Ans. 4a2c2— 12aic2 + 95^c2. 



IT. Expand (3 — a -f *) (3 — a + i). 

Ans. 9— 6(a + ^) + (a + ft)^ 

18. Expand {b a^ W -^ 1 ab) {b a^ ¥ — 1 ab), 

Ans. 25 a* i* — 49 a« i«. 

19. Expand {x -\- a) (x — a) (a:^ — or). 

Ans. a:* — 2 a^ a?^ -{" ^*- 

Note. In expanding the first two factors, apply Theorem III. ; and the 
Theorem II. 

20. Expand {x + 2) (a: — 2) (a; — 3) (a: + 3) . 

Ans. a-* — 13 a:^ + 36. • 

21. Expand (2 x + 3) (2 a; — 3) (4 a:^ + 9). 

Ans. 16 a:* — 81. 

22. Find the value of (a:^ — 1) (a:^ -f 1) (a?* — 1). 

Ans. ar« — 2a:*+l. 
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FACTOEING. 

79. Factoring is the process of resolving a quantity 
into its factors. 

80« The Factors of a quantity are such integral quan- 
tities as, when multiplied together, will produce the given 
quantity. 

« 

. 81. A Prime Quantity is one that cannot be divided, 
without a remainder, by any integral quantity different 
from itself, or unity. Thus, a/b, and a -\- c are prime 
quantities. 

82. *A Composite Quantity is one that can be divided, 
without a remainder, by some integral quantity other 
than itself, or unity. Thus, a^, a b, and ab -{- ac are 
composite quantities. 

83. Quantities are said to be prime to each other, when 
they have no common factor greater than unity. 

84. One quantity is said to be divisible by another 
when the latter will divide the former without a remain- 
der. Thus, a bis divisible by either a or b. 

A composite quantity is divisible by any of its factors, 
and a prime quantity only by itself and unity. 

85. The difference i>f any two equal powers of two quanti* 
ties is always divisible by the difference of the quantities. 

For, let a and h represent any two quantities, a being greater 
than b\ then, 

(o^ — 62) -1- (a — 2») =. a + &, 

(flS __ js) _^ (^ _ 2,^ ^ ^3 ^ ^ J _|_ 53^ 

(a* — &*) -i- (a — 6) = a« + a^ft + a 6* + &», 
and so on. 

^ <m' -' ■ I ■■ ■ ■ ».■■■■ I ■_■ ■ ■■-■■ — -■■■■ .. ■»^i,. ■ ■■ » ■^■^^^^ ■ i^ 

Define Factoring. Factors. Prime Quantity. Composite Quantity. 
When are quantities prime to each other 1 When is one quantity divis- 
ible by another 1 By what is the difiei'ence of any two equal powers of 

two quantities divisible ? *• 

3* 
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Also, let 6 or a become 1 ; then, (a* — 1) -7- (a — 1) 
«a + l; (a>-l)-i-(a-l) = a> + a+l; (l — &«) 4. (1 -6) 
s^ 1 -\-hf etc. 

86* The difference of two equal even powers of two quan- 
tities is always divisible by the sum of the quantities. 

For, (a« — V) -1. (a + ft) -= a — 6, 

(a* — h') -1- (a 4- &)=-«• — «'& -h a^ — ^» 
(a« _ i,«) -1. (fl -j- «,) «« «5 — a*6 + «'^' — 0^^ + ab* — b\ 
and so on. 

Also, (a> - 1) ~ (« + 1) = « - 1 ; (a* — 1) -f. (a + 1) 

« a* — a" + a — 1 v (1 — &*) -7- (I + 2>) — 1 — &, etc. 

87 • The sum of two equal odd powers of two quantities is 
always divisible by the sum of the quantities. 

For, 
(a> -f ft») -1. (a -f ft) = a« _ aft + fc«, 

(a* -^ fts) -^ (rt + ft) = a* — a"ft + a»ft* — aft" + ft*, 

(a' _^ h') _L. (a -^- ft) «:a« — a«ft + a* ft* — a«ft» + a»ft* — aft» -f- ft*, 
and so on. 

Also, (a>+l)^(a + l)=a»-a+l; (a* + 1) -^ (a + 1) -^ 
o* — a>-fa> — « + l; (1 + ft^) -i- (i + ft) = l — ft -f ft«, etc. 

CASE I. 

88. To resolve monomials into their prime fac- 
tors. 

1. Find the prime factors of 12 a^ ft. 

OPERATION. Since the composite factor 12 is the 

,rt 9\/9\/ Q product of the prime factors 2, 2, and 

2 3, the composite factor a*, of a and a, 

and 6 is prime, the prime factors of 

. 12 a* ft are 2, 2, 3, a, a, and ft, or 

I2a^b = 2X2X3 aaft 2X2X3aaft. Hence the follow- 
ing 

By what is the difFerencc of two even powers of the same degree divis* 
iblo ? By what the sum of two odd powers of the same degree ? Ex* 
plain the operation under Case I. .« 
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^ RULE. 

To the prime /actors of the numerical coefficient annex each 
Utter written as many times as there are unit^ in its exponent 

Examples. 

2. Find the prime factors of 8 a i^. 

Ans. 2 X 2 X ^ahbb. 

3. Resolve 21 m^n^x into its prime factors. 

4. Factor 4:9 c^ baP^, Ans. 7 X *l aabxxyyy, 

6. Find the prime factors of 56 c^ b^ c^ a^ y, 

6. Factor SI hf^c^da^, 

Ans. 3 X 3 X3 X Sbbbccdxxx. 

CASE II. 

89« To resolve a polynomial into two factors, when 
one of them is a monomial. 

1. Find the factors of a c -\- b c. 

OPERATION. Since c is a factor common to all 

. , - the terms, we divide ac -\- be by c, 

^ I / • I" and obtain for the other factor, a-^-b; 

ac-\'bc = c(a~{-b) whence, a c -f- * ^ ■* ^ (a + 6). 

RULE. 

Divide the polynomial by the greatest monomial factor com^ 
mon to all its terms, and to the quotient, inclosed in a paren^ 
ihesisy prefix the divisor as a coefficient. 



Repeat the Rale. Explain the operation under Case II. Repeat the 
Rule. 
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Examples. 

2. Factor a 5* -[" « ^ c- Ans. ab (b -^ c). 

3. Resolve a -|- « y iiito its factors. Ans. a {1 -\- y), 

4. Resolve ax-\-x into its factors. 

6. Find the factors of 6 x* + 3 a:* — 9 ar. 

Ans. Zx(27? + a»-r-Z). 

6. Resolve 14: bc^x — 2ll^<^x -\- *l bc^x into factors. 

1. Factor 16 a* — 12 a 5 -f 4 a c. 

Ans. 4a(4a* — 3i + c). 

8. Find the factors of 1H a^x — 11 a^t/ + 22 a c, 

* Ans. 11 a (^ ax — ay-\-2c). 

9. Factor 21a:^^+ 14a:?y + 21a:5^. 

Ans. 7a:y (3 2:*^ + 2a? + 3). 

10. Resolve 14a*5*ar^y — 6aar^y*+ lOaar^y into factors 

Aus. 2aar^y (TaH*a;« — 3a^3^ + 6). 

CASE in. 

90* To resolve a trinomial into two equal binomial 
factors. 

Any trinomial can be resolved into two equal binomial 
factors, when two of the terms are squares and positive, 
and the other term is twice the product of their square 
roots. 

1. Find the factors of a^ -\- 2ab -{- li^, 

OPERATION. ^^^^® "^ ^^ *^® square of a, 

b^ is the square of ft, and 2a b 

« = the square of a, istwiee theproductof aandfe, 

b^ = the square of b, ^^d is positive, we have, by 

2ab = twice a X *. . Theorem L, Art. 76, for the 

u^-\-2ab-{-b^={a'{'b){a-\- b), two factors, (a -^ b) (a + 6). 

But had the middle term 
been negative, then, by Theorem II., Art. 77, the factors would have 
been (a — b) (a — &). Hence the following 

Explain the operation under Case III. 
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RULE. 



Take for each of the required factors the sum or difference 
of the square roots of the square terms, according as the other 
term is positive or negative. 

Note. Some trinomials may be resolved into unequal binomial factors, 
thus, a^2 — 5x 4- 6 = (x — 3) (x — 2), 2a2 + at — 6 62 = (2a — 36) 
(a + 2 6) j but DO simple general principle can be applied to all such 
cases. 

Examples. 

2. Factor a^ — 2ah-^l/. Ans. (a — h){a — h), 

3. Factor 4 a^ + 12 a * + 9 i^ 

Ans. (2a + 3^.) (2a + 3*). 

4. Resolve 4 a^ — 12 a i -[- 9 i^ into its factors. 

5. Factor a^ — 4 a i^ _|_ 4 ^4 

Ans. (a — 2 h^) (a — 2 ^). 

6. Factor s^ — ^x+l, 

7. Required the two binomial factors of 1 + 2 x^ -|" ^*« 

8. Resolve 4 a:^ -|- 4 a? ^ -f- ^^ ^^^^ ^^^ factors. 

Ans. (2a: + y)(2ar + y). 

9. Factor 25 m* + 10 m^ w + w^. 

Ans. (5 m^ + n) (5 m* -|- n), 

91. To resolve a binomial into two binomial fac- 
tors. 

Any binomial can be resolved into two binomial factors 
when its terms represent the difference between two 
squares. 

1. Find the binomial factors of a^ — ¥, 

' — — ■ i 1 m *■ 

Repeat the Rule. 
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Since a' is the square of a, 
OPERATION. j|n(j jt IS the square of 6, we 

a^ = the square of a, ^ave> by Theorem IIL, Art. 

ft* = the square of h, 78, for the required factors, 

^ ^a-_./^ij\ /g j\ the sum and difference of a 

and 6, or (a -f- ft) (a — &). 

Hence the 

RULE. 

Ki^ for one of tite factors the sum, and for the other the 
difference, of the square roots of the given terms. 

2. Factor a^ — c^. Ans. (a + c) (a — <?). 

3. Find the factors of ar^ — y*. 

4. Factor 4:0^ — f. Ans. (2 a; + y) (2 a: — y) . 
6. Factor 9 a^ — 4 ft^ 

6. Find the binomial factors of 64 a^ft^— 16 c«rf^ 

7. Factor 1 — 81 a:^ Ans. (1 + 9 a;) (1 ~ 9 ar). 

8. Factor c« — a*y^ Ans. (c« + a^y) ((?» — a^y). 

9. Factor a* — ft*. 

NoTB. a* — 6* = (a2 -f- 62) (a2 — 62) = {a^ -f- 6*2) („ 4_ 5) (a «. 5). 

' 10. Factor 1 — c\ Ans. (1 + c^) (1 + c) (1 — c). 

11. Factor 16y«— 1. 

Ans. (4y + 1) (2y^ + 1) (2f— 1) 

12. Factor a« — c«. 

Ans. (a* + c*) (a^ + c^) (a -f c) (a — c). 

13. Factor x« — 1/, Ans. (a:* + y2) (a:^ -f y) (a:^ — y). 

92. Any binomial which consists of the difference of 
any two equal powers, or the sum of any two equal odd 
powers, may be factored by aid of Articles 85, 86, and 

Explain the operation. Hepcat the Rule. When may a binomial be 
factored upon the principles contained in Articles 85, 86, and 87? 
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87 ; for the quotient and divisor are factors of the div- 
idend. 

1. Factor a? — i^. 

OPERATION. 

(a8 _^ 58) ^ (^ _ ^) _ ^a ^ ^ 5 _|_ 52 

Since, by Art. 85, a — 6 is a factor of a* — 6*, we divide tha 
latter by the former, and obtain as another factor, a* -f- a 6 -[" ^ » 
and thus have a* — 6* =^ (a — b) (a^-\-ah-\- 6*). 

2. Factor a^ + d». Ans. (a + i) (a^ — a ft + If"). 

3. Factor m^ — n\ 

Ans. (/» — n) (m^ -\- m^ n -\- m n^ -\- vF), 
or (m -|- n) {rr? — wi^ w -[- tw w^ — «^) . 

4. Factor 1 — a:*. 

Ans. (l—x) {lJi^x-\-7?-\-7?), 
or (1+ar) \l—x-{-^ — ^)' 

Note. The second factor, in either answer of the last two examples, 
may be again resolved into factors, so that either set of answers will re- 
duce to the same form as those of Examples 9 and 10 in the last 
Article. 

5. Factor 8 ar^ — y^. 

Ans. (2x~y){4t7? + 2xy-\-y% 

6. Factor 8 a:^ + 1 . Ans. (2a;+ 1) (4a;2 — 2a?4- 1). 

T. Factor a« + ft^ 

Ans. (a + ft) (a* _ a» ft + a2 ^2 _ ^ j8 _j. 54)^ 

8. Resolve into factors a^ — ft^. 
Ans. {c^-^b^) {c^ — W) = (a^ + ft-^) (a — ft) {a^ -[- a h -\- h^ 
= (a + ft) (a^ — aft + ft^) (a — ft) (a^ -f. a ft + ft") 

— (oa _ 52) (^4 _^ ^2 52 _j_ J4) 

Note. The factor a^ — ly^'xs found by taking the product of the fac- 
tors a '\- h and a — 6 ; and either using it as a divisor, or multiplying the 
remaining factors together, gives the factor a* -f- a^^^ + 6*« By making 
the factors a -\- b and a — b divisors, other factors can be obtained. 

Explain the operation. 
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In factoring many polynomials, much must depend 
upon the skill of the learner, since specific directions 
cannot well be given to meet every case. 

Sometimes a portion only of a polynomial can be fac- 
tored, as when the terms do not all have a common 
factor. • 

1. Factor a^c-\-2abc-\-l;^c, 

Ans. c (a'\' b) (a '\' b). 

Note. a^c-\- 2abc -\-l/^c = c (0* + 2o6-f 62)^ anda2 + 2ab + 6^ 

» (a +'6 (0 + 6). 

2. Factor ab-\'ad'\-cx-\-cy. 

Ans. a (b -{- d) -{- c (x -\- ^) 

3. Factor 2y»+ 3a:2y_9a^ 

Ans. 2y» + 3a:*(y — 3) 

4. Factor 6 ar^ + 12x2^4- 6 a: y2. 

Ans. 6 a; (a: + y) (a: + y). 

5. Factor ai-f- a^-\-bx-\'Xy, 

Ans. (a -\-x) (* + y). 

Note, ab -\- ay -\- b x -\- x y = a {b -{- y) -{- x (b -^ y) = {a -{• x) {b -\- y). 

6. Factor ac — bd -]- be — ad. 

Ans. (a 4" ^) (^ — ^)« 
T. Factor 6aa; — 2iy-(-3ia: — 4ay. 

Ans. (2a+ i) (3ar — 2y). 

Note. The prod act of two binomial factors red aces to a trinomial 
whenever two of the partial products are similar. (Art. 90, Note.) 

GREATEST COMMON DIVISOR. 

94. A Divisor or Measure of a quantity is any quanti- 
ty that will divide it without a remainder. 

, I , , - - . I r 

What is said of factoring polynomials 1 When can a polynomial be 
only partially factored? Define a Divisor or Measura 
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A Common Divisor or Measure of two or more 
quantities is a quantity that will divide each of them 
without a remainder. 

Hence, any factor common to two or more quantities is 
a common divisor of those quantities. 

96, The Greatest Common Divisor of two or more 
quantities is the greatest quantity that will divide each 
of them without a remainder. 

Hence, the greatest common divisor of two or more 
quantities* is composed of all the factors common to those 
quantities. 

When quantities are prime to each other (Art. 83), 
they have no common measure greater than unity. 

97.* The greatest common divisor of two quantities 
is also the greatest common divisor of the least quan- 
tity and their remainder after division. 

For, let a and h be two quantities, of which h is the least. 

Suppose, now, that h is not contained in a an exact number of 
times, but m times, with a remainder, r. Then, since the dividend is 
equal to the product of the divisor by the quotient, plus the remainder, 
we have 

a=smh '\- r. 

Also, since the remainder is equal to the dividend minus the product 
of the divisor by the quotient, 

r ^=^ a — mh. 

Now, any quantity that will exactly divide h will exactly divide m 
times 6, or mh; and any quantity that will exactly divide h and r 
will exactly divide mh and r, and consequently will exactly divide 

Define Common Divisor. Greatest Common Divisor. Prove that the 
{greatest common divisor of two quantities is the same as the greatest 
common divisor of the least, and their remainder after division. 

* Beginners, at the option of the teacher, may omit this Article. 
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their sum, m & -f- r, or its equal, a. Hence, any quantity that is a ocndd. 
mon divisor of b and r is also a common divisor of a and b. 

Again, any quantity that will exactly divide a and b will exactly 
divide a and m6, and consequently will exactly divide their differ* 
ence, a — m 6, or its equal, r. Therefore, any common divisor of 
a and b must also be a common divisor of h and r. 

But the converse of this has already been proved ; consequently; 
the common divisors of a and 5, and of b and r, must be identical, and 
the greatest common divisor of a and b must be also the greatest com- 
mon divisor of b and r; which was to be proved. 

Note. It will be seen that the greatest common divisor of a and & is 
common to the four quantities a, 6, m 6, and r, that is, to the dividend, di« 
visor, product of the divisor by the quotient, and remainder ; but it is not 
necessarily found in the qnotient, m. The divisor, 6, and remainder, r, 
most nearly approach the common divisor, as they are smaller than either 
of the others which contain it, or fhey contain a less number of other 
factors. Moreover, the greatest common divisor of a and 6 is not, necessa- 
rily, the greatest common divisor of any other two of the four quantities 
involved, when taken by themselves. 24 and 9 are convenient numbers 
to be used for a and h in illustrating these principles. 

CASE I. 

98. To find the greatest common divisor of mono- 
mials. 

1. Find the greatest common divisor of 4a*i^<? and 

OPERATION. 

i:a^V^c =2^X a'xy^ Xc 
6aHc^c?=3 X2 X a^ X h X c^ X d 

2a^hc =2 Xa^X* X c 

Resolving the quantities into factors, we find that 2, a*, 6, anu 
c are the only common factors ; and since the product of these, ot 
2a^bc, is composed of all the factors common to the quantities 
(Art. 96), it is their greatest common divisor. Hence the 

Explain the operation. 



I 
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RULE. 

Resolve the quantities into their prime factors, and the pro^ 
duct of aU the factors common to the several quantities will he 
t}ie greatest common divisor. 

Note. Any letter forming a part of the common divisor will take the, 
iowiist exponent with which it occurs in either of the original quantities. 

Examples. 

2. Find the greatest common divisor of Ibo^l^c^ and 
i2a^h^x. Ans. 3a«ic«. 

3. Find the greatest common divisor of 8a:^y*, 4:ai^i/^, 
and 10ar*y*. Ans. 2sif^y^, 

4. Find the greatest common divisor of b c^h^ d^, 
I0a¥(^d\ and lb(^li'cd\ 

6. Find the greatest common divisor of 9a*^m*M, 
12a«5?w«w«, and U(^^m'n\ Ans. Sc^lfm^n. 

m 

CASE n. 

99.* To find the greatest common divisor of poly- 
nomials. 

1. Find the greatest common divisor of a:^ -j- 2 a? -|- 1 and 

OPERATION. 

x-\-\)7?-{-2x+l(x-\-l 
a:^-p X 

ar+I 
ar-fl 

W — — - — I 

Repeat the Rule. Explain the operation. 
• Beginners, at the option of the teacher, may omit this Article. 
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It is CTident that, if a;* -f" 2 a? + 1 will exactly divide «• -[" 2 a:* 
4- 2 a; ~|- 1) ^^ will be the greatest common divisor, since no quantity 
can have a divisor greater than itself. But vte find that the latter 
is not divisible by the former, there being a remainder, x -|- 1. 
Now, we know that the greatest common divisor cannot be greater 
than this remainder ; for the greatest common divisor of two quan- 
tities must be a divisor of their remainder after division (Art. 97). 
AVe, therefore, divide the divisor by the remainder, which it ex- 
actly divides. As x -{- 1 is the greatest common divisor of the re- 
mainder and divisor, it must also be that of the divisor and divi- 
dend (Art. 97); consequently it is the greatest common divisor 
required. 

Hence, for finding the greatest common divisor of two 
polynomials, we have the following 

RULE. 

Divide the greater quantity hy the less, and if there is no 
remainder, the less quantity will he the divisor required. 

If there is a remainder, divide the divisor hy it, and con- 
tinue thus to make the preceding divisor the dividend and the 
remainder the divisor, until a divisor is obtained which leaves 
no remainder; the last divisor will he the greatest common 
divisor. 

Note 1. When the two quantities are expressions of the aatM degree, 
it is immaterial which is made the divisor. 

Note 2. If both polynomials have a common monomial factor, it 
may be suppressed during the operation ; but it must finally be restored 
as a factor of the common divisor. • 

Note 3. If either polynomial has a monomial factor not common to 
the two, it may be suppressed, since such a factor can form no part 
of the greatest common divisor. 

Note 4. If the leading term of any dividend is not divisible by the 
first term of the divisor, each term of the dividend may be multiplied 
by any quantity, not a factor of all the terms of the divisor, which will 

Repeat the Rule. What is Note 1 1 Note 2 1 Note 3 ? Note 4 ? 
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render it divisible; since the factor thus introduced, not being a common 
factor, cannot affect the common measure. 

Note 5. If any of the divisors, in the course of the operation, be* 
come negative, they may have their signs changed, since a change of 
all the signs in either divisor or dividend does not affect the question 
of divisibility. 

Note 6. When the greatest common divisor of more than two qnau' 
tities is required, find the greatest common divisor of two of them, and 
then of that common divisor and one of the other quantities, and so 
on, for all the given quantities. The last common . divisor will be the 
greatest conmion divisor required. 

Examples. 

2. Find the greatest common divisor of 2a^x — 2b'^x 
and 4:a^x-{-4:^x. 

2a'x — 2b^x)4.a!^X'{'4:Px 

(^ —aW ' 

a^ + 5^ 

a -fi)a2 — ^2 (a — i 

— ah — h^ 

— ah — 1^ 

Ans. 2x{a-\'h), 

We snppress the factor 2 a: in the first quantity, and 4 a: in the 
second, and find a common factor, 2 a:, in both, which we reserve aff 
a factor in the greatest common divisor (Note 2). The quantities 
now become a' — ¥ and a* -f- ^' ^^ ^^ ^^^ remainder we sup- 
press the factor ft* (Note 8), and it becomes a -f- 6. The product 
of the last divisor, a -j- 6, by the conunon factor, 2 x, gives 2 x (a -f- 6) 
as the greatest common divisor required. 

3. Find the greatest common divisor of 3a:^ — 2 a? — 1 
and 4ta? — 2x'^ — Zx'\-l, 

What is Note 5^ Note 6? Explain the open^Uon. 
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4a:^ — 2a:> — 3a^+l 3a:" — 2a; — 1 



3 



12ar» — 6x2 — 9a: + 3 
12a:» — Sa:* — 4a: 



(4a: 



2 a:* — 6a: + 3)3a:2 — 2a:— 1(3 

2 

6ar*— 4a: — 2 
ear'— 15a:+9 

11a:— 11 

a:— l)2a:2_5^_|_3(2a:— 3 
2a:* — 2a: 

— 3a; + 3 

— 3a: 4 -3 

Ans. X — 1. 

We multiply by 8 in the first instance, and by 2 in the sec- 
ond, to make the division possible (Note 4), and suppress in the 
second remainder the factor 11 (Note 3). 

The first divisor is written at the right, in order to economize 
space. 

4. Find the greatest common divisor of Zo? — 24 a: — 9 
and 2 ar* — 16 x — 6. Ans. :^ — 8 a: — 3. 

6. Find the greatest common divisor of 4 a* — 4ax — 15a^ 
and 6a*4" ^ ^^ — ^^* Ans. 2 a -j- Zx. 

6. Find the greatest common divisor of 2a*-|"^^ — ^* 
a2 — 2 a i — 3^, and 3 a c + 3 ^ c. 

T. Find the greatest common divisor of 2 a:* — ^:)?-\-bx^ 
and a:'* -j- 3 a:* — 4 a:. Ans. a:* — x, 

100, The greatest common divisor of polynomials may 
often be most readily obtained by factoring, after the 
manner of monomials. (Art. 98.) 

Explain the operation. In what way may the greatest common divisor 
of polynomials often be most readily found ? 
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1. Find the greatest common divisor of 3 a* — 3 i^ and 
3^2 -f 6a* + 3^. Ans. 3 (a + b). 

Note. Sa^ — 3ly^=^3{a^ — b^) = 3 (a -f- 6) (a — b), and 

3a2 + 6a6 + 362 = 3 (^2 -f- 2a6 + 62) = 3 (a + &) (a + b). 

2. Required the greatest common divisor of ab -\- 1^ 
and a c^ + 5 c^. Ans. a + ^• 

3. What is the greatest common divisor of a* — 2 a 
and ab — 2b? 

4. Required the greatest common divisor of a* — a^ ^ 
and a* — &*. Ans. a^ — 5*. 

5. Find the greatest common divisor of a b-\- am -{- bn 
-^ mn and l^ n — m^ n. Ans. b -\- m. 

6. Find the greatest common divisor of.c^-\-2ab-\- ^ 
and €^ — a ^. 

Y. Required the greatest common divisor of Sa^ — 3y*, 
Sa^ ■\-Qxy-{-S/, and 3abx -{-Saby, Ans. 3 (a? + y). 

LEAST COMMON MULTIPLE. 

101 • - A Multiple of a quantity is any quantity that 
can be divided by it without a remainder. 

Hence, a multiple of a quantity must contain all the 
prime factors of that quantity. 

102. A Common Multiple of two or more quantities is 
one that can be divided by each of them without a re- 
mainder. 

Hence, a common multiple of two or more quantities 
must contain all the prime factors of each of the quantities.* 

103« The Least Common Multiple of two or more quan- 
tities is the least quantity that can be divided by each 
of them without a remainder. 

Define a Maltiple. Define a Common Multiple of two or more qaan< 
tides. Least Common Mnltiple. 
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Hence, the least common muUipU of two or more quantities 
must be the product of all their different prime factors, each 
taken only the greatest number of times it is found in any one 
of those qtumtities. 

104t If the product of two quantities be divided by their 
greatest common divisor, the qitotient will be their least com^ 
man multiple. 

For, since the greatest common divisor of two quantities is com- 
posed of all the factors common to those quantities (Art. 96), these 
factors will enter twice into the product of the quantities. Hence, 
if the product be divided by the greatest common divisor, the quotient 
will contain only the factors common to the quantities, and those pecun 
liar to each of them. Now these are the factors of the least common 
multiple. (Art. 103.) 

105t To find the least common multiple of quantities. 
1. Find the least common multiple of 6 a^ 6c and 4a^cf. 

OPERATION. 

Qa^bc =3X2 Xa^X* Xc 
• ^^^^ = 2^X^X6^ X d 

12 a^ b^ c d =z 3X2^ X ct^X b^ X c X d 

Kesolving the quantities into their several factors, we find that 
the different factors, each taken only the greatest number of times 
it enters into either of the quantities, are 3, 2*, a', 6* , c, and d ; and 
the product of these, or 12 a^b^cd, is the least common multiple. 
(Art. 103.) Hence the 

RULE. 

Resolve the quantities into their prims fax^ors ; and the pro* 
duct of these factors^ taking each factor only the greatest num^ 
ber of times it enters into any one of the quantities, wiU be 
the least common multiple. 

^■. ■ I . I ^ IIM ■■ ■■■ ■ I I ■■■■■■■■■■ I ■ I ■■■■■■» ■ I » ■■■ ■^-^^^^.^^^■^i.^^M^M^^— M^.^—^^— ^^^^M^^M^^^i^^— B^^M^ 

Show that the product of two quantities divided by their greatest com- 
mon divisor gives their least common multiple. Explain the operation 
Kepeat the Hale. 
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Note 1. When qaantities are prime to each other, their product is 
their least common multiple. 

NoTB 2. When the greatest common divisor of two quantities is 
known, or the quantities are such as not to be readily factored by in- 
spection, it may be the most convenient process of obtaining the least 
common multiple to divide the product of the quantities by their greatest 
common divisor. (Art. 104.) 

Examples. 

2. Find the least common multiple of 2a^x, 4c ax, and 
3a; — 5x^. Ans. 4ta^x{S — 5x). 

2a^x = 2Xa^Xx 
4. a xz=2^XaXx 

3 X — 5 0^=2 a;X(3 — 5 a?) 

4 a^ a: (3 — 5 x) = 2^ X «' X a: X (3 — 6 a:). 

3. J^ind the least common multiple of oi^ — a^ and 
a:» — a». Ans. (ar + a) (ar» — c^). 

a^ — a^=z(x — a) (a? -J- a) 

a^ — a^z=^(x — a) (a^ -\~ a X -\~ a^) 

(x -^a) (s^ — a^) z=:(x-\-a) (a? — a) {x^-{-ax -{- a?) 

4. Find the least common multiple of o^ — x — 12 and 
7? '\'^Q^ -\'^x, their greatest common divisor being a: + 3. 

Ans. ar(a: — 4)(a;+3)^ 

5. Find the least common multiple of 9ar*y*, 15ary*, and 
18ar«/. Ans. 90 ar«y^ 

6. Find the least common multiple of 4 a 5 c^, 6 a* c^, aiid 

T. Find the least common multiple of b a^ W and 
I0a*c2(a + *). Ans. 10 a^^c^ (a + *). 

w^m " ' - ■' ■»■■■■■■ ■■.■■■^« I I ■ ,,^^- ., ■■,, ■ i..^,,-. 

What is Note 1 ? Note 2 ? Explain the operation of Example 2. 

Example 3. Example 4. 

4 
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8. Find the least common multiple of ab(x-\-y) and 
ac'iji^ + f/). Ans. a ic« (j:« + y»). 

9. Find the least common multiple of 3 a -|- 1 and 
3(9a2 — 1). Ans. 3(9a»— 1). 

10. Find the least common multiple of 1 -|- a, 1 — a, 
and 1 — a*. Ans. 1 — a*. 

11. Required the least common multiple of a, x-\-y, 
and X — y. Ans. a(pi^ — t^), 

12. Required the least common multiple of 
3a«a: + 6a6x + 3fi*x and 12 a» — 12 a 6 + 3 ft'. 

Ans. Bx(a'-\'by(2a — by. 



FRACTIONS. 

106. A Fraction is an expression denoting one or more of 
the equal parts into which a unit has been divided. 

107t A Fractional Unit is one of the equal parts into 
which a unit has been divided. Thus, i, ^, and i are frac- 
tional units. 

108i The Denominator of a fraction shows into how- 
many equal parts a unit has been divided, in order to 
produce the fractional unit. 

109t The Numerator of a fraction shows how many 
fractional units have been taken. 

llOt The Terms of a fraction are its numerator and 
denominator. 

Algebraic fractions are written like common fractions 
in Arithmetic, the quantity representing the numerator 
being placed above a horizontal line, and that represent- 
ing the denominator being placed below. 

Define a Fraction. A Fractional Unit. The Denominator of a fraction. 
The Nnmerator. The Terms. How are fractions written * 
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Thus, T represents a fraction, of which a is the numera- 
tor, and b the denominator. 

111. An Entire Algebraic Quantity is one which has 
no fractional part ; as, a 6, or a — h. 

112f A Mixed Algebraic Quantity is one having both 

entire and fractional parts: as, a , or cA ; — . 

^ c ' x-\-y 

I13t The Value of a fraction is the quotient arising 
from the division of the numerator by the denominator. 

For, a fraction is an expression of division, the numerator answer 
ing to the dividend, and the denominator to the divisor. (Art. 66.) 

Thus, the value of the fraction -r- is a. 



GENEKAL PKINCIPLES OF FRACTIONS. 

114t If the numerator he multiplied^ or the denominator di^ 
vided, by any quantity, the fraction is multiplied by the same 
quantity. 

For, let -J- denote any fraction ; then, 

ab 

Now, if we multiply its numerator by any quantity 6, we have, 

— ^ab, 

and, in like manner, if we divide its denominator by 6, we obtain 
also ab. Hence, in both cases the value of the fraction has been 
multiplied by b, 

\\&* If the denominator he multiplied, or the numerator di- 
vided, by any quantity, the fraction is divided by the same 
quantity. 

Define an Entire Algebraic Quantity. A Mixed Alp^ebraic Quantity. 
The Value of a fraction. If the numerator be multiplied, or the denomi' 
nator divided, how is the fraction affected 1 If the 'denominator be mul 
tiplicd, or the numerator divided ? . 
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_ , a ft* , ^ . , 

For, let -T- denote any traction ; then, 

aft" 

--— SB aft. 
ft 

Now, if we multiply its denominator by any quantity ft, we 
have, 



— = a, 



and, in like manner, if we divide its numerator by ft, we obtain 
also a. Hence, in both cases the value of the fraction has been 
divided by ft. 

116t Jf the numerator and denominator be both multiplied, 
or both divided, by the same quantity, the value of the fraction 
will not be changed. 

a 6 
For, let -J- denote any fraction ; then, 

aft 

Now, if we multiply both its numerator and denominator by the 
same quantity ft, we have, 

aft« 

and, in like manner, if we divide both terms by ft, we obtain also 
a. Hence, the value of the fraction in both cases remains un- 
changed. 

SIGNS OP FRACTIONS. 

117t A frojction is positive when its numerator and denom^ 
inator have the same sign, and negative when they have dif- 
ferent signs. 

For, a fraction represents the quotient of its numerator divided by 
its denominator, consequently its proper sign must be determined as 
in division. (Art. 67.) 



If both numerator and denominator be multiplied or divided ? When 
is a fraction positive ? When negative 9 
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118. The Sign of a fraction is the sign prefixed to its divid- 
ing line, and indicates whetter the fraction is to be added or 
subtracted. 

Thus, in a; -| — r- , the sign -f- denotes that —7-, although 
essentially negative (Art. 11*7), is to be added Jto x, 

119i The sign written before the dividing line has been 
termed the apparent sign of the fraction, and that depend- 
ing upon the value expressed by the fraction itself has 

been termed the real sign. Thus, in -|- -r- > or -r- > the ap- 
parent sign is -|-, and the real sign — . 

120i If «wy <yM of the signs prefixed to the numerator^ de- 
nominator, and dividing line of a fraction he changed, the 
value of the fraction will he changed accordingly. 

r^. A- ah — ah ah ah 

Thus, ^j- = a; -j-=-«; :r6 = -»; --&- = -"• 

— ah ah , — ah , 

Also, ZTS^^^'' —=!=+"» 6- = +''» 

— ah , 

121 1 Any two of the signs prefixed to the numerator, de- 
nominator, and dividing line of a fraction may he changed, 
withoiU affecting the value of the fraction. 

mi ah ah — ah — ah , 

Thus, -j^ = - -^ = — J, = j-= + «. 

., ah — ah ah — ah 

Also, — j=-j- =^ = -— j-=-«. 

122t ^ all the signs prefixed to the terms and the dividing 
line of a fraction he changed, the value of the fraction will he 
changed accordingly. 

What does the Sign of a fraction show ? What is the apparent sign o! 
a fraction 1 The real sign ? What is the effect of changing one of the 
signs prefixed to the fraction and its terms ? Of changing two of the 
signs ? Of changing all the signs ? 
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Thus, -y == 4" ^» ^^^ — I_ ft "=^ — ^5 ~ &~ "^ — ^' ^'^^ 

ab , ah . , — ah , 
= +a; — r = —a, but r— = +a; 



— 6 ' ^^ —6 

«6 . - 

ir •=* — «» but - , 

6 — u 



ah —ab , 

_. = —a, but -—, = +a. 



REDUCTION. 

123t Reduction of Fractions is the process of changing 
their forms without altering their vahics. 

CASE I. 

124t To reduce a fraction to its lowest terms. 

A fraction is in its lowest terms, or simplest form, when its 
terms are prime to each other. 

1. Reduce ^ , to its lowest terms. 

We factor both terms. 
OPERATION. Then, since dividing both 

Sab 36X2rt 2a numerator and denominator 

9b c 3 & X 3 <? 3 c by the same qaandty does 

not affect the value of the 
fraction (Art. 116), we strike from each the common factors 3 and 
5, or 36. But 3 6 is the greatest common divisor of the terms of the 

fraction, consequently, 2 a and 3 c are prime to each other (Art. 

2a 
83), and — is the answer required. 

RULE. 

Resolve both terms of the fraction into their prime factors^ 
und cancel all that are common to both. Or, 

Divide both terms by their greatest common divisor, 

DcBne Reduction of Fractions. Explain the operation. Repeat the Rnle 
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Examples. 



2. Reduce —7 r- to its lowest terms. 

a* — X* 

a*x — 3^ a: (a + ar) (a — x) x 

a*—x* (a-{-x)(a — x) (0=^4-^) ~ a^ + x^ 

3. Reduce ■- — r- - to its lowest terms. 

G m^nx 

^ ft 7) T^ /T X 

4. Reduce -— -r — to its lowest terms. Ans. -r-. 

lObx 2 

3 af* w* 

5. Reduce j—- '«- to its lowest terms. 

O X If 

6. Reduce - - „ - to its lowest terms. Ans. r— , 

21 mnx om 

' 5 fl Ol iJT 

T. Reduce — — -, — 5 to its lowest terms. Ans. - — i. 

8. Reduce , , ^ — , , .. .to its lowest terms. 

cr -]- 2 a -\- (r 

. a* — ab 
Ans. r-r—. 

/pi j^ a; 1 

9. Reduce r-—- to its lowest terms. Ans. — - . 

2xy-^2y 2 ij 

Q X I aj* 

10. Reduce — o7-«— to its lowest terms. 

ac^-\-crx 

11. Reduce -n-r ^ i — 5 to its lowest terms. 

r- -|- 2 « a; -|- <3i 

. X (a: — a) 

Ans. -^^— J ^. 

X -\- a 

12. Reduce —7 — ,.— to its lowest terms. Ans. 



13. Reduce -^ — r- ^ ^ . , ,, — -jn — -. to its lowest terms 
a^ X -\- 2 a^ a^ -\- 2 a x^ -\- X* 

. 5 a* -(- 5 a' X 

a^ a; -[- a a:^ -f- a:^' 
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CASE IL 

125. To reduce a fraction to an entire or mixed 
quantity. 

1. Reduce — ^^ to a mixed quantity. 

OPERATION. We perform the division indicated, 

^ ^ _l_ ^ ^ and obtain b for the entire part, and 

— — ^— ^ z^i b I — c 

a "^ a H — for the fractional part, of the 

quotient. Hence the 



RULE. 

Divide the numerator by the denominator^ for the entire part ; 
and, if there be a remainder, write it over the denominator, for 
the fractional part, which connect with the entire part, by t'/i 
proper sign. 

Examples. 

2. Reduce - ' -- to a mixed quantity. Ans. b-\ — . 

3. Reduce — -j— to an entire quantity. Ans. x — y. 

a X -4- 2 a,"* 

4. Reduce — ^ — to a mixed quantity. 

x^ 

Ans. X A ; — ., 

' a + or 

ar» w» 

6. Reduce - to an entire quantity. 

X — y ^ "^ 

Ans. ^ '{-xy-\'^, 
22 x* 18 

6. Reduce — to a mixed quantity. 

o X 

4 2? 2 X 

T. Change ■ « — -r- - to a mixed quantity. 

Ans. 2 — 



2a:^ — ar+l* 



Explain the operation. Repeat the Rnle. 
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8. Change -r— ^- — to an equivalent mixed quantity. 

j« 

Ans. a' — ax-\-a? ; — . 

' a 4-3; 

126t By means of negative exponents, the Value of any 
fraction whatever may be expressed in the form of an 
entire quantity. 

For, since any fraction is an expression of division, 

Any factor may he transferred from either term of a fraction 
to the other hy changing the sign of its exponent. (Art. 11.) 

4 a* ft* 
1. Reduce 3,.^ . to the form of an entire quantity. 

OPERATION. . ^« ^^^"^® *^® ^""^^ ^^- 

tion to its lowest terms, by 

Aa*V 2a ^ , , , r 11 c ' 

= — = 2a6""^c""* canceling all common fac- 



2a»ft»c* .. he" ° . 2a . 

tors, and obtain r^. This 

expression we change to the form of an entire quantity by trans- 
ferring to the numerator the factors of the denominator, with the 

signs of their exponents changed from positive to negative, and *— ^ 

becomes 2ah~^c^^, 

a' ft* 

2. Eeduce ^-r to the form of an entire quantity. 

Ans. c^l^c-'^drK 

3. Change „ , to the form of an entire quantity. 

Ans. 5 X 3-^aft-i<?-*, 

4. Change — ,— to the form of an entire quantity. 

•C* ?/ 

6. Change— ^^ to the form of an entire quantity. 

Ans. alr^7?y. 



By what means may any fraction be expressed in the form of an entire 
quantity 1 How may any factor be transferred from one term of a frac- 
tion to the other? 

4* 



S2 ELEMENTARY ALGEBRA. 

6. Reduce -^g — - to the form of an entire quantity. 

•/ 

Ans. c^oi?^, 

?. Reduce^ to the form of an entire quantity. 

Ans. (« + *) (a — h)-^, 

8. Reduce , ,~",. , to the form of an entire quantity. 

(a -\- h)- ^ n. ^ 

9. In — _^ ._, > remove the negative exponents. 

Ans. —:5- 

X 1/ (ci ■""" 1)^ — * 

10. Change 4- ; ^^ *"^ equivalent expression 

X V 

having positive exponents. Ans. - 3 a ? _1 — m , y * 



CASE III. 

127, To reduce a mixed quantity to a fractional 
form. 

1. Reduce h A — to a fractional form. 

' a 

OPERATION. Since any quantity may be ex- 

pressed in the form of a fraction by 

h -\- - ■:=z ^t_ writing 1 beneath it, the entire part 

a a I, 

b is the same as - ; now, if we mul- 
tiply the terms by a, the denominator of the fractional part, which 
will not change the value represented (Art. 116), we have 

- = — . Then, since - and - have the same fractional unit (Art. 
la a a 

107), we unite their numerators by the proper sign, and write 
the result as a numerator of a fraction of which a • is the denomi- 
nator, thus obtaining ^ • Hence the. 

° a 



Explain the operation. 
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RULE. 

Multiply the entire part hy the denominator of the fraction ; 

add the numerator to the product when the siyn of the fraction 

is plus, and subtract it when the sign is minu^, and write the 
result over the denominator. 

Note. It is also obvious, from the analysis of the example preceding 
the rale, that any entire quantity may be reduced to a fractional form 
having a given denominator, by muUijdying the entire quantity by the 
given denominator, and writing the product over iluit denominator. 

Examples. 

a« 3^ 

2. Reduce x to a fractional form. 



a* — x* 3^ — (a' — ar) 3^ — a' -|~ ^ 2 a;* — a* 

X X X X 

3. Reduce x to a fractional form. 

X 

Ans. 

X 
fl* x^ 

4. Reduce b + to a fractional form. 

' a 

» 2 

5. Reduce a -, — to a fractional form. 

2 

Ans "-^+-'^ 

X 1 

6. Reduce a -|- 1 r — to a fractional form. 



Ans. 



ab -\-b — X -^ 1 



a ^— X 
V. Reduce 2 a — 2 b -\ — to a fractional form. 



. 7 a — 6b~-z 

Ans. 



/ 



eiHire quantity 



Bepeat the Knle. How may an entire quantity be reduced to a frac> 
tional form having a given denominator? 
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4 X "■"" ii 

8. Change 1 -f- 3 a — to an equivalent fraction- 

12az A- 5 

al form. Ans. 

4x 

9. Change a -|- 6 . — to an equivalent frac- 
tional form. 

10. Change 2 -| ~^- to an equivalent fractional form. 

X y 

Ans. (^ + y>'. 

xy 

11. Keduce a -\- b , , ' to the form of a 

fraction. Ans. — ;— i* 

a-f-b 

CASE IV. 

Its* To reduce fractions of different denominators 
to equivalent fractions having a common denomina- 
tor. 

Fractions are said to have a C0M3f0N denominator when 
they have the same quantity for a denominator. 

a c 

1. Reduce r and ^ to a common denominator. 
b a 

» 
OPERATION ^^ multiply both terms of each 

fraction by the denominator of the 
- = — - = j—^ other, which does not change the 

value of the fraction, since both terms 

c c y^ b be have been multiplied by the same 

d dXb hd quantity (Art. 116), and have as 

equivalent to j and -# » i ^ and r^, re- 
spectively, with a common denominator, bd. 

Now, the common denominator, bd, since it is divisible by each 
of the given denominators, b and d, is a common multiple of them 

Explain the first operation. 
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(Art, 102) \ and it will also be noticed that each numerator was 
multiplied by a quantity equal to the quotient resulting from di- 
viding this multiple by its denominator. 

2. Keduce — > — ? and - to equivalent fractions 
xy y X 

having the least common denominator. 

OPERATION. Since, as has been shown, 

a common multiple of the 
(xy -f- xy) X « = a ; ~ = ZT. denominators of the given 

fractions will be a common 

{xy-^y) X «ar = ax^ ; -- = — denominator of the required 

y ^y fractions, the least common 
Q Qy multiple of the denominators 
{xy -r- x) y, a z=zay] ^=— - ^j^ y^ ^^ X^dngx, common de- 
nominator. The least com- 
mon multiple of the denominators we find to be o;^; it is, conse- 
quently* the least common denominator of the required fractions. 

We next divide the least common denominator by each of the 
given denominators, and ascertain that the multipliers required to 
change each to the least common denominator are 1, a;, and y. As 
the denominators are to be multiplied by these quantities, respec- 
tively, the numerators must be multiplied by the same, that the 
value of the fractions may not be changed (Art. 116), and we thus 
obtain the new numerators, a, a sf, and a y. These, written over the 

least conmion denominator, xy, evve — , — and — -■» the fractions re- 

7 ^' o xy' xy xy 

quired. 

RULE. 

Multiply each numerator by all the denominators except its 
02cn, for new numerators, and all the denominators together 
for a COMMON denominator. Or, 

Find the least common multiple of all the denominators for 
the LEAST COMMON denominator. Divide this midtiple by each 
denominator, separately, and multiply the quotients by the cor^ 
responding numerators for new numerators. 

Explain the second operation. Repeat the Rule. 



86 ELEMENTARY ALGEBRA. 

Note 1. Entire qaantities shoald be redaced to a fractional form bj 
writing 1 for a denominator to each, when required to be redaced to a 
common denominator with fractions. 

Note 2. All~the denominators, if necessary, shoald be made positive 
(Art. 121) before finding a common denominator, and the fractions should 
be reduced to their lowest terms before finding the least common de- 
nominator. 

Examples. 

2 X c 

3. Reduce — and ^ to equivalent fractions having 

a common denominator. a 2nx ac 

Ans. f — 

an an 

4t, Reduce ^- , —r-i » ai^d r— , to equivalent fractions 

having the least common denominator. 

. Sj^y Imx 5njy* 

• ioTp' fo^7' lOxf' 

Q Of 2 X ttl 

5. Reduce -r- , — -„ , and - to equivalent fractions 

2a 5 a^ n ^ 

having the least common denominator. 

3 2 a: 4 x 

6. Reduce 2 » "o" ' ^^^ ^ "I — r ^^ equivalent fractions 

having the least common denominator. 

. 45 40a: 60 a + 48a: 

" 60 ' "60" ' ~ 60 • 

2x -4- 3 5 a: -|- 1 

7. Reduce — -^— and ^-— to equivalent fractions 

X o 

having a common denominator. 

. 6a: 4- 9 5a:* -f- a: 

Ans. — f — , 

3x 3x 

ft /p 2 

8. Reduce a, =- , and — ; — - to equivalent fractions 

c -\~ a - 

having a common denominator. 

. ahc-\-abd ac-\-ad hx — 26 

• bc + bd ' bc-\-bd' bV+Td' 

What is Note 1 ? Note 2 ? 
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129f Fractions may often be very readily reduced to 
equivalent ones, having a common denominator, by mul- 
tiplying both numerator and denominator of one or more 
of them, so as to make the denominator the same for 
each, the multiplier being determined by inspection. 

2x 3 

1. Reduce -, -, and — ; — to equivalent fractions 

ar — or ar -f- a ^ 

having the least common denominator. 

2x 3 2x B(x — a) 

x' — a" x + a ~ x'^a^' "^ — a^ 

Since we know that (z -f- a) (a: — a) ==s a^ — a', we convert the 
second fraction into one with a denominator the same as the first, 
by multiplying both terms of the second by x — a. 

2. Change , , , and -^ ^ into equivalent 

fractions having the least common denominator. 



Ans. ^ ^^ •"• y) ^ (^ + y) 



3. Change J±J , -^- , and ^^^r^ into equJv- 

alent fractions having the least common denominator. 

a -\- X c (a^ -]- a X -]- a^) be (a — x) 



Ans. 



a* — r" a^ — a^ ' a* — sc^ 



ADDITION. 



130» Additiok op Fractions is the process of collecting 
two or more fractional quantities into one equivalent ex- 
pression, called the sum. 

Since only quantities of the same unit value can be 
united in one sum, fractions to be added must express 
fractional units of the same kind, or have a common 
denominator. 

How may fractions often be reduced to those having a common de- 
nominator? Define Addition of Fractions. Why must fractions to be 
added have a common denominator? 
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131 f To add fractions. 

1. What is the- sura of r, r, and t- ? 

OPERATION. Since the fractions, hy hav- 

, I I J ins a common denominator. 

]^ i h \ h — ^j, ■ express fractional units of 

the same kind, we add them 

hy writing the sum of their 

xiumerators, a -^ c -[- d, over the common denominator, b, and obtain 

a -\- c -{- d 

- • ^ 

b 

2. What is the sum of =- and v ? 

a 

OPERATION. We reduce the given frac- 

a .c _ad .be _ad + bc f^^°' ^ equivalent ones hav- 
^ + J — ^ '65 — — b d~ '"g * conunon denominator, 

and then find the sum as in 
the preceding example. 

RULE. 

Reduce the fractions, if necessary, to equivalent ones having 
a common denominator. Add the numerators, and write the 
sum over the common denominator. 

Note. The final result shonld be reduced to its lowest terms, when- 
ever any reductions are possible. 

Examples. 

3. What is the sum of -— > -r-f and - ? Ans. ---- • 

4 o o 12 

XX X \3 X 

4. What is the sum of -» -; and - ? Ans. -rr- • 



6. What is the sum of ^r— and - f 

2a 5 



. 15x4- 2 ax 

Ans. ^7^ 

10a 



Explain the first operation. The second. Repeat the Rule. 
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« jj ^adm 2hcm , 3bdc 

. 4 arfm + 2ftcm + 36rf<? 
Ans. ' Q . , ' • 

•t A jj 4ar , ar— 2 . 27x— 14 
T. Add -^ and — ^ — Ans. — 

7 O oO 

8. Required the sura of — — — and — • 

9. Add -f- and -^—' Ans. ^^. 

ar + y x — y a:" — f 

10. Add r-4— and ^ 



1 -|- a 1 — a 

11. Add ^+^ and ^. Ans. ^g^. 

ar— -y ar+y a:* — y" 

12. Required Ihe sum of — =— » -r — » and 

^ ah he ac 

Ans. 0. 

in A jj a: — o J 1 . 2a;* — ax 

13. Add :5 j — i and — ; — Ans. . , — r— 

ar — ax-j-a* a:-j-o ar-|-a" 

14. Add and -,- Ans. 



n — 1 n' — n » 

NoTS. When entire or n^ixed quantities and fractions are to be 
added, the entire quantities and the fractions may be added separately; 
or the mixed quantities may be reduced to the form of a fraction be- 
fore adding. 

16. Add 6 a, ^a-^-r* and t* Ans. 9a-j — ^— • 

16. Add 3 a + ^ and a -r- --. 

' y 

IT. What is the sum of c, "^ ; and — r— ? 

Ans. 2 c. 

18. What is the sum of x — -r- and v H ? 

. , , 2a6a: — 4a*c 
Ans. a: + y -4 ^^^ 

How may entire or mixed quantities and fractions be added ? 
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SUBTRACTION. 

132» Subtraction op Fractions is the process of find- 
ing the difference between two fractions. 

Since one quantity can be subtracted from another only 
when they have the same unit value, one fraction can be 
subtracted from another only when they express fractional 
units of the same kind, or have a common denominator. 

133i To subtract one fraction from another. 

C (I 

1. Subtract 7 from t. 



OPERATION. Since the fractions, by having a 

^ common denominator, express frac-. 

J — h ^^ i tional units of the same kind, we 

subtract the fraction - from - by 
writing the difference of their numerators, a — c, over the com- 
mon denominator, 6, and obtain " ^ , 



2. Subtract ,— . — from 



6 -f- c h — c 



OPERATION. 

ax ax ahx '\- ac X ahx — acx 

ahx -\- ac X — {ah x — acx) 2ac x 

We reduce the fractions to equivalent ones having a common 
denominator; then, subtracting the numerator of the subtrahend 
from that of the minuend, writing the difference over the conunon 

9 ft f* ^ 

denominator, and reducing, we obtain -, Hence the 

It — c^ 



Define Subtraction of Fractions. When can one fraction be subtracted 
from another? Explain the first operation. The second. 



FRACTIONS. 91 



RULE. 

Reduce the fractions^ if necessary^ to equivalent ones having a 
common denominator. Subtract the nwnerator of the subtrahend 
from that of the minuend, and write the difference over the com- 
mon denominator. 

Note. When there are entire or mixed quantities in connection with 
fractions, the former may either be reduced to fractional forms, or sab- 
tracied separately. 

Examples. 

- ^ 12ar ^ "Sx . 39ar 

3. From —=- take -r-. Ans. -;rr-. 

7 5 oo 

4. From - take -. 

3 4 

-T^ Zah ^ . Aah . 6 ah 

5. From —-— take --— . Ans. — . 

4 2 4 

6. From ?i^ take — ^. Ans. y. 

7. Subtract — :-— from — 



xJ^l a;— 1 
8. Subtract r from —5 . Ans. - 

n — 1 TT — n 



n« — » • 



X X ~~~ CI 

9. From 3 a: — ^7-7 take x . 

2 6 c 



. 4bcx 4- 2hx — ex — 2ah 

^^^' ^ • 

2 be 



1 -4- a:* 4 X* 

10. From ^ ^ . take :. .. 

1 — ar 1 — X* 



11. From 4ar+- take Sx — -3. Ans. x-\ ,^—. 

'a d ^ ad 



12. From •7ft — i^^tl take hA-\, 

2 5 



Ans. 6 5-^ill. 



Repeat the Rule. The Note. 
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13. From ^+-' take Ifi^Tll?!. Ans. 'J^^^^. 

y r y 

14. What is the value of 1 ^^ ? 

16. What is the value oi2xA x T" ? 

'a 3c 

Ans. x-A- ^ — . 

' Sac 

16. From -^^ subtract -^-. Ans. :|^. 

x—y ^ + y a^ — y" 



MULTIPLICATION. 

134* MuLTiPucATioN OP FRACTIONS 18 the process of 
multiplying when one or both of the factors are frac- 
tions. 

CASE L 

135f To multiply a fraction by an entire quantity. 
1. Multiply T by c. 



OPERATION. Since a fraction is multiplied by mul' 

a ac tiplying its numerator (Art. 114), wo 

b b multiply the numerator, a, by c, and 



obtain -r-« 



2. Multiply ^ by b. 



OPERATION. Since a fraction is multiplied by 

a J a dividing its denominator (Art 114), 

^ ^ ft" we divide the denominator, ft*, by ft, 

and obtain r-* 





Define Multiplication of Fractions. Explain the first operation. Tlie 
second. 
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RULE. 



Multiply the numerator of the fraction hy the entire quantity. 
Or, 

Divide the denominator of the fraction hy the entire quan- 
tity. 

Note. The second method is preferable when the entire qoantitjr will 
divide the denominator without a remainder. 

Examples. 
3. , Multiply - by a. Ans. — ^ . 



4. 


Multiply —j hj ab. 

c a 








5. 


Multiply "^ by 3 a;. 

X 






Ans. °f . 


6. 


Multiply " 't" * hj ad. 






c 


1. 


Multiply J ^ ^ by a - 


-e. 




Ans. ^^^. 


8. 


" ^ ab-^ac-\-bc 


H-c" 


by 


A b C 

Ans. ,— i — , 



9- Multiply ,(/J;)\t;y) l>y 3 (a: + y). 

Ana ?-+-Hl£ 
^"«- 3 {X -y) ■ 

136f It is evident, from the second rule of the pre- 
ceding article, that multiplying a fraction by a quan- 
tity equal to its denominator cancels the denominator, 
and gives the numerator for the product. Hence, 

If a fraction he multiplied By any mvUiple of its denom" 
inator, the product wiU he an entire quantity. 

Repeat the Rale. The Note. What is the effect of ttiultiplyitg a 
iracdon by a quantity equal to its denominator, or a multiple of it? 
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1. Multiply r- by b. Ans. a. 

2. Multiply — ^ by 8 5y. Ans. 4aa:. 

3. Multiply ^^ by a" — l^. Ans. xy» (a + b). 



CASE II. 

137i To multiply an entire quantity, or a frac- 
tion, by a fraction. 

1. Multiply c by 7- . 

FIRST OPERATION. Since the product of two quanti' 

a d Qc *'®^ ^^ ^^ same, whichever be taken 

^ ^ j" ^== J" X c = -^ for the multiplier (Art. 58), c X — 

b 
is the same as -. y,c\ and by Case I. 

a , . ac 

r y(, c IS equal to -r- • 



SECOND OPERATION. 

O ^71 VI etc 

c X r- = <? X « ^^ = a c o~* = -r- 



Since v is equal to a ft- ^ (Art. 126), c X r is equal to c X ai""S 

or a c b~\ which, by transferring the factor b-^ to the denomi- 
nator (Art. 126), gives, as before, — . 

2 Multiply j- by - 



FIRST OPERATION. rtr_ is__i. U!_i.. ^ 

b 



We first multiply r by c, and ob- 

o c 
5[_ vv £ -_ ?_? tain -T- ; but this result is too great, 

since the proposed multiplier was not 



Explain the operations of the first Example. The second Example. 
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c, but c divided by rf, or — ; consequently --^ must be divided by rf, 

a ' b 

whicb we do by multiplying its denominator (Art. 115), and ob- 

^ . ac 
tain — -. 
bd 

SECOND OPERATION. 

a a 

Since | is equal to ah-^ and ^ to crf-^ (Art. 126), r X t is 

equal to ab-^ X c (/~V or ach-^d^^'^ which, by transferring the 

factors 6~* and d~* to the denominator (Art 126), gives, as be- 

/. ac 
fore, -. 

In the first example, it is evident, since c is the same as — , that 

the operation might have been performed in the same manner as 
in the second example. Hence the 



RULE. 

Multiply the numerators together for a new numerator, and 
the denominators for a new denominator. 

Note I. When either of the factors is an entire or mixed quantity, 
it may he best to reduce it to an equivalent fractional form. 

Note 2. When there are common factors in the numerators and de- 
nominators, they may be canceled before performing the multiplication, 
as the result should always be expressed in its lowest terms. 



Examples. 



3. Multiply - by -• Ans. 

^ y *' m my 

4. Multiply — T— by -. 

M TTh TTL ^ 772. 

6. Multiply -s- by -• Ans. - — 



Repeat the Rule. What is Note 1 ? Note 2 ? 
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6. Required the product of by -j' 

7. Multiply 4a;y by j — • Aus. 5ab. 

8. Multiply ?^ by ^. Ans. 1. 

9. Multiply ^ by ^^^y 

10. Multiply <^>' by ^-A^- Ans. '<;^^. 

11. Multiply a + - by |. 

12. Multiply ^±^ by i^. Ans. ^-^\±3. 

^ '' ax *^ b 8 

13. Multiply — 3^— by g^^j^- Ans. -j-' 

14. Multiply "^^ by ^^i^- 

16. Multiply ^^f^ by ^^. Ans. a (;r + y)«. 

16. Multiply -^ by ^-^. Ans. ^,^,^^^y > 

17. Required the continued product of » 7" ■ 

and -^ i5- Ans. t- 

18. What is the value of (a — ^\ (j +|) ^ 

a* — 6* 
Ans. — r^* 

19. What is the yalue of (^^ (^^) (^^ ? 



Ans. 1. 



h m. 

20. Find the product of a + - by a: -| 

if 



.-- anxy -{- amy ^bnx ^hm 

ny 
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DIVISION. 

1S8« Division op Fractions is the process of dividing 
when the divisor or dividend, or both, are fractions. 

CASE I. 
139f To divide a fraction by an entire quantity. 

IC 

b 



I. Divide -r- by c. 



OPERATION. 



Since a fraction is divided by di- 
viding its numerator (Art. 115), we 
5Lf .i. /. 2= - divide the numerator, ac, by c, and 

obtain 7- * 



h 



2. Divide - by a. 



OPERATION. Since a fraction is divided by mul- 

X X tiplying its denominator (Art. 115), 

"" * fl ^^^— — ^^ 

y ' ay we multiply the denominator, y, by 

a, and obtain — . 
a y 

RULE. 

Divide the numerator of the fraction hy the entire quantity. 
Or, 

Multiply the denominator of the fraction by the entire quantity. 

Note. The first method is preferable when the entire quantity will 
divide the numerator without a remainder. 

Examples. 
3. Divide — by x, Ans. 



m " mx 

■■■ ■■■[■■■I !■■ » ■ ■■■■^■■^111 —^^^M^^^^^^ ■ » — »■-■ - !,,■ ^ ^ ■■ »■■< 

Define Division of Fractions. Explain the first operation. The sec* 
ond. Repeat the Role. What is the Note ? 

5 
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4 2* 4 X 

4. Divide -r- by 5x. Ans. ^r-. 



5. Divide -J^ by 6 «». 

6. Divide ^\^^ by x. Ans. 1. 
T. Divide " ^ ' — - hj a-^b. Ans. 

8. Divide — by ad. 

9. Divide j—r— by a + c. Ans. 



X 



CASE IL 

140< To divide an entire quantity, or a fraction, by 
a fraction. 



1. Divide a by -r. 



We first divide a by c. 



FIRST OPERATION. 

^^ , , and obtain - ; but this result 

,c a X o ^ c' 

^ "^ J — ^ ~ — ~^ is too small, since the pro- 

posed divisor is not c, but c 

divided by b, or r- ; consequently - should be taken b times, which 

we do by multiplying its numerator by b (Art. 114), and ob- 

^ . ab 
tarn — . 
c 

SECOND OPERATION. 

c , . a ab . 

b cb^ c 

Since - is equal to c b-^ (Art. 126), a -7- ^ is equal to 
a -^ c 6"*, or ,_^ , which, by transferring the factor tr^ to the 
numerator (Art. 126), gives, as before, — . 



Explain the operationg of the first Example. 
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2. Divide 7 by ;t. 



FIRST OPERATION. 



a c , , , , ah-^ ad 

a cd"^ be 

Since -j- is equal to ab"^ and -j to erf"* (Art. 126), -. -i- 1 

is equal to a b"^ -7- c c?""*, or -7;:^ ; which, by transferring factors 

ad 

be 



(Art 126), gives ^. 



SECOND OPERATION. Reducing the fractions to equiva- 

a ^ c a d ad lent ones having a common denomi- 

o d b c b c nator, we have ^ to be divided by 

be -I* i_ '• t /. cid T^T ad a ^, d a , 

T— 1 , wnicn gives, as before, ;— . Now, - — =— v —.or-r is 
hd D» ^ b c be c ^ b 

multiplied by the divisor inverted. Hence the 



RULE. 

Jbivert the terms of the divisor, and proceed as in muUiplica* 
tion, 

NoTB 1. When either of the quantities is entire or mixed, it should 
be reduced to a fractional form before applying the rule. 

Note 2. After the operation is indicated, the work should be abridged, 
as far as possible, by canceling factors common to the numerators and 
denominators, so as to express the result in its lowest terms. 

Examples. 

-^. .-3 ay, 2m . 3 aw* 

3. Divide — -^ by — . Ans. -r-^. 

Am '' y 8 m^ 

4. Divide « by - — . 

2 ''4 a 



Explain the operations of the second Example. Repeat the Rule. What 
is Note 11 Kote 2? 
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6. Divide i^ by V" Ans. |J. 

6. Required the quotient of — - divided by -. 

9 m n 



T. Find the quotient of ah divided by 



3rf 

2 ah' 

2c^b* 



Ans. 



3d 



8. Divide ay by ^^ Ans. -^. 

X a — b 

9. Divide , by ?. 

1 — a •'4 

10. Divide »4* by ^*. Ans. ^+ J. 

11. What is the quotient of a?+- by ^? 

^ y '^ a 

Ans. <Lll±St, 

12. What is the quotient of ?^i^ by — +- ? 

. 21a«+7a6 

^°^- 6a6 + 6m- 

13. Divide ^ 2 by o + -^. Ans. -. 



an 



U. Divide ^ by ?^^. Ans. -i-. 

a a a — 1 

15. Divide -^f--^- by ^-j-^. Ans. ^^-^. 

16. Divide ^^-, by -|-^. Ans. -rz^\~_^^ 

It. What is the value of tizf. ^ ^ — V y 

Ans. 3 (a;+y). 

18. What is the value of (1 + a:) -^ - (1 + ar) ? 

Ans. X. 



FRACTIONS. 
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19. What is the value of 12 divided by 



Ans. 



(^±^'-«f 



12x 



a* 4" ^^4-^* 



CASE in. 

111. To reduce complex fractions to simple ones. 

A Complex Fraction is one having a fraction in its 
Dumerator, or denominator, or in both. 

142t A complex fraction may be regarded as a case in 
division of fractions. 



1. Reduce -j 



to a simple fraction. 



FIRST OPERATION. 



a 
c 
1 

h 



a 
c 



d 
h 



ah 
cd 



c . ^ , d 

Since -t- is the same as — r- 7» 
a CO 



we regard it as a ease in division ^ 

and, reducing the expression by the 

rule in Case II., obtain the simple 
ah 



fraction 



cd' 



SECOND OPERATION. 



Since multiplying a fracfion by any 
multiple of its denominator cancels 
that denominator (Art. 136), we multi- 
ply both terms of the complex fraction 
by the least common multiple of their 
denominators, and obtain the simple 

fraction — > . 
cd 

Hence, to reduce a complex fraction to a simple one, or 
to simplify it, 






ah 
cd 



Define a Complex Fraction. Explain the first operation. The second. 
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RULE. 

Consider the denominator as a divisor^ and the numerator 
as a dividend, and proceed as in Case II. Or j 

MuUiply both terms of the complex fraction hy the least 
common midtiple of their denominators. 

NoTB. When the terms of a fractioii contain negative exponents, the 
fraction may be regarded as a complex one. If the letter or quantity 
which bears the negative exponent is a. factor of either numerator or de- 
nominator, as a whole, the negative exponent may be removed as in Art. 
126; otherwise, both numerator and denominator must be multiplied by 
that letter or quantity with an equal positive exponent, in accordance with 
the above rule. 



2. Reduce 


y to 

m 
n 




a + b 


3. Reduce 


X 

y — a 



to a simple fraction. 



Ans. 



nx 
my 



to a simple fraction. 



Ans °^ + ^ 

xy 



ax 



4. Reduce 



X 



6 — c 



to a simple fraction. 



Ans. 



hx 



6y4-a 



6. Reduce — to a simple fraction. 

7— y 



Ans. 



y — mri 



-1 



5 a — ac 
1 X — xy 



6. Reduce ^— i-— >-i to a simple fraction. 
X ~|~ a u 

. dn y — dm 

Ans. :,--—, • 

anx -f- an 

^ ■■ I ■- -■— ■ ■■ 111 I —■■■■-■ ,. .,, — ,,, ■ ■■ I, I, . .^ - — ■ ■ ..' - ^ 

How may we reduce a complex fraction to a simple one, or simplify it ' 
What is said of ' fractions containing negative exponents ? 
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*l. Reduce — ; r to a simple fraction. 



. ah 

Ans. 



ax+ 1 



8. Simplify the expression 



b 



9. Simplify the expression 



b + x 

2x'-'b 

5 
a — b 



10. Simplify the expression 



4 






Ans. 



8a:' — 4ft 
6 a — 5 6' 



Ans. 3^ — a: -I — . 

X ar 

Note. The last example furnishes a good opportanity for the nse of nee- 
ative exponents. Dividing ar* — r-* by x-^x-^ gives x* — x-{-x—^ — ar-* 
as a quotient. The answer given above may also be obtained by divid- 
ing X* 4 by X H , or by simplifying the fraction according to the 

rule, and then reducing the fraction to a mixed number. 



SIMPLE EQUATIONS. 

143* An Equation is an expression of equality between 
two quantities. Thus, 

x + 4 = 16 

is an equation, expressing the equality of the quantities 
X -\- 4: and 16. 

141« The quantity on the left of the sign of equality 
is called the Jirst member, or side, and that on the right, 
the second member, or side, of the equation. . 

Define an Equation. Members or sides of an equation. 
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145« The Degree of an equation containing but one 
unknown quantity is denoted by the exponent of the 
highest power of that unknown quantity to be found in 
the equation. (Art. 6.) Thus, 

An equation of the first degree is one that contains no 
higher power of the unknown quantity than its first pow- 
er ; as, 

a? -f. 14 = 28 — 4, or cx = a^-\-hd. 

An equation of the second degree is one in which the 
highest power of the unknown quantity is the second pow- 
er, or square ; as, 

3 x^ _ 2 X = 65. 

In like manner, we have equations of the third degree , 
fourth degree y and so on. 

Note. The degree of an equation must be distingnished from the de- 
gree of its terms (Art. 24). The former depends altogether upon the un- 
known quantity, without any reference to the latter. Thus, tlie equation 
ex = a^ -\- hd is of the first degree, while each of its terms is of the 
second, 

116* A Simple Equation is an equation of the first 
degree. 

I47» A Numerical Equation is one in which all the 
known quantities are expressed by figures ; as, 

2 a: — a:= 17 — 5. 

Note. The degree of a numerical equation corresponds with the high- 
est degree of any of its terms. 

148. A Literal Equation is one in which some or all 
the known quantities are expressed by letters ; as, 

2 a: -f a = x^ _ 10. 

149. An Identical Equation is one in which the two 

Define the Degree of an equation. Equation of the first degree. Second 
degree. A Simple Equation. A Numerical Equation. A Literal Equa- 
tion. An Identical Equation. 
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members are the same, or become the same on performing 
the operations indicated ; as, 

X — y=Lx — y, or 2a-f-26c = 2(a-f-6c). 



TRANSFORMATION OF EQUATIONS. 

150. The Transformatiox of an equation is the process 
of changing its form without destroying the equality. 

161. The operations required in transformations are based 
upon the general principle deduced from the axioms (Art 
36): — 

If the same operations are performed upon equal quantities, 
the results will be equal. 

Hence, — 

Both members of an equation may be increased, diminished, 
multiplied, or divided by the same quantity, without destroying the 
eqtuzlity. 

In the transformation of simple equations, there are two 
principal cases : — 

I. Transposition of terms. 
II. Clearing of fractions. 

CASE I. 

152. To transpose terms of an equation. 

Transposition is the process of changing terms from one 
member of an equation to the other, without destroying 
the equality. 



Define the Transformation of an equation. Upon what does the transfor- 
mation depend ? What are the two principal cases ? Define Transposition, 

5* 



^^ 
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1. Let it be required, in x — a = 6, to transpose — a 
to the second member. 

OPERATION. ^mQQ we may add an equal quan- 

tity to both members of an equation, 
. ''^ without destroying the equality (Art 

^ ^^ ^ 151), we add a to each member, and 

X ■=ih -\- a obtain a: = 6 -|- a. 

i Let it be required, in x -\- az=h, to transpose a tci 
the second member. 

OPERATION. Since we may subtract an equal 



X -\- a=zh 
a = a 



X = b — a 



quantity from both members of an 
equation, without destroying the equal- 
ity (Art. 151), we subtract a from 
each member, and obtain a: = 6 — a. 



/ 



Now, the result is the same, in each of the above oper- 
ations, as if we had transferred a from the first to the 
second member, and changed its sign. Hence the 

RULE. 

Any term may be transposed from one member of an equation 
to the other, provided its sign be changed. 

Note. It also follows, that the signs of all the terms of an equation may 
he changed, without destroying the equality. 

Transpose the unknown terms to the first member, and 
the known terms to the second, in the following. 

Examples. 

3. 2x — a = 6. Ans. 2x==^a-\-b, 

4. 11 a: + 9 = 6 a: + 34. Ans. 11 a: — 6 x = 34 — 9. 
6. 6 a; + 3 = 2 a: -f 24. 



Explain the first operation. The second. Repeat the Rule. The Note* 
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6. 3ft-|-2a: — 26 == aa:. Ans. 2a: — aa? = 25 — 3 5. 

Y. Sac — cd-^xi/ = Qad — :*l x. 

Ans. *l x-j-x^ = 6 ad — Sac-[-cd. 

CASE II. 
153i To clear aa equation of fractions. 

X I 6 5 37 

1. Clear the equation — I^ 26 = — -}- 2 of fractions. 

OPERATION. S^^^® multiplying a frac^ 

tion by any multiple of its 
X I fi 5 X 
—IE 26 = f- 2 denominator will give for the 

product an entire quantity 
2a: 4". ^2 — 104=5x-f-8 (Art. 136), we multiply each 

term of the equation by the 
least common multiple of the denominators, or 4 (Art. 151), and, 
canceling each denominator, obtain 2 x -\- 12 — 104 = 5x -\- 8. 
Hence the 

RULE. 

Multiply each term of the equation hy the least common muUi- 
pie of the denominators, and reduce fractioiud to entire terms. 

Note 1. Also, an equation may be cleared of fractions by multiply- 
ing each numerator by all the denominators except its own. 

Note 2. It must be observed, that when a fraction is preceded by 
— , the sign requires the value of the fraction to be subtracted, so that, 
on removing its denominator, all the signs of its numerator must be changed. 
(Art. 55.) 

Note 3. A negative exponent is used to indicate that the single letter 
or quantity to which it is attached is a divisor, or denominator (Art. 71) ; 
hence, negative exponents are removed from an equation in the same way 
as fractions. To clear an equation of a negative exponent, we should 
then multiply each of its terms by the letter or quantity which bears that 
negative exponent, the multiplier taking an equal positive exponent. If 
there are two or more letters which have negative exponents, we should 
multiply by their, least common multiple, with the signs of the exponents 
changed. 

Explain the operation. Repeat the Rule. What is Note 1 ? Note 2 1 
Note 31 
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Clear the equations of their fractions in the following- 
Ex amples. 

2. - = 6 + c. Ans. X ^ah-X-ac. 

3. a: + | + | = t. AnSi 4a: + 2a: + a? =28. 

4. a: — ^ — 13= ^. Ans. 6 a? — 2 a? — 78 =3 a?. 
6. a: + f — 40=^. Ans. 10a: + 6 a? — 400 = t a;. 

' a: ' ' a; 

Ans. aa:-j-l = 5a?-(-ca:-}~^- 

T. m-(-a?~^ = n — px"^. Ans. wa:-f- 1 = ^^ — P' 



9 



. ar_i5i? = 8. \ Ans. 6a: — 4a? — 8 = 48. 



6 



99 r-U- 42 

10- ^T-t- = "^^ Ans. 22 a? + 42 = 21 a: + 49. 

11. a + a? = — —. 

' a-\-x 



Ans. a^ + 2aa: + ar* = x^'j-2ab. 



12. 



43 — 7y 69 — 9y 



11 

Ans. 473 — T7y = 346 — 46 y. 



13. x+'-^=12-^-^--^. 



Ans. 6a? + 9a?— 15 = T2 — 4a?4-8. 



- . a — X 4 a — X - , 

14. — , =z a — 6~^ 

c 



Ans. ac — ex — 4:ab-^bx = ahc — <?. 

3 

8 



16. a? — 12 = ? (44 — a? + 12). 



Ans. 8a; — 96 = 132 — 3a? + 36. 
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16. ^_6S=:i(30-a:). 

Ans. 6a; — 60 = 120 — 4a:. 
It. ?^2 ^ = U. 

Ans. x^ — 4a; + 4 + a:2 4-4a: + 4 = 14(a:2 — 4). 



SOLUTION OF SIMPLE EQUATIONS CONTAINING 

ONE UNKNOWN QUANTITY. 

151 • The Solution op an Equation is the process of 
finding the value of the unknown quantity in the equation. 

155* The Root of an equation is the value of its un- 
known quantity. 

156* The root of an equation is found by bringing all 
the terms containing the unknown quantity into one mem- 
ber, and freeing it from all connection with known quan- 
tities. 

157» The root of an equation is verified, or the equa- 
tion satisfied, when, the root being substituted for its sym- 
bol in the equation, the members are found to be equal, 
and the equation is thus reduced to an* identical one. 

158. The unknown and the known terms of an equa^ 
tion may be combined in various ways : — 

1. By addition ; as, ar -|- 6 = 18, or a: -[- a = b. 

2. By subtraction ; as, x — 3 = 10, or a: — a = d. 

3. By multiplication; as, 3 a: = 24, or ax=c, 

X X 

L By division ; as, -- z== 8, or - = a. 

4 C 

6. By a combination of two or more of these ; as, 
-r- -+- 10 = 2 a; — 5, or -i- 4- c = c a? — d, 

2 

What is meant by the Solution of an equation ? Root of an equation ? 
How is it found ? When verified ? How may the unknown and the 
known terms of an equation be combined ? 
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159* To solve simple equations of one unknown quan- 
tity. 

1. In the equation a: -f- 9 = 20, find the value of x. 



OPERATION. 

a? + 9 = 20 

a; = 20 — 9 
x=l\ 

VERIFICATION. ^ 
11 + 9 = 20 

20 = 20 



Transposing the known quantity in 
the first memher to the second (Art 
152), we have a: = 20 — 9 ; and unit- 
ing the terms of the second member 
of this equation, by performing the 
subtraction indicated, we obtain 11 as 
the value of x. This value of af'w© 
verify, and find it satisfies the equa- 
tion (Art. 157). 



2. In the equation x — T = 11, find the value of x. 



OPERATION. 

X — T = ll 



ar=ll + 7 
a: =18 



VERIFICATION. 

18 — 7 = 11 
11 = 11 



Transposing the known quantity in 
the first member to the second (Art. 
152), and, in the equation obtained, 
performing the addition indicated^ we 
have 18 as the value ofx. This val- 
ue of X we verify, and find it to satisfy* 
the equation (Art. 157.) 



3. In the equation 6 a: -|- 24 = T2, find the value of x. 

Transposing 24, and uniting the 
known terms by subtraction, we have 
(2) ; and dividing both members of 
(2) by 6, the coefficient of x, we ob- 
tain 8 as the value of x, 

■ This value of x being substituted in 
the original equation, and the terms 
of the first member united by addi- 
tion, we have (2), an identical equa- 
tion ; therefore, the value is verified 
and the equation satisfied. 



OPERATION. 

6 x + 24 = ^^2 

6 a: = 48 

a;= 8 

VERIFICATION. 

48 + 24 = n 

T2 = t2 



(1) 
(2) 
(3) 



(1) 
(2) 



Explain the first operation. The second. The third. 
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4. In the equation x — --|-— - = 20-|-S> find the value 
of ar. 

OPERATION. 

X 3x Clearing the equation of 

^ 2 "^ T ~ ^^ "f" ^ ^^^ fractions (Art. 153), we 

4 « — 2 X + 3 a: = 80'+ 20 (2) obtain (2) ; uniting similar 

6 a: = 100 (3) terms, we have (3); and di- 

ar = 20 (4) viding both members of (3) 

by 5, the coefficient of a:, we 

VERIFICATXON. obtain for the value of x, 20. 

20 ?2_I_^ 20 4-5 ^^ value, by verification. 



20— 10+ 15 = 20 + 6 

25 = 25 



we find satisfies the given 
equation. 



From the preceding operations, it will be noticed that, 
when the unknown quantity is combined with known 
quantities by addition or subtraction, it may be separated 
by transposition; when combined by midtiplication, it may 
be separated by division ; and when combined by division, 
it may be separated by mtdtiplication. 

It will be observed that the first and last of these cases have 
been fully treated under the heads of transposition (Art. 152), and 
clearing of fractions (Art. 153). The second case most frequently oc- 
curs as the last step in the solution of an equation, when the coef- 
ficient of the unknown quantity is to be removed by division. It 
is usually, therefore, very simple, and has not been treated under 
a separate head. If at any time, however, all the terms of an 
equation can be exactly divided by any quantity, the equation may 
be thus simplified. 

Combining the principles illustrated by the foregoing 
examples, we have, for the solution of simple equations 
containing only one unknown quantity, the following 
general 

Explain the the fourth operation. How is the unknown quantity sop 
arated from known quantities ? 
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RULE. 

Clear the equation of fractions, if it has any. 

Transpose the unknown terms to the first member, and the 
hnown terms to the second member, and reduce each member to 
'*is simplest form. 

Divide both members by the coejfflcient of the unknown quan- 
tity, and the second member of the residtiny equation will be the 
value of the unknown quantity. 

Note. If the coeflBcient of the unknown quantity is negative, in di- 
viding it must be remcml>ered that like signs produce -)- and unlike signs 
produce — (Art. 67). Thus, — 3x = — 24, divided by — 3, the coef- 
ficient of a:, becomes x = S. 

The negative sign may also be removed by changing the signs of all 
the terms of the equation (Art. 152, Note). The positive coefficient would 
then be used as a divisor. 

Examples. 

6. Given 5a:-f 43 — 6 = 100 — 27, to find x. 

Ans. a? == 7. 

6. Given 7 a: + 7 + 1 = 96 — 11, to find x, 

Ans. a: = 11. 

7. Given 15 a: + 8 — 9 = 212 + 87, to find x. 

Ans. X = 20. 

8. Given 9 a: + 9 = a; — 71, to find x. 

Ans. X = — 10. 

9. Given 4a:— 15 = 2a:4- 13, to find x. 

Ans. X = 14. 

10. Given 4 (a:— 12) = 2 (12 — a:), to find x. 

Ans. X == 12. 

KoTE. Performing the multiplication indicated, the given equation be- 
comes 4x — 48 = 24 — 2x. 

Repeat the Rule. The Note. 
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IL Given 9 (a: + l) = 12 (ar — 2), to find x. 

Ans. x= 11. 

12. Given 3 (x — 3) + 2a: = 3 (40 — ar— 19), to find x. 

Ans. a; = 9. 

13. Given3(2a: + 3a:) — 15 = 72— 4(a: — 2), to find x. 

Ans. a? = 6. 

14. Given 2 (a: — 6) + 3 (2a:4-6) = 3(3a: — 2) — 1, to 
find ar. Ans. x = 10. 

X X 

15. Given x — - — - = 30, to find x. Ans. x = 90. 

2 6 

16. Given 1 — 8 ar-^ = ^ + 8 a;-^ to find x. 

Ans. x= 20. 

Note. We may either free the equation of its negative exponents, or 
find the value of 3r~^ and take its reciprocal (Art. 71). 

2 4 

17. Given - a? + 12 = - a: + 6, to find x, 

Ans. X = 46. 

18. Given 5 -f ^ + 1? == 158, to find ar. 

o o • 

Ans. X = 105. 

19. Given ? -f ^ + 1 = 28, to find x. Ans. x = 32. i 

20. Given ax-\-b = cx-\-d, to find x, 

OPERATION. Transposing, we obtain 



ax -\- b =cx-\-d (1) 

ax — c X := d — h (2) 

(a — c)x = d — b (3) 



(2) ; factoring the first mem- 
ber of (2), we have (3) ; and 
dividing by a — c, the coef- 
ficient of Xj we obtain for the 



X = (4) value of x, 

a — c ^'^ a — c 

a X 



n d 



21. Given — = d, to find x, Ans. x = 

n a 



22. Given -^ + v ^^ ^' ^^ ^^^ ^' 



6<? 
Ans. X = 



3 a 4- 2 6* 



Explain the operation of Example 20. 
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23. Given - -| — == <?, to find x. Ans. x 



a ' x ac — 1 

24. Given a: + na: = a, to find x, Ans. a? = -— ; — . 

26. Given a — c x"^ = dar^ — i, to find x. 

Ans. X = , , . 
a -|-o 

O 27 £? O C dC 

26. Given = =■ -r, to find x. 

a c d 

. ad 

Ans. x = -r-. 

Note. Reduce the valae of x to its lowest terms, by casting oat the 
rommon binomial factor. 

27. Given — „ — = x ^, to find x, 

3 4 

Ans. X = 13. 

28. Given — ii _ ?i^ =10 — 2 x, to find a;. 



OPERATION. 

3a: + 4 24 — a: __ 



10 — 2 a: 



3 3 

3a: + 4 — 24 + a: = 30 — 6a? 

10 a: = 60 
a: = 5 

The second fraction being preceded by — , on removing the de- 
nominator, we change all the signs of the numerator. (Art. 153, 
Note 2.) 

29. Given 5 — ^^^ = a: — 3, to find x. 



30. Given 2 x + ^ = ?-^ — 4, to find a:. 



Ans. a: = 7. 

- — 4-. to find 
4 



Ans. x = — 8. 
31. Given x + — "f— — ^T = x — 2, to find x, 

• 4 o . 

Ans. X = T2. 

Explain the operation of Example 28. 



J 
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PROBLEMS 

READING TO SIMPLE EQUATIONS CONTAINING ONE 

UNKNOWN QUANTITY. 

160* The Solution of a Problek by Algebra, as has 
been already shown (Art. 44), consists of two distinct 
parts : — 

1. The Statement of the problem in algebraic language. 

2. The Solution, which determines the values of the un- 
known quantities. 

The Statement is usually in the form of an equation, 
and the Solution is, then, that of the equation. 

161 • Problems often include in their solution the con- 
sideration of ratio and proportion, especially in expressing 
relations of algebraic quantities. 

162* Ratio is the relation, in respect to magnitude, 
which one quantity bears to another of the same kind j 
or the quotient arising from the division of one quantity 
by another. 

Thus, r is the ratio of a to b. Ratio may be written 

in the form of a fraction, as t, or with two dots ( : ) be- 
tween the two terms, sls a : b, to be read a is to b, 

163* Proportion is an equality of ratios. 

Thus, 4:2 = 6:3, or a : b = c : d, is a proportion. 
It may be written either with the sign of equality ( = ), 
or with four dots ( : : ), between the ratios ; as 4 : 2 : : 6 : 3, 
to be read 4 is to 2 as 6 is to 3. 

164* Any four quantities, then, are said to be propor- 
tional to each other, when the first contains the second as 
many times as the third contains the fourth. 

Of what parts does the Solation of a Problem consist 1 Define Ratio, 
proportion. When are any four quantities said to be proi>ortional to 
each other? 
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Thus, 9, 3, 12, and 4 are proportional, since 9 contains 
3 as many times as 12 contains 4. 

165« The first and last terms of a proportion are called 
EXTREMES, and the middle terms means. 

Thus, in a : b : : c : d, a and d are the extremes, and 
b and c the means. 

166* In any proportion, the product of the extremes is 
equal to the product of the means. 

Let a : b : : c : d ] then a X d = b y^ c. 

For, since the quantities are in proportion, 

a c 

b ~d'' 

and clearing of fractions, ad =^bc. 

But ad 13 the product of the extremes, and be the product of 
the means. Hence, 

« • 

To convert a proportion into an equation^ place the prodtict 
of the extremes equal to the product of the means. 

167. For stating or solving problems the following directions 
may be found useful : — 

1. Denote the unknown quantity or quantities by some of the 
final letters of the alphabet. 

2. Form algebraic expressions fidfUling the conditions of the 
problem. 

3. Place the sign of equality between expressions equal to the 
same thing. 

m 

4. Determine the value of the unknown quantity in the equG" 
tion thus formed. 



What terms are called the extremes ? What the means ? Show that 
the product of the extremes is equal to the product of the means. 
How is a proportion converted into an equation ? What directions are 
given for solving problems'? 
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PROBLEMS. 

1. There are two numbers, whose difference is 9, and 
whose sum is 43 ; what are the numbers ? 

SOLUTION. 

Let X ^ the smaller number, 

and a: -f- 9 = the larger number. 

Their sum, a; -|- ^ + 9 = 43 

Transposing and uniting, 2 x = 34 

Dividing by 2, x=l*l, the smaller number. 

Then, x -\- 9 = 26, the larger number. 

VERIFICATION. 

26 — 17 = 9, and 26 + IT = 43. 

2. It is required to find two numbers whose sum shall 
be 40 and their difference 16. Ans. 12 and 28. 

3. At a certain election, 1296 persons voted, for two can- 
didates, and the successful Candidate had a majority of 120 ; 
how many voted for each ? Ans. 688 and 708. 

4. Find two numbers whose difference is 13, and which 
are such that if 17 be added to their sum,- the whole will 
amount to 62. Ans. 16 and 29. 

5. A bankrupt owes B twice as much as he owes A, 
and C as much as he owes A and B together ; out of 
$ 3000, which is to be divided among them, what should 
each receive ? Ans. A, | 500 ; B, $ 1000 ;. and C, $ 1500. 

6. A company of 266 persons consists of men, women, 
and children ; there are four times as many men as chil- 
dren, and twice as many women as children. How many 
are there of each ? 

Ans. 38 children, 76 women, 152 men. 

Explain the solution of Problem 1. 
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T. Two trains of cars start at the same time towards 
each other, the one from Albany, running 26 miles per 
hour, and the other from Boston, 24 miles per hour ; in 
what time will they meet, the distance by railroad being 
supposed to be 200 miles? 

SOLUTION. 

Let X = number of hours required. 

Then 26 a; =i distance run by one, 

and 24 a: = distance run by the other. 

Their sum, 26 a; + 24 a: = 200 
Or, 60 a: = 200 

Whence, a: = 4, number of hours required. 

VERIFICATION. 

26 X 4 + 24 X 4 = 200. 

8. If two persons start at the same time from places 
396 miles apart, and travel towards each other, the one 
at the rate of 36 miles per day, and the other 30 miles 
per day, in' how many days will they meet, and how far 
will each have traveled ? 

Ans. In 6 days ; the one will have traveled 216 miles, 
the other 180 iniles. 

9. A person starts from a certain place, and travels at 
the rate of 4 miles per hour ; after he has been traveling 
10 hours, a horseman, riding 9 miles per hour, is de- 
spatched after him ; how many hours must the horseman 
ride to overtake him ? Ans. 8 hours. 

10. A house and garden cost % 850, and five times the 
price of the house was equal to twelve times the price of 
the garden ; find the price of each. 

Ans. House, $600; garden, $250. 

11. Two shepherds owning a flock of sheep agree to 

Explain the solution of Problem 7. 
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divide its value equally ; A takes *12 sheep, and B takes 
92 sheep and pays A $ 35. Eequired the value of a 
sheep. Ans. $ 3.60. 

12. Divide a line 21 inches long into two parts, such 
that one may be three fourths of the other. 

SOLUTION. 

Let X = length of one part, 

and — = length of the other part. 

Then, a: + ^ = 21 

Clearing of fractions, 4 a? -f- 3 a; = 84 
Or, 'lx = 84 

Whence, a: = 12, length of one part. 

3 X 
Then, — = 9, length of the other 

part. 

13. John's age is once and three fifths the age of 
James, and the sum of their ages is 39 years ; required 
the age of each. 

Ans. John's, 24 years ; James's, 15 years. 

14. A, B, and C have altogether 1 145 ; A's share is 
two thirds, and B's three fourths, as great as C's ; what 
is the share of each ? 

Ans. A's, $40; B's, $45; C's, $60. 

15. A man being, asked his age, replied that, if it were 
increased by a half and a third of itself, it would be 44 
years ; what was his age ? Ans. 24 years. 

16. A person spends one fourth of his yearly income 
in board, and one seventh in other expenses, and saves 
$ 85 ; what is his income ? 

Explain the solatioQ of Problem 12. 
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SOLUTION. 

Let 28 a: = the number of dollars of income. 

Then ^ of 28 a; = *l x = what he spends in board, 

and f of 28 a: = 4 a: = what he spends in other expenses. 

Then, 7x + 4a: + 85 = 28a: 
Or, _i7a: = — 85 

Whence, a: = 5 

Then, 28 a: = 140, number of dollars of income. 

To avoid fractions, we resort to the artifice of supposing 28 a: to 
be the number of dollars of his yearly income, 28 being chosen 
because it is divisible by both 4 and 7, the denominators of the 
given fractions ; then, by the question, he spends in board 7 x dol- 
lars, and in other expenses 4 x dollars, and 7 x -\- 4 x -\- S5 equal 
28 a:, or the yearly income. Thus,, when fractions are foreseen to 
enter an equation, it will often be better to use, instead of ar, such 
a multiple of a: as will preclude their entrance. 

17. There is a pole standing* one half and one -third 
of its length under water, and 4 feet above ; required 
the length of the pole. Ans. 24 feet. 

18. A man having completed two fifths of a journey, 
finds that, after traveling* 30 miles farther, only three 
sevenths of the journey remain ; required the length of 
the journey. Ans. 175 miles. 

19. From a cask one third full of oil, there leaked out 
21 gallons, when there was found to be just half the oil 
left ; required the capacity of the cask. 

Ans. 126 gallons. 

20. There are three brothers whose ages together 
dnfount to 24 years, and their birthdays are two years 
apart. What is the age of each ? 

Ans. Youngest, 6 years ; next, 8 years ; oldest, 10 years. 

21. A and B have together a dollars, but B's share 
is n times as great as A's ; what is each one's share ? 

Explain the solution of Problem 16. 
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SOLUTION. 

Let a: = A's share, 

and nx:=. B's share. 

Their sum, x -\- nx=.a 

Or, (\ -\- n)x=ia 

Whence, x = --- — , A's share. 

1 -[- n 
Then, nx-=. —-. — , B's share. 

1 -[- n 

22. A man bought the same number of pounds each 

of cofice at a cents, tea at b cents, and sugar at c cents 

per pound, and the whole amounted to d cents ; required 

the number of pounds of each. * d 

a -)- 6 -P c* 

23. Twice my age, increased by ft, is equal to a ; what 

is my affe ? a ** — ^ 

^ ° Ans. — - — years. 

24. At a certain election, a persons voted, and the suc- 
cessful candidate had a majority of h ; how many votes 

did he receive ? a '^ + ^ 

Ans. ^. 

26. My carriage is worth 1^ times as much as my 

horse, and both together are worth c dollars ; what is 

the value of each? a tt 2c . 8c 

Ans. Horse, — - ; carnage, --• 

26. A courier left this place n days ago, and goes a 
miles each day. He is pursued by another who goes 
h miles daily. In how many days will the second, start- 
ing to-day, overtake the first? ^^^ na ^ 

27- I have a certain number in my mind. I multiply 
it by T, add 3 to the product, and divide the sum by 2 ; 
I then find that if I subtract 4 from the quotient, 1 get 
16 ; what number am I thinking of ? Ans. 6. 



Explain the solution of Problem 21. 
6 
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28. From one end of a rod is cut away a fifth part 
of it, and from the other end 3 inches more than a sixth 
part, and there remains 16 inches ; required the length 
of the rod. Ans. 30 inches. 

29. A and B had equal sums of money ; A lost $ 50 
more than a quarter of his, and B gained as much as A 
lost ; then B had twice as much as A ; what sum had 
each at first ? 

SOLUTION. 

Let X = what each had at first. 

Then x — ^ — 50 = what A had after losing, 

4 

X 

and . X -|- ~ -|- 50 = what B had after gaining. 



Then, ' a: + | +50 = 2 (x— | — 50) 

Or, a;_(_f _j_50 = 2x— ? — 100 

Or, -^ + i + l =-1^0 

Whence, _a;=— 600 

Or, X = 600, what each had at first. 

30. I buy four houses ; for the second I give half as 
much again as for the first, for the third half as much 
again as for the second, and for the fourth as much as for 
the first and third together ; I pay for the whole $ 8000. 
What is the cost of each ? 

Ans. First, $ 1000 ; second, $ 1500 ; third, $ 2250 ; and 
fourth, $3250. 

31. A father is three times as old as his son, but five 
years ago he was four times as old ; what are their ages 
now ? Ans. Son's age, 15 years ; father's, 45 years. 

32. A vessel holding 120 gallons is partly filled by a 



Explain the solution of Problem 29. 
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spout which delivers 14 gallons in a minute ; tbis is then 
turned off, and a second spout, delivering 9 gallons in a 
minute, completes the filling of the vessel. How long 
did each spout run, the time occupied by both being 10 
minutes ? 

Ans. The first, 6 minutes ; the second, 4 minutes. 

33. A can do a piece of work in a days, which it 
requires b days for B to perform ; in how many days can 
it be done if A and B work together ? 

SOLUTION. 

Let X = the number of days required. 
Then — = what A can do in one day, 

X 

and — = what A can do in x days. 
Also 7;_ = what B can do in one day, 



h 

X 

1 



and -T = what B can do in x days. 



Then, -7 -^ =1 

Clearing of fractions, ax -\' bx =z ab 
Or, {a-\-b)x= ab 

Whence, x = — r— , number of days 

required. 

Let X be the number of days, and 1 the entire work ; then, in 1 
day A can do - of the work, and B y, therefore, in x days, 

they can do - and j ®^ ^^ work. Hence, by the conditions of 

m X X 

the question, j- -\ « 1. 

34. A can mow a field in 3 days, which it takes B 



Explain the solution of Problem 33. 
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T days to mow ; in how many days can it be mown 
by A and B working together ? Ans. 2^^ days. 

As a and b may have any value whatever, and retain their iden- 
tity in the final result, the solution of Problem 33 furnishes a for- 
mula which can be used for the solution of any similar problem. 
Thus, to obtain the required result in Problem 34, we have only to 
substitute 3 for a and 7 for 6, which gives 

ah 21 



X = 



a + 6 



^"lo'"^^- 



A problem is said to be generalized when letters are, in this 
manner, used to represent its known quantities. 

The above formula may be expressed as an arithmetical rule, 
thus : When the times are known in which two agencies, act- 
ing separately, can accomplish a certain result, the time required 
for them conjointly to accomplish the same result may be found 
by dividing the product of the given times by their sum. 

^rhe principle demonstrated by any other general problem may 
be drawn from the formula in a similar manner. 

35. A can perform a piece of work in a days, B in ft 
days, and C in c days ; in how many days will they ac- 
complish the work, if they all work together? 

Ans. — =— i j-^— days. 

ab -\- ac -\-bc *^ 

It will be seen that, when three agencies are employed, the re- 
quired time is the product of the given times, divided by the sum 
of their products, taken two and two. 

36. A cistern can be filled by three pipes ; by the 
first in 2 hours, by the second in 3, and by the third 
in 4 ; in what time can it be filled by all the pipes 
running together? Ans. 55 min. 23 y^ sec. 

3T. How many pounds of sugar at 9 cents a pound 
must be mixed with 20 pounds at 13 cents, in order that 
the mixture may be worth 10 cents a pound? 

When is a Problem said to be generalized ? 
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Let 

and 

Then 

and 

Also 

Then, 

Whence, 

Or, 



SOLUTION. 

X = number of pounds at 9 cents, 
a; -]- 20 = number of pounds in the mixture. 
9 a: = value of x pounds at 9 cents, 
10 a; + 200 = value of a; -f- 20 pounds at 10 cents. 
260 = value of 20 pounds at 13 cents. 



9a: + 260=10a: + 200 
— a:=: — 60 

X = 60, number of pounds at 9 cents. 

38. How much rye at four shillings and sixpence a 
bushel must be mixed with fifty bushels of wheat at six 
shillings a bushel, that the mixture may be worth five 
shillings a bushel ? Ans. 100 bushels. 

39. A liquor agent has 40 gallons of superior wine, 
worth $ 7 a gallon ; he wishes, however, so to reduce its 
quality, by the addition of water, that .he may sell it at 
$4.50 a gallon; how much water must he add? 

Ans. 22f gallons. 

40. A banker lets three fifths of his money at 6 per 
cent, and the remainder at 6 per cent, and at the end of 
the year receives $ 1080 interest. What is the amount 
let? 

SOLUTION. 

Let 5 a: = amount let. 

Then 3 a; = amount at 6 per cent, 

and 2 a: = amount at 6 per cent. 



Then, 
Or, 



''" + ^"=1080 



100 



100 • 100 

Clearing of fractions, 15 ar + 12 a: = 108000 
Or, 27 ar = 108000 

Whence, x = 4000 

and 5 a: = 20000, amount let. 



Explain the solution of Problem 37. Problem 40 
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41. A capitalist has two thirds of his money in United 
States 6 per cent stocks, and the balance in 8 per cent 
railroad bonds ; his yearly income from both is $ 1200 ; 
required the amount in each investment. 

Ans. In United States stocks $ 12000, and in railroad 
bonds $6000. 

42. The rent of an estate this year is $ 1890, which is 
8 per cent greater than it was last year ; what was it last 
year? Ans. IliTSO. 

43. A merchant adds yearly to his capital 40 per cent 
of it, but takes from it, at the end of each year, $ 3000 
for expenses. After deducting the last $ 3000, at the end 
of the second year, he finds his original capital has been 
increased 60 per cent. What was that capital ? 

Ans. $20000. 

44. Of my income, i is derived from bank-stock, -J from 
a farm, J from a factory, and the aggregate from these 
sources is $ 3800. Kequired my entire income. 





SOLUTION. 


Let 


X the entire income. 


and 


a — 3800. 




6+4+2 « 



Then, 

Clearing of fractions, 4a:-|-5a;-j-10a:= 20 a 
Or, 19a: = 20 a 

Whence, x = 1-^^ a 

Or, X = 4000, the entire in- 

come. 

We here represent the numeral 3800 by a letter, and in the result 
restore its value. An artifice of this kind may often be advantageously 
used, in order to avoid the use of large numbers. 



Explain the solation of Problem 44. 
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45. A yoTing man, by putting three sevenths of his earn- 
ings in the savings' bank and one eighth into government 
stocks, found at the end of the year that he had thus laid 
by $ 930. Required the amount of his yearly earnings. 

Ans. $ 1680. 

46. Divide the number a into two parts that shall have 
to each other the ratio of »» to w. 



FIRST SOLUTION. 



Let 
and 

Then, 

Whence, 

Or, 

And 

Whence, 
and 



Let 
and 



Then, 
Or, 

Whence, 



and 



X = one part, 
a — a? = the other part. 



X 



a — X = m : n 
nx = ma — mx 
mx -{-.nx =z ma 
(w -j- w) a: = m a 

ma 
X = — i — f one part. 



na 



X 



m-\-n 



the other part. 



SECOND SOLUTION. 



mx = one part, 

nx = the other part. 



mx -{- nx ^ a 
(m --\- n)x = a 



X 



mx 



nx 



a 



ma 

m -\- « 

na 



one part, 

the other part. 



m -\- n 

47. Divide 34 into t\^o such parts, that the difference 
between the greater and 18 shall be to the difference 
between 18 and the less in the proportion of 2 to 3. 

Ans. 22 and 12. 



Explain the solution of Problem 46. 
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48. A person has 264 coins, dollars and eagles ; the 
number of dollar pieces is to the number of eagles in 
the ratio of 9 to 2 ; how many of each coin has he ? 

Ans. Dollar pieces, 216 ; eagles, 48. 

49. The ages of two persons are in the ratio of 3 to 
4, but 6 years ago the ratio of their ages was that of 
2 to 3 ; what are their ages ? Ans. 15 and 20. 

50. Two pieces of cloth were purchased at the same 
price per yard, but as they were of different lengths, 
the one cost $ 5, and the other $ 6.50. If each had 
been 10 yards longer, their lengths would have been as 
5 to 6. Required the length of each piece. 

Ans. 20 and 26. 

51. A market woman bought some eggs at 2 for a 
cent, and as many more at 3 for a cent ; she sold them 
all at the rate of 5 for 2 cents, and found she had lost 
4 cents. How many did she buy of each sort ? 

SOLUTION. 

Let X = the number of each sort. 

Then - = the cost of the first sort, 

X 

and — = the cost of the second sort. 

But 2 a: = the entire number, 

2 4 x 

and 2 a? X r == -r = amount received for whole. 

5 



Then, 1+1-1^ = 4 

Clearing effractions, 15 x -|- 10 a; — 24a: = 120 
Whence, a: = 120, number of 

each sort. 

52. Two merchants, A and B, traded in company, with 
a joint stock of % 6300. A's money was employed 12 

'^ ■ ■ I ■ - ■ - ■. — — — ■ ■ ■■ ■ — —■■■■-■■, . ,— , - ^ 

Explain the solution of Problem 51. 
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months, and B's 8 months ; and, on dividing profits, 
each had gained exactly the same sum. How much 
capital did each furnish? Ans. A, $2520; B, $3780. 

53. A workman was employed for 60 hours, on condi- 
tion that for every hour he worked he should receive 15 
cents, and for every hour he was idle he should forfeit 
6 cents ; at the end of the time he received $ 2.40. Re- 
quired the number of hours he worked, and the num- 
ber he was idle. 

SOLUTION. 

Let X = number of hours he worked, 

and 60 — x-=. number of hours he was idle. 

Then 15 a: = his pay for working, 

and 5 (60 — a:) = his forfeiture for being idle. 

Then, 15 a: — 5 (60 — a:) = 240 

Or, 1 5 a: — 300 + 5 a; = 240 

Whence, 20 ar = 540 

And a:== 27, number of hours he worked. 

Then, 60 — a: = 33, number of hours he was idle. 

54. A workman engaged for 48 days at the rate of 
1 2 per day and his board, which is estimated at $ 1 
per day. At the end of the time he receives $42 
only, his employer having deducted the cost of his 
board for every day he was idle. How many days did 
he work ? Ans. 30 days. 

55. Two casks contain equal quantities of vinegar ; 
from the first 34 quarts are drawn, and from the sec- 
ond 80 ; the quantity remaining in one vessel is now 
twice that in the other. How much did each cask 
originally contain ? Ans. 126 quarts. 



Explain the solution of Problem 53. 
6* 
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66. Two thirds of a certain number of persons re- 
ceived 18 cents each, and one third received 30 cents 
each. The whole sum received was $ 6.60. How many 
persons were there ? Ans. 30. 

57. There is a fish whose head weighs 12 pounds, his 
tail weighs as much as his head and half the weight of 
his body, and his body weighs 26 pounds more than his 
head and tail both. Required the weight of the fish. 

Ans. 174 pounds. 

58. A boatman who can row at the rate of 9 miles an 
hour, finds that it takes twice as long to row his boat up 
river a certain distance, as to row it down river the same 
distance ; at what rate does the river flow ? 

Ans. 3 miles per hour. 

59. The paving of a square court with stone, at 40 
cents a yard, will cost as much as the enclosing it with 
an iron fence, at $ 1 a yard ; what is the length of the 
side of the square in yards ? 

SOLUTION. 

Let X = length of the side in yards. 

Then 4 a: = number of yards of fence, 
and a^ = number of yards of pavement. 

Hence 4 a: X 100 = 400 = cost of fence, 

and cc^ X 40 = 40 a:^ = cost of paving. 

Then, 4.0 3i^ = 4:00 x 

Dividing by x, 40 a: = 400 

Whence, a: = 10, length of the side in yards. 

60. A farmer has hogs worth $ 12.50, and pigs worth 
$ 2.50, each ; the number of hogs and pigs being 35, and 
their value 1 197.50. Required the number he has of 

each. Ans. Hogs, 11 ; pigs, 24. 

"" — ■ — " - — ■ ■■> 

Explain the solation of Problem 59. 
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61. A general arranging" his men in the form of a solid 
square, finds he has 21 men over, but attempting to add 
one man to each side of the square, finds he wants 200 
men to fill up the square ; required the number of men. 

Ans. 12121. 

Let X = the number of men on a side at first, then a^ -\~ 21 i^* 
the whole number of men. 



SIMPLE .EQUATIONS CONTAINING TWO 
UNKNOWN QUANTITIES. 

168* Indepexdent Equations are such as cannot be made 
to assume the same form. 

If they relate to tlie same problem, they must, there- 
fore, express essentially different conditions of that prob- 
lem. Thus, 4a: + 10y=T2-f-43( and 5a: + 9y = 108 — x 
are not independent equations, because each reduces to 
the form of 2 a; + 3 y = 36. 

169i When a problem requires two or more unknown 
quantities to be determined, it is necessary that there 
should be as many independent equations as there are 
unknown quantities. 

For, if we have an equation containing two unknown quantities, 

X and y, as 

ar — y=xl, 
transposing y, we have 

x^l+y. (1) 

But the value of y is not known ; consequently, from this equation 
alone, the value of x cannot be determined. 
If, however, we have a second equation, as 

x-\-y^7, 

or, ar = 7 — y, (2) 

in which the value of x and y are the same as in the first, the sec- 



What is an Independent Equation ? Show that there should be as 
many independent equations as there are unknown quantities. 
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ond members of (1) and (2) being equal to the same quantity, x, 
and consequently equal to each other (Art. 36, Ax. 7), give 

or, 2 y s= 6. 

Whence, y = 3. 

Substituting 3, the value of y, for y in either equation (1) or 
equation (2), we obtain 4 as the value of x ; and the values ob- 
tained for the two unknown quantities satisfy the two equations. 

17©« Simultaneous Equations are those in which the 
unknown quantities are satisfied by the same values. 

Two unknown quantities require for their determina- 
tion, as shown in the preceding Article, at least two inde- 
pendent, simultaneous equations. 

When by means of these we cause one of the unknown 
quantities to disappear, we are said to eliminate it. 

ELIMINATION. 

171. Elimination is the process of combining simultaneous 
ecjuations, so as to obtain from them a single equation having 
only one unknown quantity. 

There are three methods of elimination, and conse- 
quently as many cases : — 

I. By comparison. 

II. By substitution. 

III. By addition or subtraction. 

CASE L 

172t To eliminate by comparison. 

1. Given 3a: + 4y = 20, and 4:X — 2y=l2, to find 
the values of a; and y. 

Define Simultaneous Equations. How many simultaneous equations are 
feqoired to determine two unknown (Quantities'? Define Elimination. 
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OPERATION. 



By transposing 4y in equa- 
tion (1) and dividing by 3, 
3 a: -|- 4:^ = 20 (1) ^]gQ transposing 2y in equa- 

4a? — 2f/ = 12 (2) tion (2) and dividing by 4, 

*20 — 4 y ,ox ^® ^*^® (^) ^^ (^)' equar 

^ ^^ 3 ^ -^ tions in which the value of 

12 4- 2y x is expressed in terms of 

^ ^^ 4 ^^ «. Then, since each of the 

12 4-2</ , 
12 -|- 2y 20 — - 4 y .- two quantities — ^— i and 

36 + 6y = 80-16y (6) -^ is equal to x, they 
22 f/ = 44 ( 7 ) *^® ®^^*^ *^ ^"^^ ^^^^^ ^^*' 



y= 2 (8) 



86, Ax. 7); and placing 
them equal the one to the 



20 g 

X = (9) other, we obtain (6), an equa- 



3 
x = 4. (10) 



tion with only one unknown 
quantity, y. Reducing, we 

have (8), or y = 2. Substituting, now, 2 for y in equation (3), and 

reducing, we have (10), or a; = 4. Hence the 

RULE. 

Find an expression for the vahie of the same unknown 
quantity in each of the equations, and form a new equation, 
by placing these values equal to each other, 

« 

Note 1. The equation thus formed is golved as we would solve any 
equation containing one unknown quantity. 

Note 2. The value of the remaining unknown quantity may be de- 
termined in the same way as that of the first, thus making two in- 
dependent solutions, one for each unknown quantity. When, however, 
the value already determined is a simple number, it is best to sub- 
stitute that value for its symbol in some one of the equations, and thus 
obtain the value of the remaining unknown quantity. 

Note 3. It is usually most convenient to reduce each equation to 
its simplest form, by clearing of fractions, transposing and uniting, &c., 
before attempting to eliminate, by either method. 



Explain the operation. Repeat the Rule. Note 1. Note 2. Note 3. 
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Examples. 



2. Given 2 ar + 3y = 23, and 6 x — 2y = 10, to find 
the values of x and y. Ans. x = 4 ; y = 5. 

3. Given 4a; + 5^ = 34, and ar + 4y = 16, to find the 
values of x and y, Ans. a? = 8 ; y = 2. 

4. Given 5a: — 35^=9, and 2 a: + 6 5^ = 16, to find 
the values of x and y, Ans. a; = 3 ; y = 2. 

5. Given Yar4-3ya=13, and 6a: + 2y = 9, to find 
the values of x and y, 

6 Given 8a:— Yy = — 15, and 35^—6 a: = —9, to 
find the values of x and y, Ans. a: = 6 ; y = 9. 

Y. Given 14a: + 6y=0, and 6a; — 46 = 4y, to find 
the values of x and y, Ans. a; = 3 ; y =z Y. 

8. Given | -f | = Y, and | + | = 8, to find the 
values of x and y, Ans. a: = 6 ; y = 12. 

CASE IL 
173, To eliminate by substitution. 

1. Given a: + 2^ = 17, and 3 a: — 5^ = 2, to find the 
values of x and y. 

OPERATION. ^y transposing 2y in equa- 

a:-|-2«/= 17 (U **^" ^^^! ^® .*'*''*^ equation 

' ^ ^ ^ (3), which gives the value 

y f (-^j of a: expressed in terms of^. 

X =1 17 — 2y (3) Substituting this value of a:, 

3(17 — 2y) — y= 2 (4) w 17 — 2y, for x in equa- 

51 — 7y= 2 (5) ^^o'^ (2), we obtain (4), an 

>l y .--. 4.9 (a\ equation with only one un- 

^ .^. known quantity, y. Redufs 

^ ^ * inoj, we have (7), or y = 7. 

^= 17—14(8) ot,-. .• Vt/ • 

^ ' Substituting, now, 7 for y m 

^ ^^^ ^ v"/ equation (3), and reducing, 

we have (9), or x = 3. 

Explain the operation of Example 1. 
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2. Given 2 ar + ^3^ = 23, 
values of X and y. 

OPERATION. 

2x4-65^ = 23 
3 a: — 2 y =_JS___ 
_6 + 2y 



and 3a: — 2y = 6, to find the 



X 



'^2 + 4y+15y=69 
19y = 57 

y= 3 

6 + 6 

a? = 4 



(1) 

(2) 
(3) 

(^) 
(5) 
(6) 
(7) 

(8) 
(9) 

RULK. 



By transposing 2yin equa- 
tion (2) and dividing by S, we 
have (3), vfhich gives for the 
value of X, — r^-^* Substi- 
tuting this value of i in equa- 
tion (1), we have (4), an 
equation with only one un- 
known quantity, y; and re- 
ducing, we have (7), or 
y = 3. Substituting 8 for y 
in equation (3), and reduc- 
ing, we have (9), or a: = 4. 
Hence the 



Find an expression for the value of one of the unknown 
'Quantities, in either equation, and substitute this value in the 
place of the same unknown quantity in the other equation. 

Note. This method may be advantageously used when either of the 
unknown quantities has 1 for a coefficient 

Examples. 

3. Given ar + 4y= 16, and 4a: + y = 34, to find the 
values of X and y. Ans. a; = 8 ; y = 2. 

4. Given x+2y=lS, and 2x — y=l. to find the 
values of x and y. Ans. x = 4 ; y = 7. 

5. Given x + y=13, and x—y = S, to find the val- 
ues of X and y. Ans. x = S] y = 6. 

6. Given - — y = 1, and x— | = 8, to find the val- 

Ans. x = 10 ; y = 4. 



ues of X and y. 

Explain the operation of Example 2. What is the Rule 'i The Note i 
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7. Giveu 3 a: -[- 5 y = 4:0, and a: -f- 2 y = 14, to find the 
values of a; and y, 

8. Given 5 a; -f- 3 y = 0, and x — y = 8, to find the val- 
ues of X and y. Ans. a: = 3 ; y = — 5. 

9. Given 6a: + Sy = '^'^> ^^^ 4=3? — 3y = Y, to find 
the values of x and y, Ans. a; = Y ; y = Y. 

10. Given f + ^ = 6, and -- + ^ = 6, to find the 
values of x and y. Ans. a: = 6 ; y = 10. 

11. Given ^4-^ + 8 y= 31, and ?^ + 10 a: = 192, to 



find the values of x and y. 



Ans. a: = 19 ; y = 3. 



CASE m. 



174. To eliminate by addition and subtraction. 

1. Given 6 a; + 4= y = 56, and 4 a: — 3 y = 9, to find the 
values of x and y. 

Multiplying Doth members 
of equation (1) by 2, and of 
equation (2) by 3, we obtain 
equations (3) and (4), in 
which the coefficients of x 
are the same. Now, since 
the coefficients of x in these 
equations have like signs, we 
cancel the terms containing 
X, by subtracting (4) fix)m 
(3), member from member 
(Art. 151), and obtain (5), 
an equation with only one 
unknown quantity, y. Reducing, we have (6), or y = 5. Substitut- 
ing 5 for y in equation (2), and reducing, we have (9), or a: = 6. 

2. Given 6a: + 4y = 32, and 4a: — 2y=12, to find 
X and y. 



OPERATION. 




(5ar4-4y— 56 


(1) 


4 a; — 3y— 9 


(2) 


12a; + 8y— 112 


(3) 


12 a; 9y— 21 


(4) 


17y— 85 


(5) 


y- 5 


(6) 


4 a: 15— 9 


a) 


4a:— 24 


(8) 


x= 6 


(9) 



Explain the operation of Example 1. Of Example 2. 



OPEBATIOK. 




6a: + 4y— 32 


(1) 


ix 2y— 12 


(2) 


3x-\-2y—16 


(3) 


Tx — 28 


(.i) 


X— 4 


(5) 


12 + 2y — 16 


(6) 


2y— 4 


(f) 


y 2 


(8) 
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Dividing equation (1) by 2, 
we obtain (3), in which the 
coefficient of y has been made 
the same as in (2). Since 
the coefficients of y in these 
equations have different signs, 
we can cancel the terms con- 
taining y, by adding (2) and 
(3) together, member to 
member (Art. 151), and 
thus obtain (4), an equation 
with only one unknown quantity, x. Reducing, we have (5), or 
a; »= 4. Substituting 4 for x in equation (3), and reducing, we 
have (8), or y = 2. Hence the • 

RULE. 

MvMply or divide one or both of the equations, if necessary^ 
by such a number or qtumtity that one of the unknown quanti- 
ties shaU have the same coefficient in both. Then, if the signs 
of the terms having the same coefficients are cdikcj subtrtict one 
eqtuUion from the other ; or, if unlike, add the two equations 
together. 

Note. If the coefficients of the quantity to be eliminated are prime to 
each other, each equation mjust be multiplied by the coefficient found 
in the other equation. In general, such a multiplier may be used for 
each as will produce the least common multiple of the coefficients. 

If we wish to avoid fractions^ it is convenient to divide only when 
one of the equations is not reduced to its simplest form. 

Examples. 

3. Given 4ar + 3y = 25, and 12a; — 6y = 30, to find 
the values of x and y, Ans. a: = 4 ; y = 3. 

4. Given 3a: — y = 22, and 2x -\-4:y = 24:, to find the 
values of X and y. Ans. ar = 8 ; y = 2. 

What is the Rule i The Note? 
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6. Given a: + 8y = 44, and 6a:,-|-y = 29, to find the 
values of x and y, Ans. a; = 4 ; y = 6. 

6. Given 23 a?'— 8 y = TO, and 8 a: — 2y = 40, to find 
the values of x and y, Ans. a: = 10 ; y = 20. 

Y. Given 4a; — 6y = 0, and x — y = \, to solve the 
equations. 

8. Given a: + y = 35, and i? 4. ?1 = ig, to solve the 
equations. Ans. ar = 21 ; y = 14. 

9. Given ^ + ^f = 29, and ''j-'-l^^^ to find x 
and y, . Ans. ar = 24 ; y = 18. 

175, Find the values of the unknown quantities in each 
of the folloaving equations, by any of the methods of elim- 
ination. 

1. Given j'^+/ = f[. Ans.f = Jf- ' 

(5x— 3y = 27 j ly = 11. 

2. Given •< ^ , . ~" ^, I- • Ans. \ ~^ ^' 

(3a; + 5y =41 j \y = 10. 

3. Given \ >■ • , Ans. i ~~ ^' 

4. Given r l"'i'f='}- Ans. j^=l- 

(4y — 3a:+l = 0j U = i- 

6. Giv,en {-^^ + f^ = ^n. Ans. j^ = -f 
I 2y-(-6a:= 4) {y = 11. 

6. Given ■{ )■ . Ans. \ 

7- Given T^'^ ' + f } • Ans.|^=;- 

(4y = 20 — 4a:J (y=r-4. 
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ft.-3y=26) Ans. !'' = !• 

12a; — 2y = 6f) ly = *• 

(if _y = 9) , (x=20. 

(2x — 2y=16) '* 



9. Given 



10. Given 




11. Given 4 2^ [■• Ans. | jo. 



= 5T. 



12. Given { 3^^ 7=4 + x+yf ' ^°«- ly = 103. 

13. Given js 4~'9[- ^'"'•{y = 5l 



NoTB. Eliminate before clearing of fractions. 



ar = 2. 



u. Give. |-::+'4:;z »}• -.{-^: 

(1 + 3 = ") fx = 18a — 244. 

15. Given -j^ y_ \' "*^°^' ly =366 — 24a, 

PROBLEMS 

FADING TO SIMI'LE EQUATIONS CONTAINING TWO 

UNKNOWN QUANTITIES. 

I7« In the solution of problems in which we represent imo^^ 
than one of the unknown quantities by letters, we must obta\tv 
from the conditions of the problem, as many mdependent ^^^^ 
tions as there are unknown quantities. 
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1. A merchant sold at one time 3 hats and 4 caps 
for $ 23, and at another time 2 hats and 7 caps for $ 24 ; 
what was the price of each ? 

SOLUTION. 

Let X = the price of a hat, 

and y = the price of a cap. 

Then, 3a: + 4y = 23 (1) 

and 2a:-f7y = 24 (2) 

Transposing and dividing (1), a: = — r — - (3) 

o 

Transposing and dividing (2), x= — — - (4) 

Equating, ^ = ^- (5) 

Clearing of fractions, 46 — 8 y = Y2 — 21 y (6) 
Reducing, 13y=26 (Y) 

Whence, y = 2 (8) 

24 14 

Substituting 2 for y in (4), x = — (9) 

Whence, a: = 5 (10) 

2. The sura of two numbers is 133, and their difference 
is 47 ; required the numbers. Ans. 90* and 43. 

3. A farmer paid 4 men and 6 boys 72 shillings for 
laboring one day, and afterwards, at the same rate, he 
paid 3 men and 9 boys 81 shillings for one day ; what 
were the wages of each ? 

Ans; Men's wages, 9 shillings ; boys', 6 shillings. 

4. The value of my two horses is such that, if the 
value of the first be added to four times the value of 
the second, the sum is Ij^ 580 ; and if the value of the 
second be added to four times that of the first, the sum 
is % 520 ; required the value of each. 

Ans. The first, % 100 ; the second, $ 120. 

Explain the solution of Problem 1. 
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5. Find that number, conBisting of two figures, to which, 
if the number formed by changing the place of the figures 
be added, the sum is 121 ; and if it is subtracted, the 
remainder is 9. 



Let 

and 

Then 

and 

ThereforQ 

and 

Hence 

and 

Then, 
and 

Dividing (I), 

Dividing (2), 

Adding (3) and (4), 

Whence, 

Subtracting (4) from (3), 

Whence, 

Therefore, 



SOLUTION. 

X = the first figure, 
y = the second figure. 
10 a; = the first in tens' place, 
10 y = the second in tens' place. 
10 a? -j- y = the number required, 
10 y -j- ar = the number formed, 
llx-j- lly = the sum of the numbers, 
9 a; — 9 y = the difference of the numbers. 

(1) 



llar-f Hy=121 

9a; — 9y= 9 

X — y= 1 

2xz= 12 

x= 6 

2y= 10 

y= 5 

10a;-|-y= 65 



(2) 

(3) 
(4) 
(5) 
(6) 
0) 
(8) 

(9) 



S. There is a number consisting of two figures, which 
is equal to four times the sum of those figures ; and 
if 9 be subtracted from twice the number, the places of 
the figures will be reversed ; what is the number ? 

Ans. 36. 

1. A gentleman asked a lady her age ; she replied : 
" 1 years ago I was three times as old as 3''ou, but if 
we live 7 years longer, my age will be twice as great 
as yours '' ; what were their ages ? 

Ans. Lady's age, 49 years ; gentleman's, 21 years. 



Explain the solution of Problem 5. 



^ 
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8. A said to B, "If ^ of your money were added to 
} of mine, the sum would be $.6." B replied, ''If ^ of 
yours were added to J of mine, the sum would be $ 5J." 
What sum had each ? Ans. A, $ 12 ; B, $ 16. 

9. I have in two purses $ 84 ; and if the sum in the 
purse containing the most be divided by the sum in the 
other, the quotient will be 13. Required the sum in each 
purse ? Ans. In one, $ Y8 ; in the other, $ 6. 

10. The ages of a father and his son added togethei 
equal 140 years ; and the age of the father is to that of 



11. The age of James is to that of John as 3 to 4; 
but 6 years hence their ages will be in the ratio of 6 to 6. 
What are their ages ? 

Ans. James's age, 9 years ; John's 12 years. 

• 12. Find two numbers, the greater of which shall be to 
24 as their sum to 42, and the difference of which shall 
be to 6 as 4 to 3. Ans. 32 and' 24. 

Explain the solation of Problem 10. 



the son as 3 to 


2. 




<_« 








SOLUTION. 




Let 






X the age 


of the father, 


and 






y the age 


of the son. 


Then, 






a: + y — 140 


(1) 


and 






X :y— 3 : 2 


(2) 


Or, 






3y — 2a? 


(3) 


Dividing (3), 


2x 

y 3 


(*) 


Substituting — - 


for y in 


(1). 


a;_j_2j^— 140 
«> 


(5) 


Reducing (5), 






5 a: — 420 


(6) 


Whence, 






ar— 84 


(7) 


From (4), 






y 56 


(8) 
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13. If 3 be added to the numerator of a certain frao 
tion^ its value will be •}• ; and if 1 be subtracted from the 
denominator, its value will be |. What is the fraction? 

SOLUTION. 

Let X = the numerator, 

and y = the denominator. 

Therefore - = the fraction. 



Then, ^ = ^ * (1) 



and z^ = l (2) 



y 3 

X 1 

y^TT — 5 



Clearing (1) of fractions, 3 a: + 9 = y (3) 

Clearing (2) of fractions, 5 a: = y — 1 (4) 

Subtracting (3) from (4), 2 a? — 9 = — 1 (5) 

Or, 2 a: =8 (6) 

Whence, a: = 4 (7) 

From (3), y = 21 (8) 

Hence, ^ =^ 21 ^^^ 

14. Divide 12 into two such parts that 3 times the 
greater shall exceed twice the less by 121. 

Ans. 53 and 19. 

16. Fifty laborers were engaged to remove an obstruc- 
tion on a railroad ; some of them by agreement were to 
receive $ 0.90, and others, $ 1.50. There was paid them 
just $48, but no memorandum having been made, it is 
required to find how many worked at each rate. 

Ans. For $0.90, 45; for $1.50, 5. 

16. The wages of 5 men and 7 women amount to 
$ 16.40, and T men receive more than 6 women by $ 4. 
What does each receive ? 

Ans. Men, $1.60; women, $1.20. 

Explain the solution of Problem 13. 
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It. If 4 be added to the numerator of a certain frac- 
tion, its value will be ^ ; and if *l be added to its denom* 
inator, its value will be \, What is that fraction ? 

Ans. -j^, 

18. A sum of money was divided equally among a cer- 
tain number of persons ; had there been three more, each 
would have received $ 1 less, and had there been two 
fewer, each would have received $ 1 more than he did ; 
required the number of persons, and what each received. 

SOLUTION. 

Let X = number of persons, 

and y = no. dollars each received ; 

also, 2cy = sum divided. 

Then, (a: + 3)(y-l)=a:y (1) 

and (a:_2)(.y+l)=xy (2) 

From (1), xy-\-Sy — x — 3 = xf/ (3) 

From {2),xy—2f/--\-x — 2 = xy (4) 

Transposing in (3), , 3 y — x = S (5) 

Transposing in (4), a:-^2y = 2 (6) 

Adding (5) and (6), y = 5 (T) 

From (6), a: = 12 (8) 

19. My income tax and assessed tax together amount 
to $ 30 ; but if the income tax were increased 20 per 
cent, and the assessed tax were decreased 25 per cent, 
the two together would amount to $ 32 J ; required the 
amount of each tax. 

Ans. Income tax, $ 21y\ ; assessed tax, $ 8|^. 

20. Required two quantities such that, if the first be 
increased by a, it will become m times the second ; and 
if the second be increased by ft, it will become n times 

the first. . a -{-bm . h + a n 

Ans. — ' ^ and — ' -. 

mn — 1 mn — 1 



Explain the Solution of Problem 18. 
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21. A has ^ as much money as B ; but if A should 
gain $ 10 and B lose the same sum, they will have equal 
amounts. How much has each? 

Ans. A, $16; B, $36. 



SIMPLE EQUATIONS CONTAINING THREE OR 
MORE UNKNOWN QUANTITIES. 



177i Any of the methods which have been given for 
the solution of simple equations containing two unknown 
quantities may be extended to those containing three or 
more unknown quantities. 

ar-f y-[- z=z 6 \ 
1. Given \ ar-[-2^-|-32?=14?to find a:, y, and z. 

Zx— y-\-^z=\z) 



By multiplying equation 
(1) by 3, we obtain equa- 
tion (4), and by subtracting 
(1) from (2), and (4) from 
(3), we have (5) and (6), 
equations containing only 
two unknown quantities. 
Multiplying (6) by 2, and 
subtracting the product (7) 
from (5), give (8), an equa- 
tion containing only one un- 
known quantity, y. Dividing 
(8) by 9, we have (9), or 
y == 2. Substituting 2 for y 
in (5) gives (10), and re- 
ducing, we have (12), or 
2=3. Substituting 2 for y, 
and 3 for z in (1), and re- 



0PERATI0^ 


r. 




a^4- y+ « — 


6 


(1) 


a: + 2y + 32? — 


14 


(2) 


Zx — y -j- 4^ 


13 


(3) 


Zx-\-%y-\-Zz — 


18 


(4) 


y + 2z — 


8 


(5) 


— 4y+ z — - 


- 5 


(6) 


— 8y-f22r - 


-10 


0) 


^y 


18 


(8) 


y — 


2 


(9) 


2 + 2z — 


8 


(10) 


2z — 


6 


(11) 


z 


3 


(12) 


a;-|.2 + 3 — 


6 


(13) 


X 


1 


(14) 



ducing, we have (14), or a: = 1. 



Explain the operation. 
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to find the valuei 



X -\^ y -f- z = 63 
2. Given ^ . + 2, + S. =. m \ ^^ ^^^^IJ 

a: + 3y + 42?= 137 ^ 



OPERATION. 

a:+ y+ ;r= 53 (1) 

x + 2y + Sz=l01 (2) 

x+_3 y-i - 4^=13 7 (3) 

a: = 63 — y — ^ (4) 

a? = 107 — 2y — 3« (5) 

a: = 137 — 3y — 4g (6) 

63— y— z=107 — 2y — 3« (7) 

107 — 2 y — 3 « = 137 — 3 y — 4 « (8) 

y= 54 — 2 « (9) 

y= 30— z (10) 

30— ;?= 54 — 2 « (11) 

z= 2i (12) 

y= 6 (13) 

a:= 23 (14) 

By transposing terms in (1), (2), and (3), we obtain equations (4), 
(5), and (6). Equating the second members of (4) and (5), and 
those of (5) and (6), we have (7) and (8), equations containing 
only two unknown quantities. Transposing terms in (7) and (8), 
we have (9) and (10). Equating the second members of (9) and 
(10) gives (11), an equation with only one unknown quantity, 
which reduces to (12), or z = 24. Substituting 24 for z in (10), 
and reducing, we have (13), or y :^ 6 ; and substituting 24 for z, 
and 6 for y, in (4), and reducing, we have (14), or x = 23. 

From the preceding examples and illuBtrations, we 
deduce the following 

RULE. 

Deduce from the given equations, by elimiTuUion^ a new set of 
equations containing one less unknown quantity, and continue 

Explain the operation. Kepeat the Rule. 
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the process until an equation is obtained containing but one un^ 
hwwn quantity. 

Find the value of the unknown quantity in this equation. 
By substituting this value in either one of the set of two equa^ 
tions containing two unknown quantities, find the value of a 
second unknown quantity. Tlien, by Substituting these values 
in either of the equatio/ts which contain three unknown quan- 
titieSy find the value of a third; and so on, till die values of 
all are found. 

Note. Upon the good judgment and discrimination of the learner in 
selecting the quantity to be first eliminated, and the method of elim- 
ination suited to the particular case, will depend the simplicity and ele- 
gance of the solution. 

Examples. 

Find the values of the unknown quantities in the fol- 
lowing equations. 

x-{-2y-{- z = 2i 
2x-\- y-\-Sz = SS\ , Ans. 

Sx-\-Sy-\-2z = 4:6 

4:X-{-2y— z = 26 

5x^2y — Sz=16\. Ans. 

2x— y-{-2z = 2S 



3. Given 




4. Given 



X = 6, 
y =z5, 

Z=:zS. 



5. Given 



x-\-y-\-z = S3 

y — x-^z = 2S 

z — X — g = 1 

fM + ar 4-^ = 6 



Ans. 




6. Given, i 



• U -\- X -\- Z =: 9 



u -\- y^z = S j 
^x -^ y "{- z = ^ J 



)■ 



Ans. 



M = 3. 

x = 2. 

g = h 

z = 4. 



The solution may here be abridged, by the artifice of assuming 
the sum of the four unknown quantities to equal s. 



What is the Note? Explain the operation of Example 6. 



148 



ELEMENTARY ALGEBRA. 



Thus, 

Then the first equation is 

The second is 

The third is 

The fourth is 



U + X+tf + Z:^ 8 

s — 2 = 6 

« — y== 9 

8 X = 8 

S M = 7 



0) 

(2) 
(3) 
(4) 

(5) 
(6) 



By addition, 4 s — * = 30 

Whence, 8=^10 

Substituting the value of 8 in (4), (3), (2), and (1), and reduc 
ing, we have m = 3, a; = 2, y = 1, and 2 = 4. 



7. Given -^ 



8. Given 



9. Given 



u-\- y -\- z'=z2\ . 

1 x — Sfj— z=12 

a: + 2y + Sz= H 

4:x— 3^4-2^=13 

X -\- y — 'z = 
X -\- z — y = 2 
y 4~ ^ — a: = 4 



Ans. ^ 



X 

y 

z 
u 



2. 

6. 

6. 

10. 



Ans. < v = 




4. 
5. 
1. 



= 1. 



Ans. < V = 



2. 
3. 



10. Given \ 



a ' h 

X . z 

- + - = 1 

a ' c 

f + - = 1 



!►• 



X 



Ans. i y = s 



a 

•— • 

2 

^ « 

2 
c 

— • 

2 



Note. Eliminate before clearing of fractions. 



11. Given 




Ans. 






12. Given 



' - -4- ^ -U i 

4 ' 3 ' 2 

2x y . 3z 

3 a: , 2,y z 

lT "^ "3 2 



9 

11 ^ 
9 
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PROBLEMS 

LEADING TO SIMPLE EQUATIONS CONTAINING THREB 
OK MORE UNKNOWN QUANTITIES. 

178. Problems leading to simple equations containing 
three or more unknown quantities require precisely analo- 
gous processes in their solution to those required by prob- 
lems leading to simple equations containing two unknown 
quantities. 

1. Three boys, James, Henry, and Arthur, bought fruit 
at the same prices. James paid for 3 oranges, 1 apple, and 
2 pears, 14 cents ; Henry paid for 4 oranges, 3 apples, and 
1 pear, 17 cents ; and Arthur paid for 1 orange, 4 apples, 
and 3 pears, 13 cents. What was the price of each ? 

Ans. Oranges, 3 cents ; apples, 1 cent ; pears, 2 cents. 

2. A gentleman divided $ 100 among his four daugh- 
ters, Mary, Isabel, Jane, and Ellen, in such a manner, that 
twice Isabel's part added to three times Ellen's part was 
$ 160 ; three times Mary's part added to twice Jane's part 
was $ 90 ; twice Mary's part added to Ellen's part was 
$60. What sum did each receive? 

Ans. Mary, $10; Isabel, $20; Jane, $30; Ellen, $40. 

3. I have three ingots, composed of diflferent metals. 
A pound of the first contains 1 ounces of silver, 3 ounces 
of copper, and 6 ounces of tin ; a pound of the second 
contains^ 12 ounces of silver^ 3 ounces of copper, and 1 
ounce of tin ; and a pound of the third contains 4 ounces 
of silver, 7 ounces of copper, and 5 ounces of tin. How 
much of each of these three ingots must be taken in order 
to form a fourth, each pound of which shall contain 8 
ounces of silver, S^ ounces of copper, and 4^ ounces of 
tin? 

Ans. Of the first, 8 ounces ; of the second, 6 ounces ; 
and of the third, 3 ounces. 
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Let X, y, and z denote the number of ounces that must be taken 
of each of the three ingots, respectively. Then, since there are 7 
ounces of silver in a pound, or 16 ounces, of the first ingot, in I 

ounce of it there are — of an ounce of silver, and, consequently, in 

X ounces there are — of an ounce of silver. In like manner, we 

may find that -—- and •— denote the number of ounces of silver 
^ 16 16 

to be taken of the second and third ; but, by the problem, one pound 
of the fourth ingot is to contain 8 ounces of silver ; hence we have 
for the first equation, 

16 ' 16 ' 16 

Proceeding in like manner with respect to the copper and tin, we 
have for the other equations, 

3r , 3y , Tj 15 

16 "■ 16 ' 16 ~~ T * 



6 j: 
16 



4_ i(_ _L if _ IZ 
"T" 16 ' 16 4 • 



From these equations, the results given above are readily ob- 
tained. 

4. A gentleman purchased a chaise, horse, and harness 
for $400. He paid four times as much for the chaise as 
for the harness, and one third as* much for the harness as 
for the horse. How much did he pay for each ? 

Ans. Chaise, $ 200 ; horse, $ 150 ; harness, $ 50. 

5. There are three numbers whose sum is 324 ; the 
second exceeds the first as much as the third exceeds 
the second ; and the first is .to the third as 5 to 1. What 
are the numbers ? Ans. 90, 108, and 126. 

6. A man speaking with his wife and son respecting 
their ages, said that his age added to that of his son was 
12 years more than that of his wife ; the wife said that 
her age added to that of her son was 8 years more than 
that of her husband, and that their ages together amount- 
ed to 92 years. Kequired the age of each. 

Ans. Husband, 42 years ; wife, 40 years ; son, 10 years. 
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*l, A bin holding 146 bushels is filled with a mixture 
of wheat, barley, and oats. The barley exceeds the wheat 
by 15 bushels, and there are as many bushels of oats as 
z)f both wheat and barley. What is the quantity of each ? 

Ans. Wheat, 29 bushels ; barley, 44 bushels ; and oats, 
13 bushels. 

8. A and B can perform a piece of work in 8 days, 
A and C in 9 days, and B and C in 10 days ; in how 
many days can each alone perform it? 

Ans. A, in 14J| days ; B, in 17f f days ; and C, in 
23jjV clays. 

9. A certain number consists of three digits, whose 
sum is 9. If 198 be subtracted from the number, the 
remainder will consist of the same digits in a reverse 
order; and if the number be divided by the digit at the 
left, the quotient is 108. What is the number? 

Ans. 432. 

Let X, y, and z denote the digits, respectively, beginning at the 
left ; then, 100a:-{- l0y-j-2: = the number. 

10. A and'B can reap a certain field in a days, A and 
C in h days, and B and C in c days ; in what time can 
each alone reap it ? 

. . . 2ahc J T» • 2ahc , 

Ans. A, m j-i i ^^y^ J ^t ^^ , , , days ; 

' ac-\-hc — ah ^ ' a^-j-Ac — ac ^ ' 

C, m -r-^ r- days. 

INTERPKETATION OP NEGATIVE RESULTS. 

179t* The interpretation of negative results obtained by 
means of simple equations is illustrated in the problems 
which follow. 

1, Let it be required to find what number must be 
added to the number a, that the sum may be b. 
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Let X s= the required number. 

Then, a -\- x ^=h^ 

whence, a: = 6 — a. 

Here, the value of x corresponds to any assigned values of a and 
h. Thus, for example. 

Let a s» 12 and h = 25. 

Then, a: = 25 — 12 = 13, 

which satisfies the conditions of the problem, for if 13 be added to 
12, or a, the sunk will be 25, or h. 

But suppose a = 30 and h = 24. 

Then a: = 24 — 30 = — 6, 

which indicates that, under the latter hypothesis, the problem is 
impossible in an arithmetical sense, though it is possible in the alge- 
hraic sense of the words " number," " added," and " sum." 

The negative result, — 6, points out, therefore, either an error or 
an impossibility. 

But, taking the value of x with a contrary sign, we see that it 
will satisfy the enunciation of the problem, in an arithmetical sense, 
when modified so as to read : 

What number must be taken from 30, that the difference may be 
24? 

2. Let it be required to find the epoch at which A's 
age is twice as groat as B's, A's age at present being 35 
years, and B's 20 years. 

Let us suppose the required epoch to be after the present date. 

Then x = the number of ^ears afier the present date, 

and 35 -f a; = 2 (20 -[- a:) ; 
whence, a: = — 5, 

a negative result. 

■ The problem is so worded as to admit also of the supposition that 
the epoch is before the present date, and taking the value of x ob- 
tained, we find it will satisfy that enunciation. 

Hence, a negative result here indicates that a wrong choice was 
made of two possible suppositions which the problem allowed. 

In the first problem what does the negative result indicate ? In the 
second problem ? 
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INVOLUTION. 

180* A Power of any quantity is the product obtained 
by taking that quantity one or more times as a factor- 
Thus, 

a:=^ a^ is the first power of a, 
aa = a* " second power, or square of a, 
aaa=zc^ " third power, or cube of a, 
aaaa = a* " fourth power of a ; 
and so on, the exponent (Art. 19) of the power denoting 
the number of times the quantity a is taken as a factor. 
If the exponent is n, the power is the product of n 
factors, when n is any entire quantity whatever. 

181. Involution is the process of raising a given quan- 
tity to any required power. 

This may be effected, as is evident from the definition 
of a power, by taking the given quantity as a factor as 
many times as there are unite in the exponent of the 
required power. 

182t When the quantity to be involved is positive, all the 
powers wiU he positive. 

For, any positive factor taken any number of times must always 
give a positive result (Art. 59). Thus, 

(+«)X(+«) = + a^ 
(+ «) X (+ «) X (+ «) = + fl", and so on. 

183f Wh^n the quantity to he involved is negative, all the 
even powers wiU he positive, and all the odd powers negative. 

For, a negative multiplier causes the sign of the product to be the 
opposite of that of the multiplicand (Art. 59), and therefore each 

Define a Power. What docs the exponent of the power denote 1 If 
the exponent is n, what is the power? Define Involution. When the 
qaaotity involved is positive, what sign do the powers take ? When 

the quantity is negative? 

7* 
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additional negative factor changes the sign of the result. As the 
first power is negative, each odd power will be negative, and the 
even ones positive. Thus, 

— a 

(-a)X(-«) = + a« 
(-«) X (-a) X (-a) = (+ a') X (-a) = - a» 
(—a) X (-a) X (-a) X (-a) - (- a') X (-a) = + a* 
and so on. 

184. The involution of a polynomial, or of a monomial 
composed of several factors, is indicated by inclosing the 
quantity in a parenthesis, and writing the exponent at the 
right and a littlfe above the expression. Thus, 

. (a -\- hy indicates the second power of a + ^ ; 
{2 ah cy indicates the fifth power of 2ahc. 



POWERS OF MONOMIALS. 

185. It is evident that the rules for involution must 
be based upon those for multiplication. 

1. Let it be required to raise 3 a* 5 to the third power. 

OPERATION. 

{'^c^hf = ^an X 3aH X ^aH 
= 3X3X 3 a^a^a^J^ 

Since the required power is equivalent to the given quantity 
taken three times as a factor (Art. 180), we proceed, by the rule 
for multiplication (Art. 62), to find the product of 3a*i X 3 a* J 
X 3 a* 6, or 2 7 a" 5*; from which it appears, — 

1. That the coefficient 3 has been raised to the third power. 

2. That the exponent of each letter has been multiplied by 3, 
the exponent of the power. 

How is the involntion of a polynomial, or of a monomial composed of 
several factors, indicated ? Explain the operation. 
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Hence, for raising a monomial to any power, we have 
the following 

RULE. 

Raise the numerical coefficient to the required power^ and 
multiply the exponent of each letter hy the exponent of tlte re- 
quired power. 

Note. If the qaantity involved is positive, all its powers will be pos- 
itive (Art. 182) ; but if it is negative, all the even powers will be pos- 
itive, and all the odd powers will be negative (Art. 188). 

Examples. 

2. Find the cube of a h, Ans. c? I?. 

3. Fhid the sqaare of a a:*. Ans. o'x*. 

4. Find the fourth power of a:*y. Ans. a^f/^. 
6. Find the third power of a ^ a:". Ans. c? W a;**. 
6. Find the mth power of ca:*y*. Ans. c"* a^ ^. 
Y. Find the fifth power of So^x^. 

8. Raise — 3 a: to the third power Ans. — 27 a:*. 

9. Raise — 4a:^ to the second power. Ans. 16 ar*. 

10. Raise c^l^ c d^ to the fourth power. 

Ans. c^h^^c^d^, 

11. Required the cube of — ^a^h^x^, 

Ans. — 64a«i?a:»«. 

12. Required the fourth power of 5 a* b^ c*. 

Ans. 625a8ii2c'«. 

13. Required the square of — S alr^x, 

Ans. dan^ar". 

14. Raise 2 a be' to the sixth power. 

Ans. 64a«i«c*2- 



Repcat the Rule. The Note. 
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15. Raise — 2 a 31^ to the fourth power. 

16. Required the fifth power of 4aa:^y. 

Ans. 1024 a* a^V- 

17. Required the nth power of — 6c^l^. 

Ans. ±6''a**«^. 

Note. Since n may be any number whatever (Art. 180), the »th 
power of the given negative quantity may be either even or odd, and 
therefore either positive or negative, us is indicated by the sign d:. 

POWERS OP PRACTIONS. 

186* Fractions, like entire quantities, are involved by 
multiplication. • 

1. Let it be required to find the third power of -, — . 

OPERATION. 

2 aa^ 



/2a a^y 2 ax' 2aoi^ 



36c 

2ax^ X 2a x^ X^ax' 8 a* a:* 

36 c~~X3 6c~x 3^c~ 2ilf^' 

Since the required power requires the given quantity to be taken 
three times as a factor (ArL 180), we find it by multiplying, as in 
multiplication of fractions (Art. 137). Hence the following 

RULE. 

Raise both the numerator and the denominator to the ro'* 
quired power. 

Examples. 
2. Find the square of -^ -. Ans. ., . 

~ ■ - - ■ — — ■■ ■ — - — -— — ■ — ■■■ — _-■■ ^^__ ^ ^^ _ _ - 

Why docs the answer to Example 17 have the sign ±? Explain the* 
operation. Bepcat the Kule. 
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3. Find the cube of . Ans. r—. 

c c* 

4. Find the square of ^-r-. Ans. ^, ,, . 

a c" a* <^* 

5. Required the fifth power of —r^. Ans. -^m". 

3J^ V 16 iC* V* 

6. Required the fourth power of -j^ • Ans. — m-- • 

7. Required the third power of — — • Ans. -^y* 

if if 

a* c cP 

8. Required the fifth power of .,- • 

3 

9. Required the fourth power of - a* c\ 

Ans. 2,^g «*' c\ 

— (i X 1^ 

10. Required the second power of y- • 

. 36 a:^ .V* 

Ans. ; .— — 7, — ji • 
121 c^iP 

187. The rules already given hold true when any of 
the exponents are negative. 

(1 \™ 1 

and («")-"• = ^—^ = ^ = «"""• (Art. 71.) 

1. Required the third power of 6 ar^ b"^, 

Ans. 125a'H-\ 

2. Required the fourfli power of — 2c'c?~^ 

Ans. 16ci2rf-«. 

8. Required the «th power of — 6aa:"^y'. 

. Ans. ± e^a^ar-^y**. 

4. Develop the expression ( — x~^t/^zy. 

Ans. — x'^*^ i/''' z\ 

6. Develop the expression (a:* y ' «~*)~^. 

Ans. x^^y^z* 



158 ELEMENTARY ALGEBRA. 

6. Develop the expression ( — mr^ n"^)"'. 

Ans. — m* «•. 

T. Develop the expression ( — 2 a"' 5""*)~*. 

• Ans. T^ a" ^. 



• 8. Required the sixth power of _ ^ 
9. Raise — .an ^-n to the third power. 
10. What is the mth power of — ^ --, «_, ? 

POWERS OP BINOMIALS. 

188* Binomials, like monomials, may be raised to any 
power by the process of successive multiplications. 
Thus, a -\- b raised to the second power is 

(a + 5) (a 4- 5) = a2 + 2 a 6 + 5». 

And a — b raised to the third power is 
(a — b) {a — b) (a — b) = a"^ — S aH -{- S al^ — b*. 

But this process of involving binomials by actual mul- 
tiplication must be veiy tedious, when high powers are 
required. There is, however, a much abridged process, 
discovered by Sir Isaac Newton, called 

THE BINOMIAL THEOREM. 

189, The Binomial Theorem expresses a general method 
of developing any power of a binomial. 



How may binomials be raised to any power ? What does the Bi- 
nomial Theorem express? 
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190. With a view of elucidating the principles govern- 
ing the development of Newton's theorem, we shall, by 
actual multiplication, find a few of the powers of a bino- 
mial, when both terms are positive ; and also when one 
term is positive and the other negative. 

1 . Let a -|- ^ be raised to the fifth power. 

a -\- b 1st powerc 

a +b 



a' 


+ 


ab 






a' 


' + 2 


ab -\-b^ 


• 


• • 


a 


+ * 








a' 


' + 2 


aH-\- 


ab^ 






+ 


an-\- 2 


ab^ 


+ «' 


a' 


+ 3 


a»S+ 3 


ab^ 


-^v . 


a 


+ b 









a -\- b 



2d power. 



3d power. 



4th power. 



a*4-4a*J4- 6a»62+ ^a^i^-\- a b^ 
+ aH-\- 4a»^-f 6a2^-f4a5* + ^ 

aS 4- 6 a* J 4- 10 a^ 52 _|_ 10 a2 5^ + 5 a ft* 4- *« 5th power. 

Note. In any binomial, as a -f- 6, or a — b, the term at the left is 
called the leading letter or quantity, and the other the following letter 
or quantity. 

2. Let a — b he raised to the fifth power. 



In what manner is a -\- b raised to the fifth power ? How is a — 6 
raised to the same power ? 



160 ELEMENTARY ALGEBRA. 

a — h . Ist power. 

a — h 



a* — ah 

ah + 

a^ — 2ah -\- i 
a h 


'' • • • • • 


• 


an-\- 


a¥ 
2ah^ V 




a h 


^ah^ 1^ . 


ff 


a^ 3 an + 

(j^h-\- 


3 «n2 — ah^ 
3an2 3aiP +5* 




a* 4 an + 
a h 


Ga^i^ 4ai? -j.54 ^ 


• 


a* 4an + 


6 08^2 4«n'+ a6* 
4an2 6a2i3-f4:«** 


• i» 



2d power, 



3d power. 



4th power. 



a6 _ 5 an + 10 a» ^2 _ 10 an^ + 5 a Z>* — ^ 6th power. 

In like manner, the higher powers may be developed. 
It will be seen that the number of multiplications is uni- 
formly less by one than the number of units in the expo- 
nent of the power. It will also be seen on examination, 
that certain invariable laws hold with regard to five 
other things : — 

1. The number of terms. 

2. The signs of the terms. 

3. The letters in the terms. ' 

4. The exponents of the letters. 
6. The coeflScients of the terms. 



What is seen with regard to the number of multiplications ? What 
five other things follow invariable laws 1 



INVOLUTION. 161 

NUMBER OF THE TERMS. 

191* By examining either of the examples, we observe 
that the fir^ power has two terms ; the second power, three 
terms ; the third power, four terms ; the fourth power, five 
terms ; and the fifth power, six terms. Hence, 

193. The number of terms is always one more than the ex- 
ponent of the power. 

SIGNS OF THE TERMS. 

193. By examining the two examples, we observe that 
all the terms of the powers of a + ^ ^^^ positive ; and of 
those of a — h, all the odd terms, reckoning from the left, 
are positive, and all the even terms are negative. Hence, 

194. When both terms of the binomial are positive^ all the 
terms of the power are positive. 

195. When the second term of the binomial is negative, nil the 
odd termsy reckoning from the left, are positive, and all the even 
terms negative, 

LETTERS IN THE TERMS. 

196t From the examination of the several powers, it 
is evident that 

The leading Utter or quantity enters all the terms of the power 
except the last; the following letter or quantity enters all the 
terms except the first ; and the product of some powers of both 
letters compose all the intermediate terms. 

EXPONENTS OF THE LETTERS. 

197. By observing the different powers of a -\- b, and 
of a — h, we shall find that the exponents of the letters 

What 18 the nnmber of terms in any power of a binomial? What 
are the signs of the terms ? In what manner do the letters enter into 
the terms ? What is the law governing the exponents of the letters ? 
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of the several terms follow an iDvariable order. Thus, in 

the fifth power of each of the binomials, the exponents 

are, 

Of a, 5, 4, 3, 2, 1, ; 

Of ft, 0, 1, 2, 3, 4, 5 ; 

whose sum in each term is 5, or the same as the expo- 
nent of the power. Hence, 

198, The exponent of the leading letter in the first term is 
the same as the exponent of the power, and decreases ly one in 
each successive term to the right. 

The exponent of the following letter in the second term is 
one, and increases hy one in each sitccessive term to the rights 
until the last, where the exponent is the same as that of the 
power. 

The sum of the exponents in any term is the same as the 
exponent of the power. 

COEFFICIENTS OF THE TERMS. 

199« It will be observed that the coefficients of any 
power in the examples, as the fifth power, are. 

Of the first term, a^ 1 ; 

Of the second term, 5 a* b, the same as the exponent 
of the power, or 5 ; 

Of the third term, 10 a? l^, the product of the coeffi- 
cient of the preceding term by the exponent of the lead- 
ing letter in that term, divided by 2, the number which 

marks the place of the term, or — — = 10 ; and, in like 

manner, the coefficient of any term. Hence, 

SOU* The coefficient of the first term is one ; that of the second 
term is the same as the exponent of the power ; and^ in gen- 
eraly the coefficient of any term is found hy multiplying the 

What is the law governing tlie coeflScients of the terms ? 
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coefficient of the preceding term hy the eocponent of the leading 
letter of the same term, and dividing the product hy the num^ 
her which marks its place. 

Note 1-. When the number of terms is even, there will be two terms 
in the middle, having the same coefficient; and since the same coefficients 
are repeated in an inverse order after passing the middle term or terms,' 
most of the coefficients may be obtained without actual calculation. 

Note 2. It will be seen that Theorems I. and II., Arts. 76 and 77, 
are only special cases coming under the Binomial Theorem. 

Examples. 

1. Raise x — y to the third power. 

OPERATION. 

CoeflScients and signs, 1 — 3 -[-3 — 1 

X and its exponents, a? oi? x 

y and its exponents, y y* ^ 

Combining, x^ — ^x^y -\-^xy^ — ^ 

Afler a little practice, the learner can write out the final form 
at once. 

2. Raise x-\-y to the second power. 

Ans. x^-\-2xy -^-ff, 

3. Expand {c — dy. 

Ans. c^ — ^<^d+^c'd^ — 4.cd^-^d\ 

4. Required the fourth power of a-\-y, 

5. Expand (a — xy, 

Ans. a^ — 5a*a:+10a3a:2_i0a2ic»4-5aa:* — ar*. 

6. Raise x-\-a to the seventh power. 

Ans. a:^ + 7 a:^ a + 21 ar* rt^ ^ 35 x* a« + 35 a:^ ^4 _|_ 21 ar» a* 
4- T xa^ 4- a^ 

1. Raise a-f-1 to the third power. 

Ans. a8 4-3a2 + 3a+l. 

Note. The powera of 1, being 1, are of course suppressed. 

>—■ ^ ■ ■ • — — ■-- — ^ 

What is Note I ? Explain the operation. 



164 . ELEMENTARY ALGEBRA. 

8. Required the sixth power of 1 — x, 

Ans. 1 — 6a:+16a:2 — 20a:^ + 15a:* — 6a;» + a^. 

9. What is the eighth power of a -|- ar ? 

'Ans. a« + 8a'a:4-28a«a:2 + 56a*ar^+10a*a^ + 66a«ar» 

-[-28a2a:6 + 8aa;'4-^- 

201* When either or both terms of a binomial have 
coeflScients or exponents, the theorem may still be applied. 
For, since such terms, on being raised to any power, 
must have all their factors affected alike, by being en- 
closed in a parenthesis, they may be treated as a single 
literal quantity, care being taken after the theorem has 
been applied to expand the expression obtained. 

1. Raise ^€^-\-cd to the third power. 

OPERATION, 

1 +3 +3 +r (1) 

(2a8/ (2a2)2 (2 a^) (2) 

(cd) {cdf {cdy (3) 

(2 ay + 3 (2 a^f (c </) + 3 (2 a") (c rf )'+ {c df (4) 

8a« 4- 12a*crf + Ga^c^rf^ _|_ c^^s (5) 

In (1) we have arranged the coefficients and signs; in (2), 2a* 
and its exponents; and in (3), cd and its exponents. Combining 
these, we have (4), which, on being developed, gives (5). 

After a little practice, (4) can be written out at once. If any 
difficulty is experienced in using such terms as 2a^ and ccf, the 
formula for the same power may be first written with single letters, 
such as m and n, and then (2a^) and (cd) may be substituted in 
place of those letters. 

2. Expand (3 a + 2 i)<. 

Ans. 81 a* + 216 aH + 216 a^ ^ + 96 a ft' + 16 ft*. 

How may the theorem be applied to binomials, when either or both 
terms have coefficients or exponents ? Explain the operation. What 
other methods may be used ? 
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3. Required the cube of 2 a — 3 a;. 

Ads. 8a« — 36a«a: + 64aic* — 27aj». 

4. Required the fourth power of 1 -f" 3 x. 

Ans. l + 12a: + 64ar^-f 108ar» + 81a:\ 

6. Raise a^ -[" ^ ^^ *^® third power. 

Aus. a« + 3a*fi2 + 3a2&* + AP. 

6 Required the third power of 3 a; — 5. 

*7. Raise 3a:y — a to the second power. 

Ans. 9 a?*y* — 6 a ary -f- a* 

8. Required the square of ^ab -\- c. 

Ans. ia^l^-{-abc-]-c^. 

9. Required the second power of a; — ^' 

Ans. a?^ — J^^ + 7* 

10. Required the square of 3 a; -f- -• 

Ans. 9a:* + 6+ J. 

11. Required the cube of a-^a'^, 

Ans. a«+3a+3(r-i + a-». 

12. Expand (3^-{^3fy. 

Ans. a:'«+15a;V+90a:^y< + 270a:*/ + 405ar*y» 

-f 243 y^ 

13. Find the third power of ^a? — §y. 

Ans. i^i^ — ir^y + ixy^ — j^jf/^. 
14> Required the sixth power of ar- — 2 a;. 

Ans. x^—l2x^^-\- 60 a:^<> — 160 a;* + 240 x« — 
192 x'^ + 64 x\ 

Note. The Binomial Theorem may be applied to the development 
of the powers of any polynomiai whatever. Thas, by changing the 
form of a + ^ + c to (a + b) -{- c, or the form ofa + 6 — c + rfto 
(a ^ b) — (c — d), they may be treated as binomials} and so of any 
other polynomial. 



Repeat the Note. 
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EVOLUTION. 

202* A Root of any quantity is a factor taken a cei> 
tain number of times to form that quantity. Thus, 

a is the second or square root of a* ; 
a is the third or cube root of a*. 

203* Roots are indicated either by the radical sign, or 
by a fractional exponent (Art. 22). Thus, 

\/ a, or or, indicates the second or square root of a ; 
^ a, or a*, indicates the third or cube root of a ; 

^ a, or a*, indicates the fourth root of a ; 

i_ 

^o, or a", indicates the 7»th root of a; 

4^ a^, or a^, indicates the third root of the second 
power of a ; and so on, the index of the radical, or the 
denominator of the fractional exponent, denoting the de- 
gree of the root. 

204. Evolution is the process of extracting any re- 
quired root of a given quantity. It is the reverse of 
involution. 

205* Any quantity whose root can be extracted is called 
a perfect power, and any quantity whose root cannot be 
extracted, an imperfect power. 

A quantity, however, may be a perfect power of one 
degree, and not of another. Thus, 

8 is a perfect cube, but not a perfect square. 

Define a Hoot of any quantity. How are roots indicated ? How is 
the degree of a root denoted ? Define Evolution. What is a perfect 
power ? An imperfect power ^ 
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206* The odd roots of a positive qtutntUy are positive. 

For, a positive quantity raised to any power is positive (Art.* 
18d) ; but a negative quantity raised to any odd power is negative 
(Art. 183). Thus, 

>^^=« -[-a, or \/?=« +«. 

207* The even roots of a positive quantity are eittier positive 
or negative. 

For, either a positive or a negative quantity raised to an even 
power is positive (Arts. 182, 183). Thus, 

\/^= ± a, or ^"o* = ± a, 

208* The odd roots of a negative quantity are negative. 

For, a negative quantity raised to an odd power is negative 
(Art 183} ; but a positive quantity raised to any power is positive 
(Art. 182). Thus, 

^"27 =« _ 3, or ^/^^=^* ^ —a. 

209* ^en roots of a negative quantity are not possible. 

For, no quantity raised to an even power can produce a nega* 
tive result (Arts, 182, 183). Thus, 

V— -4, ^ — 64, and \/ —a*, 
or indicated even roots of negative quantities, are called in^ossiblej 
or imaginary quantities. 

SQUARE ROOT OF NUMBERS. 

210* The Square Root, or second root, of a number 
is a factor which must be taken twice to form that number. 
Thus, 

^9 = 3, because 3X3 = 9. 



Why are the odd roots of a positive quantity positive 1 Why are the 
even roots either positive or negative 1 Why are the odd roots of a neg- 
ative quantity negative 1 Why are the even roots impossible ? What are 
indicated even roots of negative quantities called? Define the Square 
Eoot, or second root, of a number. 
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211* A Perfect Square is any number or quantity that 
Tsan be resolved into two equal factors. (Art. 205.) 

21 2t The square of any integral number consists of twice 
€LS many places of figures as the number itself or of one less 
than tunce as many. 

For, the firat ten numbers are 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 
dnd their squares are 

1, 4, 9, IG, 25, 3G, 49, 64, 81, 100; 

also, the square of 99 is 9801, of 100 is 10000, of 999 is 998001, 
of 1000 is 1000000, and so on. Hence, 

213* If a point be placed over every second figure in any 
integral number, beginning with the units* place, the number of 
points will show the number of figures in the square root. 

214* The square of any number ^ consisting of more than 
one place of figures, is equal to the square of the tens, plus 
twice the product of the tens by the units, plus the square of 
the units. 

For, if the tens of a number be denoted by a, and the units by b, 
the number will be denoted by a -\- h, and its square by 

(a + by^a* + 2ab + ¥. 

rhen, by this formula, if a = 3 tens, or 30, and 5 = 8, we have 

8 tens 4- 6 units =« 30 -|- G = 36 ; 

^d 36» = (30 -[- 6)« = 30^ + 2 (30 ^j! 6) -f 6* = 1296. 

Again, since every- number, consisting of more than one place of 
figures, may be considered as composed of tens and units, the for- 
mula is general, and applies equally whether the root has two places 
of figures or more than two places. 

Define a Perfect Square. Of how many places of figures does the 
square of a number consist ? How may the number of figures in the 
square root of a number be shown ? To what is the square of any 
number consisting of more than one place equal ? 



EVOLUTION. 
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CASE I. 



215* To extract the square root of entire numbers. 
1. Let it be required to find the square root of 4356. 



OPERATION. 



4356 
3600 



60 + 6] 



120 + 6 



756 
756 



or, 



4356 
36 


126 


756 
756 



66 



By pointing the given nuniher according io Article 218, it ap- 
pears that the root consists of two places of figures. 

Let, now, a -}- 6 denote the root, where a is the value of the 
figure in the tens' place, and b of that in the units' place . Then a 
must be the greatest multiple of ten whose square is less than 
4300 ; this we find to be 60. Subtracting o^, that is the square of 
60, from the given number, we have the remainder 756, which 
must contain twice the product of the tens by the units, plus the 
square of the units, or 2 a 6 -|- 6*. Dividing this remainder by 2 a, 
that is by 120, gives 6, which is the value of J. Then (2 a -|- J) b, 
that is, 126 X 6> or 756, is the quantity to be subtracted; and as 
there is now no remainder, we conclude that 60 -|- 6, or 66, is the 
required square root. 

In the work as it stands at the right, the ciphers are omitted. 

Had the root consisted of three places of figures, we could have 
let a represent the hundreds and b the tens ; then, having obtained a 
and b as before, we might let the hundreds and tens together be 
considered as a new value of a, and find a new value of b for the 
units. 

RULE. 

Separate the given number into periods, by pointing every 
second figure^ beginning with the units* place. 

Find the greatest square in the left-hand period, and place 
its root on the right ; subtract the square of this root from the 
first period, and to the remainder bring down the next period 
for a dividend. 



Explain the operation. Repeat the Rule. 
8 
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Divide this qiiantity, omitting the last figure, hy dovUe the 
part of the root already found, and annex the result to the 
root, and also to the divisor. 

Multiply the divisor as it now stands by the part of the root 
last obtained, and subtract the product from the dividend. 

If there are more periods to be brought down, continue tlte 
operation in the same manner as before. 

Note 1 . If a root figure is 0, place at the right of the divisor, and 
bring down the next period to complete the dividend. 

Note 2. If there be a final remainder, the given number has not an 
exact root; but we may continue the operation, by annexing an even 
number of decimal ciphers, and thus obtain a decimal part to be added 
to the integral part already found. 

Note 3. In pointing a number having a decimal part, we begin at the 
units' place, and point both to the right and left of it; and, if the deci- 
mal has no exact root, we may continue to form decimal periods to any 
desirable extent 

Note 4. The root of a decimal without an integral part may be 
found as though the decimal were an entire number, care being taken 
to make the number of decimal places even, by annexing a cipher, if 
necessary. 

Examples. 

2. Required the square root of 365, to four decimal 
places. 

OPERATION. 



29 



38 5.0 0000000 
1 



265 
261 



381 



400 
381 



38204 



190000 
15 2 8 16 



382089 



3718400 
3438801 



279599 



19.10 4 9 + 
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It will be observed that four periods of decimal ciphers were 
mnexed to the given number, to correspond with the number of 
decimal figures required in the root. On obtaining the fourth deci- 
mal figure of the root, there is still a remainder, and to show that 
the root obtained is an approximate one, we annex the sign -)-. 

3. Required the square root of 611524. Aqs. 182. 

4. Required the square root of 56644. Ans. 238. 

5. Required the square root of 6561. 

6. Extract the square root of 2116. Ans. 46. 
1, Extract the square root of 10246401. Ans. 3201. 

8. Extract the square' root of 16.2409. Ans. 4.03. 

9. Extract the square root of .9409. Ans. .97. 

10. What is the square root of .0081? Ans. .09. 

11. What is the square root of .006, to four places of 
decimals? Ans. .0774+. 

12. What is the square root of 12, to six places of 
decimals? Ans. 3.464101+. 

13. What is the square root of .0000012321 ? 

Ans. .00111. 
CASE II. 

216. To extract the square root of fractions. 

1. Required the square root of ^^. 

OPEKATION Since to square a fraction we 

_ square both its numerator and de- 

a/— z= —JLr = - nominator separately (Art. 186), we 

y 1^ y/ 16 4 find the square root of the given 

fraction by taking the square root of 
its terms for the corresponding terms of the root. Hence, 

Wlien both terms of a fraction are perfect squares, its square 
root may he obtained by extracting the square root of both nu- 
merator and denominator. 

Explain the operation. How is the square root of a fraction obtained 
trhea both its terms are perfect squares ? 



Axis 


tV 


Ans. 


s? 


Ans. 


lA 
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Note. If the fraction has not both terms perfect sqaares, and can- 
Dot be reduced to an equivalent fraction having such terms, its root 
cannot be exactly found. It may, however, be reduced to a decimal, and 
the root can then be found as provided in Art. 215, Notes 3 and 4. 

2. What is the square root of ^g^ ? 

3. What is the square root of |J| ? 

4. Extract the square root of 2^^, 

Note. Reduce the mixed number to an equivalent common fraction. 

6. Required the square root of -j^. Ans. §. 

Note. Neither term of the given fraction is a perfect square j but on 
reducing it to its lowest terms, we obtain - . 

6. Required the square root of iVWy- Ans. ^. 

Y. Required the square root of y^j. Ans. .832 -|-. 

8. Required the square root of jiSx- 

Ans. .1246, nearly. 

CUBE ROOT OF NUMBERS. 

217, The Cube Root, or TmRD root, of a number is a 
iactor which must be taken three times to form that 
number. Thus, 

^"27 = 3, because 3 X 3 X 3 = 21. 

218* A Perfect Cube is any number or quantity that 
can be resolved into three equal factors. 

219* The cube of any integral number consists of three 
times as many places of figures as the number itself or of one 
or two less than three times as many. 

How is the square root of a fraction obtained when its terms are not 
perfect squares ? Define Cube Root. A Perfect Cube. Of how many 
places of figures does the cube of a number consist ? 
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For, the first ten numbers are 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 
and their cubes are 

1, 8, 27, 64, 125, 216, 343, 512, 729, 1000; 

also, the cube of 99 is 970299, of 100 is 1000000, of 999 is 997002999, 
of 1000 is 1000000000, and so on. Hence, 

220t If o point be placed aver evert/ third figure in any 
integral number, beginning with the unit^ place, the number 
of points toill show the number of figures in the cube root. 

221, The cube of any number, consisting of more than one 
place of figures, is equal to the cube of the tens, plus three 
times the product of the square of the tens by the units, plus 
three times the product of the tetis by the sqiuzre of the units, 
plus the cube of the units. 

For, if the tens of a number be denoted by a, and the units 
by 6, the number will be denoted by a -\- b, and its cube by 

(a-|-&y=a»-|-3o*6 4- 3a&»-|-6». 

Then, by this formula, if a *= 3 tens, or 30, and ft = 6, we have 

3 tens -|- 6 units = 30 -|- 6 =« 3G, 
and 36» = (30 + 6)» 

=. 30* -j- 3 (30« X 6) -f- 3 (30 X 6^) + 6» = 46656. 

Again, since every number, consisting of more than one place of 
figures, may be considered as composed of tens and units, the for- 
mula is general. 

CASE I. 

222. To extract the cube root of entire numbers. 
1. Let it be required to find the cube root of 405224. 

How may the number of figures in the cube root of a number be 
shown ? To what is the cube of any number consisting of more than 
one figure equal ? 



174 



£LEM£NTASY ALGEBRA. 



OPERATION. 



405224 
343000 



14T00, 
840 
16 

16566X4 = 



62224 



62224 



TO + 4 



By pointing the given number according to Article 220, it ap- 
pears that the root consists of two places of figures. 

Let, now, a-\'h denote the root, where a is the value of the figure 
in the tens' place, and b of that in the units' place. Then a n^ust be 
the greatest multiple of ten whose cube is less than 405000 ; this we 
find to be 70. Subtracting a*, that is the cube of 70, or 343000, 
from the given number, we have the remainder 62224, which must 
contain three times the product of the square of the tens by the 
units, plus three times the product of the tens by the square of 
the units, plus the cube of the units, or 3 a* 6 -|" ^ ^ ^ "l~ ^* Divid- 
ing this remainder by 3 a*, that is by three times the square of 70, 
or 14700, we obtain the value of 6, or 4. Then (3 a* -|- 3 a 6 -|- 6*) 6, 
that is, (14700 -|- 840 -f 16) 4, or 15556 X 4 = 62224, is the quan- 
tity to be subtracted; and as there is now no remainder, we con- 
clude that 70 + 4, or 74, is the required root. 

For brevity in the operation, instead of writing 70 in the root, 
we may simply write 7 in the tens* place, and for the cube of 70 
write the cube of 7, or 343, without the ciphers, observing to place 
the figures under the proper period. 

Had the root consisted of three figures, we could have let a rep- 
resent the hundreds, and b the tens ; then, having obtained a and b 
as before, we might let the hundreds and tens together be consid- 
ered as a new value of a, and find a new value of b for the units. 



Explain the operation. 
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From the preceding example we deduce the following 

BULE. 

Separate the given number into periods , hy pointing every third 
figure, beginning with the units* place. 

Find the greatest cube in the left-hand period, and place its 
root on the right ; subtract the cube of this root from the first 
period, and to the remainder bring down the next period for 
a dividend. 

Take three times the square of the root already founds for a 
trial divisor ; divide the dividend omitting the last two figures, 
by it, and write the quotient as the next figure of the root. 

Add together the trial divisor, with two ciphers annexed ; three 
times the product of the last root figure by the rest of the root, 
with one cipher annexed; and the square of the last root figure ; 
and the sum will be the complete divisor. 

Multiply the divisor as it now stands by the root figure last 
obtained, and subtract the product from the dividend. 

Jf there are more peinods to bring down, continue the operation 
in tlte same manner as before. 

Note 1. The observatioDS made in Notes 1, 2, 3, and 4, nnder the 
rale for the extraction of the square root (Art. 215), are equally ap- 
plicable to the extraction of the cube root, except that two ciphers 
most be placed at the right of the trial divisor when it is not contained 
in its corresponding dividend, and in pointing off decimals each period 
most contain three places of figures. 

Note 2. As the trial divisor is necessarily an incomplete divisor, it is 
sometimes found, both in cube and in square root, that after completion 
it gives a product larger than the dividend. In such a case, the root figure 
last found is too large, and the one next less must be substituted for it 

Examples. 

2. What is the cube root of 8.144865Y28 ? 

Repeat the Rule. Repeat Note 1. Repeat Note 2. 
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OPERATION. 

8.1448 6 5 T28 2.012 
8 



120000 

600 

1 



144865 



120601 X 1 = 

12120300 

12060 

4 

12132364 X 2 = 



120601 



24264728 



24264128 



It will be observed that, in consequence of the in the root, we 
annex two additional ciphers to the trial divisor, 1200, and bring 
down to the corresponding dividend another period. 



3. What is the cube root of 941192 ? 

4. What is the cube root of 38901T ? 

5. What is the cube root of 37259704 ? 

6. What is the cube root of 251239591 ? 

7. What is the cube root of 46268279 ? 

8. Required the cube root of 1481.544. 

9. Required the cube root of .008649. 



Ans. 98. 

Ans. 73. 

Ans. 334. 

Ans. 631. 

Ans. 359. 

Ans. 11.4. 



Ans. .2052+. 



CASE IL 



223* To extract the cube root of fractions. 
1. What is the cube root of ^|f ? 

/M>T;.t> « mT/^xT Since to cube a fraction we cube 

OPERATION. 

both of its tenns separately (Art. 184), 

8/343 ___ v_343 __^ 7 ^^ f^^^^ ^^^ ^^y^q root of the given 

V 729 ^729 9 fraction by taking the cube root of 

its terras for corresponding terms of 

the root. Hence, 



Explain the operation of Example 2. Of Example 1, Case II. 
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iVhen both terms of a fraction are perfect cubes, its cube 
root may be obtained by extracting the cube root of both numer' 
ator and denominator. 

Note. If the fraction has not both terms perfect cubes, and cannot 
he redaced to an equivalent fraction having such terms, it may be re- 
duced to a decimal, and the root found as provided in Art. 222. 

2. Find the cube root of ^|^. Ans. ^. 

3. Extract the cube root of ffff^^. Ans. It^. 

4. Required the cube root of ^y. Ans. .4'I2-|-. 

ROOTS OF MONOMIALS. 

224* The . rules for evolution must be deduced from 
those for involution, for the one is the reverse of the 
other. (Art. 204.) 

1. Let it be required to extract the cube root of 
2T a« ^. 

OPERATION. 

AyW^~^ = 27^ X «^ X ^* = 3 a^ b. 

Since to cube a monomial we cube the coefficient and multiply 
the exponent of each of its letters by 3, the exponent of the re- 
quired power (Art 185), to find the cube root of the given mono- 
mial, we reverse the process, and extract the cube root oi its coef- 
ficient, 27, and divide the exponents of each of its letters, a and 5, 
by 3. The result, 3 a* b, being an odd root, is positive (Art. 206). 

2. Let it be required to extract the square root of 
9 a* ^. 

OPERATION. 

Since extracting the square root is the reverse of the formation 

When both terms of a fraction are perfect cubes, how is the cube root 
obtained? How, when its terras are not perfect cubes? Explain the op- 
eration of Example 1. Of Example 2. 

8* 
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of the square, we extract the square root of the coefficient 9, and 
then divide the exponents of the letters a and b by 2. The re» 
suit, being an even root of a positive quantity, may be either pod* 
tive or negative (Art. 207), and therefore is written with the double 
sign ±. 

From these examples is deduced the following 



RULE. 

Extract the required root of the numerical coefficient, and 
divide the exponent of each letter hy the index of the root. 

Note 1. Prefix to odd roots of positive quantities +> to odd roots 
of negative quantities — , and to even roots of positive quantities ±. 

Note 2. The root of a monomial fraction may be foni)d by extracting 
ihe required root of each of its terms separately. Thus, 

\/J = ^ = =*= F ' ^•'^ (± 0' = i- 



Examples. 

3. Find the square root of 16 a:^. Ana. ± 4 a?. 

.4. Find the cube root of 27 a*. Ans. 3 a. 

6. Find the fourth root of 16 a* a:*. Ans. ±2aa:*. 

Note.* The fourth root of a quantity is one of its four equal factors, 
or it is the square root of its square root, since the fourth power of a 
/quantity may be found by squaring its second power. 

6. What is the square root of 144 a^P c^? 

T. What is the cube root of 125 a^a:^? Ans. bc^x, 

8 What is the fifth root of — 32 a^^ a:^ ? 

Ans. — 2 a^ a:. 

9. What is the square root of t^-x-o? Ans. ± t— s— . 

^ d a* 1^ ^a y 

Repeat the Kulc. Note 1. How may the root of a monomial frac- 
tion be found 1 What is the fourih root of a quantity ? 
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27 2* X 

10. Required the cube root of yn^— i- Ans. ^. 

11. Required the square root of 25 a ^c*. 

Ans. ± 5 a^ b^ c. 

Note. As we cannot extract the square root of either a or 6*, we in- 
dicate the division of the exponents by 2. Hence the propriety of indicat* 
ing roots by fractional exponents (Art. 203). 

12. Required the cube root of — 729 ar^ Ir^. 

Ans. — 9a-i&-«. 



13. Required the value of ^243 a:'' y. Ans. 3a?y^. 

14. Required the value of (169 a» h-^ c~2)i. 



n _1 

Ans. ± 13 a^ 5 ^ ^-i^ 



15. Required the seventh root of 7^0 ..4^. 






. ah 

Ans. 



4 • 

16. Required the value of (a^^c^" rf-^")". 

Ans. aV <? d"*, 

SQUARE ROOT OF POLYNOMIALS. 

225* The manner of forming the square of a polyno- 
mial must; by reversing the process, lead to the discov- • 
ery of its root. If we take any binomial, as a-\-bf we 

have 

{a-{-bf = a^ + 2ab-^P; 

and the last two terms of this expression factored give 

{2a-^b)b, 

1. Let us now reverse the involution, and discover 

■ « —— 

How may we discover the process of finding the square root of a 
polynomial ? 
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a 



OPERATION. 



a' 



a 



+ h 



2a + 6 



2ab-^b' 



how the root a-\-h may be derived from the square 
o* + 2 a 5 + &2. 

The square root of the 
first term, a*, is a, which is 
the first term of the required 
root. Subtracting the square 
of a from the given polyno- 
mial, we have 2 a 5 -[- ^» or 
(2 a -|- 6) 5, for a remainder 
or dividend. Dividing the first term of the dividend, 2 a 6, by 2 a, 
which is double the first term of the root, we obtain 5, the other 
term of the root, which, connected to 2 a, completes the divisor, 
2 a -|- 6. Multiplying this divisor by the last term of the root,, ft, 
and subtracting the product, 2 ah -f- ¥, from the remainder, we 
have nothing left. 

By a like process, a root consisting of more than two terms may 
be found from its square, since all such roots can be expressed in 
a binomial form. Thus, 

a -^ h -\- c = {a -^h) -^ c, 
and its square, 

a« -f 2a5 + &» + 2ac + 2ftc + f« = (a + *)» -|- 2 (a + 6) c-f c», 

whiqh, factored, gives 

flS _|_ (2a + 6) 6 + (2a + 2& + r) c. 

2. Let it next be required to find the square root of 
fl2 + 2a5 + ft2 + 2ac + 2ftc + c2. 



a2 


2ai + 52 + 


OPERATION. 


2a + h 


2 a ft + 52 
2aft + ft2 


2 


a + 2ft4-c 


2ac + 2ftc'-fc2 
2ac4-2ftc-f^^ 



a + ft -f- <? 



Explain the operation of Example I. How may the process be ex* 
tended to square roots consisting of more than two terms ? Explain the 
ftperation of Example 2. 
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We find a -|- 6 of the root as in the preceding example, and 
have, on subtracting and bringing down the remaining terms, 
2ac -\- 2hc -\- 6*', for a remainder or dividend . Dividing the first 
term of this quantity, 2 a c, by 2 a, which is double the first term of 
the root, we obtain c, the third term of the root, which, con- 
nected to 2 a -|- 2 6, or double the part of the root already- 
found, completes the divisor, 2 a -\- 2 6 -|- c. Multiplying this di- 
visor by the last term of the root, c, and subtracting the product, 
2ac-|- 2hc -\- c^, from the .dividend, there is nothing left. 

From these examples and illustrations we derive the 



RULE. 

Arrange the terms according to the powers of some letter. 

Find the square root of the first term^ write it as the first 
term of the root, and subtract its square from the given poly- 
nomial. 

Divide the first term of the remainder hg double the part of 
the root already found, and annex the result to the root, and 
also to the divisor. 

Multiply the divisor as it now stands by the term of the root 
last obtained, and subtract the product from the remainder. 

If there are other terms remaining, continue the operation in 
the same manner as before. 

Note 1. Since all possible even roots may be either positive or neg 
ative (Art. 207), the square root obtained by the rule will remain a root, 
when all its signs are changed. 

Note 2. The fourth root may be obtained by taking the square root 
Dt the square root 

Examples. 
3. Find the square root of 4 a;* — 12 j^ -^ 5 x^ -\- 6 x -\- I. 

9 I ■ ■ ■■^-■^■ — ■-■■ ■ ■■ ^^ —■■■■■—■- — ■^-■■. ■ ■^■— -■■■ —„,,■■■ ■ 

Repeat the Rule. What is Note 1 ? Note 2 1 
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OPERATION. 

2ar»— Sa — 1 






la^ — S 



— 12ar^ + 5a:? 

— 12 a:» -f- 9 a:^ 



4a:^ — Q X 



— 4a:2-f6a:+l 

— 4 a;2 4-6x4-1 



4. Find the square root of a* -|- 4 a^ 6 -)- 4 ft*. 

Ans. a* -|- 2 ft. 

6. What is the square root of 9 a:* — 12 a:* + 16 x* — ■ 
8a: + 4? Ans. Sa:* — 2a: + 2. 

6. What is the square root ofar*-|-4fta:-f-4ft*? 

7. What is the square root of a* -|- 4 of* ft -{- 10 a* ft^ -[" 
12 a ft3 + 9 ft* ? Ans. a* + 2 a ft + 3 ft*. 

8. Eequired the square root of a* — 2c^ -\-2a^ — ^ 4" i- 

Ans. a* — ^ -j- i« 

9. What is the square root of a:* — 2 a:* -f- 1 ? 

Ans. a^ — 1. 

10 What is. the square root of a* — 2 -\- ar^? 

Ans. a — ®""^^ 

11. What is the square root of 4 a* — 12 a ft -|- 4 ax 
^95a_6^,^_j_a^? Ans. 2 a — 3 ft + x. 

12. Eequired the fourth root of a* + 8 o^ ft + 24 a* ft* + 
32aP-\- 16ft*. Ans. a + 2ft. 

CUBE ROOT OF POLYNOMIALS. 

226** An investigation of the formation of a polynomial 
cube, by reversing the process, must lead to the discovery 
of its root. If we take any binomial, as a -|- ^> "^c have 

Explain the operation. In what way may we discover the process of 
finding the cube root of a polynomial 1 
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(a + i)« = a« + 3 a^ 5 + 3 a ^ + i?, 
and the last three terms of this expression factored give 

(3 a^ -f 3 a * + 52) h, 

1. Let us now, by reversing the involution, discover 
how the root a -\-h may be derived from the cube c^ 4- 
3a25 + 3a^ + ^, 



OPERATION. 






a-\-h 



3 a^ + 3 a 5 4- 5=^ 






The cube root of the first term, a', is a, which is the first term 
of the required root. Subtracting the cube of a from the given 
polynomial, we have Za^h -\- 3 a 6* -|- 6^, or (3 a" -|- 3 a 6 -|- 6*) 6, for 
a remainder or dividend. Dividing the first term of the dividend 
by the trial divisor, 3 a', which is three times the square of the first 
term of the root, we obtain fe, the other term of tbe root. Adding, 
now, to the trial divisor, 3 a", three times the product of the first 
term of the root by the last, and the square of the last term of 
the root, we have for the complete divisor, 3 a* -f- 3 a fe -f" ^' Mul- 
tiplying this by 6, the last term of the root, and subtracting the 
product from the dividend, there is no remainder, and the root is 
obtained. 

By a like process, a root of more than two terms may be found 

from its cube, since all such roots can be expressed in a binomial 

form. Thus, 

a -\- h -\- c ^= (a -\- h) -\- c^ 
and its cube, 

^ (rf_|- ly _|_ 3 (a 4- &)5 c + 3 (a + ft) c* + c« 

which, factored, gives 
o3_|_(3aS_j.3a&-f-J2)5_^(3a3_|_6a&4-362_^3ac + 3&c + 6'-)c. 

Explain the operation. How may a cube root consisting of more tha& 
^o terms be obtained from its power? 
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2. Let it now be required to derive the cube root 
a -^ h -j- c from its power. 

OPERATION. 

a-{-h -\^c, root.* 






3a» + 



3d^b + 3ab^-\-¥ 
3a«6-|-3a6»-|-6» 



3a*+6ab-{- 3b- + 

3ac-\-Sbc-\-(^ 



3a«c+6a6c-f-36*c+3ac'+36c*+c» 
3a«c-|-Ca6c-|-3i*c-[-3ac«-|-35c5-j-<^ 



We find a -\-b o€ the root as in the preceding example, and have, 
on subtracting and bringing down the remaining terms, Sa^c-\-Babe 
'■\-Sl^C'^3ac^-{-3bc^-\-c^f for a remainder or dividend. Di- 
viding the first term of the dividend by the first term of the trial 
divisor, 3 a', we obtain c, the third term of the root. Adding to- 
gether three times the square of the first two terms of the root, 
which is the trial divisor, three times the product of the first two 
terms by the third, and the square cf the third, we have for the 
complete divisor, 3a^-\-(>ab-\-3l/-{-3ac-\-3bC'\-C!^. Multiply- 
ing this by c, the last term of the root, and subtracting the pro- 
duct from the dividend, there is no remainder, and the root is ob- 
tained. 

Hence, we deduce the following 

RULE. 

Arrange the terms according to the powers of some letter. 
Find the cube root of the first term, write it as ike first 

term of the root, and subtract its cube from the given polyno^ 

mial. 

Take three times the square of the part of the root already 

Explain the operation. Repeat the Rule. 

* The root is written, in this case, above the power, and the divisors each 
Dn two lines, to economize space. 
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found for the trial divisor, divide the first term of the remainder 
by it, and vrrite the quotient for the next term of the root. 

Add to the trial divisor, three limes the product of the first 
term by the second, and the square of the second, for a complete 
divisor. 

Multiply the complete divisor by the last term of the root, and 
subtract the product from the remainder. 

Jf there are other terms remaining, continue the operation in 
the same manner as before. 

NoTK 1. The terms of each new dividend must be arranged, if neces- 
sary, according to the powers of the leading letter of the root. 

KoTB 2. If there are three terms in the root, the first two terms ransc 
take the place of the first term in obtaining the third. The trial divisor 
will strictly contain three terms, bat only the first need be used, till the 
divisor is completed. 

Examples. 
3. What is the cube root of x^+ 6 ar« — 40 ar' -f 96 or — 64 ? 

OPERATION. 

ar«4.6x*^ — 40ar3 + 96a: — 64 x^-\-2x — 4. 

0-6 



3ar* + 6 2:^ + 4x2 6 a:* — 40 a:^ 

6 x*^ + 12 a:* + 8 x-' 



3x*+12ar^ — 24a:+ 16 



— 12 X* — 48 ic^ 4- 96 a: — 64 

— 12 X* — 48 a^ 4- 96 a; — 64 



We here bring down only two terms at each time, instead of 
three, since in the given expression two terms, those containing a:* 
and a:®, are wanting. In the last complete divisor, 12a;^ and — 12 a:" 
cancel each other. 

4. What is the cube root of a:^ + 3 ar^y 4. 3 a:^^ _j- yS y 

Ans. X -\- y. 

- ■ ■ »* ' I . ■ m 

Repeat Note 1. Note 2. 
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6. Find the cube root of / — 3y* -|- 5/ — 3y — 1. 

Ans. y^ — y — 1. 

6. Find the cube root oV 2Ta:» + 54a?2y+ ^Qxy^-^^f. 

7 . Find the cube root of m^* + 6 m*^ — 40 »i* + 96 w — 64, 

Ans. w*^ -f- 2 OT — 4. 

8. Required the cube root of a' -|- 3 a -j- 3 ar^ -|- ar^. 

Ans, a -\- €r\ 

RADICALS. 

227f A Radical is a root of a quantity indicated ei- 
ther by a radical sign or by a fractional exponent ; as, 

\/ a, a* , and 2 4^ i -\-a. 

When the root indicated can be exactly obtained, it is 
called a rational quantity^ and when it cannot be exactly 
obtained, it is called an irrational or surd quantity. Thus, 
/ij/ 27 a^, which can be expressed by 3 a, is called a ra- 

2 

tional quantity ; and 4/ <^i or or ^ is called an irrational 
or surd quantity. 

An even root of a negative quantity cannot be obtained, eVen 
approximately, and is therefore called an imaginary quantity (Art. 
209). 

228i The Coefficient of a radical is the quantity or 

factor prefixed to it. Thus, in 2\/2&c^, and a(c + <^) » 
2 and a are the coefficients. 

229i The Degree of a radical is denoted by the index 
of the radical sign, or by the denominator of the frac- 
tional exponent. Thus, 
_ — 1. 

\/ a, \/ y^ (« ^ <^) f are radicals of the second degree ; 

^ III — .—^..i- ■ ■ ^ ■ -■■- ■ . , , ,_ — 

Define a Kadical. When is a quantity called rational ? When irra- 
tional or surd ? When imaginary ? Define the Coefficient of a radical 
The Degree of a radical. 
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i^ Q^y 5 , {^c^T^yy, are radicals of the third degree; 

s/ ac, *6 t^y nij (a -|- 5)» are radicals of the nth degree. 

230i Similar Eadicals are those of the same degree, 
with the same quantity under the radical sign. Thus. 



b\^ axy and ^ ^ ax are similar radicals ; and also a y^ 
and c yn, 

REDUCTION OF RADICALS. 

231 • Reduction of Radicals is the process of changing 
their forms without altering their values. 

232* The reduction of radicals depends upon the gen- 
eral principle, that 

The root of any quantity is equal to the product of the like 
roots of its several factors. 

For, in obtaining the root of a monomial, we obtain the root of 
each of its factors, whether numerical or literal (Art. 224). 

CASE I. 

233* To reduce radicals to their simplest form. 

A radical is in its simplest form, when it has under the 
sign no factor which is a perfect power. 

1. Reduce ^136a^^* to its simplest form. 



OPERATION. 



We first resolve the quan' 

tity under the radical sign 

4/lS6(^b^ = 4 /21a'b' X 5& into two factors, one of 

= s/WcFS' X s/^h which, 27a•6^ is a perfect 

q 2^ V^Ta cube. Then, since the root 

of a quantity is equal to the 

product of the roots of its 

■ 

Define Similar Radicals. Redaction of Radicals. Upon what principle 
does the redaction of radicals depend ? Explain the operation. 
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several factors (Art. 232), we find the root, Sa^bj of the rational part, 
and multiply it by the indicated root of the surd factor, or, which 
is the same thing, write it as the coefficient of the surd factor placed 
under the sign ; and thus we obtain 3a*b 4^5 6, the simplest form of 
the radical. Hence the 

RULE. 

Resolve the qtumtity under the radical sign into two factors^ 
one of which shall contain all the perfect powers of the same 
degree a>s the radical. Extract the required root of this factor, 
and write it as a coefficient of the other factor, placed under 
the sign. 

Examples. 

Eeduce the following radicals to their simplest forms. 



2. \/ 9 a* X. Ans. 3 a^ \/ x. 



3. ii/32a^x, Ans. 4a\/2a:. 



4. 7\/80a:. Ans. 28\/6 3:. 



6. a\/i2bt^. Ans. 5a5\/6 6. 

6. A^U^b^. Ans. 4a^^"^. 



1, A^bOal^c". 

8. (aa^-^-bx*)^. Ans. x{a + bx)^. 

9. 2{a^ — a^x')^. Ans. 2x(x — <f)^. 

10. A^~5ja^'+^H). Ans. a^5~{r^:^b). 

11. 6 V 54 a^ b^ c. Ans. IS abA^~6VFc. 

12. 3^32a«P^. Ans. Cac^/^. 

13. (72 a: + 108 y)* Ans. 6(2a: + 3y)*. 

14. 5(a — b)\/a^c-{-2abc-^b^, 

^ns. 6 (a^ — l^) \^c. 

— — — . ■ — - ■ — . _ — _ - _ ^ — J 

Repeat the Rale. 
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234t When the given radieal is in a fractional form, 
it will often be convenient, before applying the rule, to 
muliiplt/ both terms of the fraction hy such a quantity as will 
make the denominator a perfect power of the degree indicated. 
Then the factor under the sign in the simplest form of 
the radical will be an entire quantity. 

1. Reduce \/^ to its simplest form. 

OPERATION. 



*J/f = ^if = 4/^ X 18 = iVl» 



2. Reduce 3 1/-^- to its simplest form. 



OPERATION. 



Reduce the following radicals to their simplest forms. 
3. 2\/|". Ans. i\/6. 



4. Ti/-^ — Ans. -\/Qax. 
4 y o 4 

5. ("-^)*- Ans.-^(2«)* 

7. 2(5^)i An8.^-(10«ic)i 

CASE II. 

335* To reduce a rational quantity to the form of 
a radical. 

1. Reduce 2 a* to the form of the cube* root. 



When the radical is in a fractional form, how may we proceed? Ex- 
plain the first operation. The second operation. 
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OPERATION Since the radical requirtxl 

^ ' ^ ^ cube each of the factors of 

2 a', and obtain 8 a", 'which, 
written under the sign of the root indicated, gives the required 
form, or 4^8 a*. The value of this expression is evidently 2 a* ; and 
in general, since evolution is the reverse of involution, powers and 
roots of the ' same degree cancel each other like the terms of 
fractions. Hence the 

RULE. 

liaise ike quantity to the power indicated hy the given root 
and write it under the corresponding radical sign. 

Examples. 
2. Reduce 3 a a: to the form of the square root. 



Ans. \/9a'a:*. 

3. Reduce — 5 a^b to the form of the cube root, 

Ans. v^^^=ri25 o^. 

4. Reduce 2x — 3 to a radical of the second degree. 

Ans. (4^2— 12a: + 9)i. 

5. Reduce 2a^a^y to a radical of the fourth degree. 

Sax' 

6. Reduce -v— ^ to a radical of the fifth degree. 



.5 ^10 

Ans 



g 7 243 a^ x" 

236t A coefficient, or a factor of a coefficient, of a radi- 
cal may be placed under the radical sign, by raising it to 
the power indicated hy the radical, and multiplying the quan^ 
tity already under the sign hy the result, 

1. Reduce 3 a \/T to a radical without a coeflScient. 

r" ■■■-■I — ■■■ ■■■--— ,*,.^ ■— ^- — ■- ■ — - ■ , ■ — ■ ..— . ^ ; , — ^ 

Explain the first operation under Case II. Hcpeat the Bule. How 
may a coefficient, or a factor of a coefficient, be placed under the radical 
sign? 
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OPERATION. 



2. Reduce f>s/xy — 1 to a radical without a coefficient. 

Ans. ^125 xy — 125". 

3. In the expression 2 a* ^3 a b, place the factor 2 
under the sign. Ans. a^ ^^48 a h. 

4. Reduce (a -|- 5) \/c to a radical without a coefficient, 

Ans. (a2c + 2a5c + 62c)i 

5. Reduce t- 4 / -= — ^ to a radical without a coefficient. 









CASE III. 



237. To reduce radicals of different degrees to 
equivalent ones having a common index. 

1. Reduce a* and P to a common index. 

OPERATION. ^^"^® ^^y q"a°<^i*^y ^^y ^^ 

J = J= (a^)i or ^^ ""^''^"^ ^ .^"^ P^"^^"" '"'^''''!^^ 

j^ ^ 1 ' ed by a given root, and writ- 

h^ = 6« = {IPy, or /^i-* ten under a corresponding 

radical sign, without chang- 
ing the value of the expression (Art. 235), it is evident that a^ 

and ifi are equal to a* and ft®, respectively. That is, we may re- 
duce the given exponents to equivalent ones having a common de- 
nominator. Now, a* is equal to (a*)*, or v^, and &* is equal to 
(&»)*, or ^b". Hence the 

RULE. 

• 

Reduce the given exponents to a common denominator ; raise 
each quantity to the power denoted by the numerator of the re- 
duced exponent^ and indicate the root denoted by the denomi* 
fiator. 

Explain the second operation under Case II. Explain the first opera- 
tion under Case III. Repeat the Rule. 
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Note. Radicals may be re4uced to a common index, without the use 
of fractioHal exponents, by multiplying the index and the exponents of 
each by such a quantity as will make its index the least common mul- 
tiple of the given indices. 

9 

Examples. 

2. Keduce as/ x and hX^y to a common index* 

OPERATION. 
1 _m_ j_ 

as/ x=z aa;" = aa?™'» = a (ar"*)"*" = a^sf^- 
I JL _i_ 

3. Reduce v 2 and 3\/3 to a common index. 



12/77 1 r» Ui 



Ans. s/2 and 3^27. 

4. Keduce ff^a, (5 5)^, and (a^-{"^) ^^ 3, common in- 
dex. Ans. (a^)^, (25 ^)^^, and [(a2^J2)4jTV 

5. Keduce ^/a, \/^ — ^t and >^a-|-^ to a common 
index. Ans. v^^, y^~(a^by\ and 4?^ (^T+T^/. 

ADDITION OF RADICALS. 

2S8t When radicals to be added are similar, the com- 
mon radical part, with the sum of their coefficients, will 
constitute the sum of the radicals. 

1. Find the sum of \/18 and \/8. 

OPERATION. W® ^®^"^® ^}^ g^v®^ ^^' 

icals to their simplest forms, 



' _____ _ aiid have those which are 

V 8 = v^4 X 2 = 2^2 similar. Finding, then, y'Y to 

g 5/2 ^ ^^® common radical part, 

we have 3 times and 2 times 
V/2, equal to 5 times y^2, or 

Explain the operation of Example 2. What may. constitute the unit 
of addition when radicals are added? Explain the operation of Ex- 
ample 1. 
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OPERATION. 



2. Find the sum of v^ ar*, -%/ 4 a:^, and s/ o* x. 

Reducing the given rad- 

icals to those which are sim- 

^ ar* = ^ ar2Xa?= x^ iiar, of which y/z is the com- 
^Jx' = y^4a:* X a: z=z2x^ mon radical part, we have x 



Sum = (3 a: -|- a) y^ 

Hence the following 

RULE. 



times, 2x times, and a times 
^x, or 3 a; + a times y'x, or 

(3 a; + a) v^ 



deduce each radical^ if necessary^ to its simplest form. Ify 
then, the radicals are similar, add their coefficients, and to the 
sum annex the common radical; btU if they are dissimilar, 
indicate the addition by the proper sign, 

l^TB. Since dissimilar radicals have no common radical part, it 
is evident that their addition can only be indicated. 

Examples. 



3. Find the sum of 5 \/98 a: and 10 V2 x. 

Ans. U\/2x. 

4. Find the sum of \/ISa and ^/162 a, 

Ans. 6 <v^6 a. 

5. Find the sum of 4^32 and 5 \/2. Ans. T 4^2. 

6. Find the sum of \^S~aH and \/3 x^ h. 

Ans. (a -f- x) ^3 b. 



*l. Find the sum of SV^Oa^a: and S\^4:5a^x, 

Ans. 19a\/5a:. 

8. What is the sum of (3 a^ b)^ and (21 a^ b)^ ? 

Ans. 4 a (3 b)^. 

9. What is the sum of (45 c")^, (80 c^)*, and (5 a^ c)^ ? 

Explain the operation. Repeat tho Rule. Why can the addition of 
dissimilar radicals be only indicated ? 

9 
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10, What is the &am of ^b'y and v^6y^? 

^ Ans. (J + y)\^^ 

11. Find the sum of V3 and \/^. Ans. J V3c 



Note, yj = y^ x 3 == J -^3 ; ^3 + ^^3 = 1^3. 

12. Find the sum of 12 v^J and ^4Q^. Ans. ^£-\f2, 

13. Find the sum of 2 v^6, 5 \/6 a, and \/4 x. 

Ans. 2/C^5 + 6V6^+2V^ 

14. Find the sum of /^x -f- 1 and \/4 x -f- 4. 



Ans. 3 /^x -f- 1. 

15. Find the sum of {^y)^, {^f)^y and (8a*y)*. 

Ans. a: y" -f- ^ ^ + 2 a (a y) . 

16. Find the sum of ^ \/a* & c and ^ i\/4 5 c x*. 

Ans. (| + — j ^hJ:. 

IT. Find the value of s/l^H + V^"^ + v^54^i + 
\/a^. Ans. 5a^2l + 3aV^. 

SUBTRACTION OF EADICALS. . 

239* When the radicals are similar, the common radi- 
cal part, with the difference of their coefficients, will 
constitute the difference of the radicals. 



1. Find the difference between \/126a and \/20 a. 

OPERATION. Reducing the given radi. 

cals to their simplest forms, 



V126^= s llbXba = 5 yjba_ ^^ ^^^^ ^^^ ^^;^^ ^ 
y/20o = v'4X5a = 2 sj'b a similar. Finding, then, y'S a 

DifiFerence = 3 i/rS *" ^ *••* *=°'°'"? ""'^i^ 

part, we take 2 times y/5 a 

from 5 times y^5 a, and have as their difference 3 times ^ba<, or 

3 y/5 a. Hence the 

When the radicals are similar, what constitutes the unit of subtraction ? 
Explain the operation. 
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RULE. 



Redjice each radicalj if necessary, to its simplest form. If 
then the radicals are similar, subtract the coefficient of the suty- 
trahend from that of the minuend, and to the difference annex 
the common radical; but if they are dissimilar, indicate the 
subtraction by the proper sign. 

Examples. 



2. Froin^v/45a take v^6a. Ans. 2\/5a. 

3. From /^l92 take >v^2l. Ans. 2 ^S. 

4. From (9a*a:)i take (4a*a:)^. Ans. a^\/x. 

5. From b4^S~aH take a 4^c^ b\ Ans. a^bi^b, 

6. From 4 (2 + y)* take 3 (y + 2)^. Ans. (2 + y)*. 



T. Find the difference between ^/lOSaar* and \/48aa:^ 
8. From /v/f take s/ \. Ans. ^v^3. . 



9. From 2V3a2^c take ^baW, 



Ans. 2a5^3c — bh/bab. 



10. From v^ 32 a take 2 ^ 40 a. 



Ans. 2{4/2a — 2^/ba), 



11. Find the value of /^ 8 aH + 16 a* — >ij^"6* + 2 a ^. 

Ans. {2a — b)s/~2a^b. 

MULTIPLICATION OF RADICALS. 

240* The multiplication of radicals depends upon the 
principle, that 

The product of like roots of two quantities is equal to the 
same root of their product. 

Repeat the Bale. Upon what principle does the multiplication of rad- 
icals depend? 
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To prove the principle, let a and h be any two quantities. 
Then, by Art. 232, v^oT = \faX ^^ 

Whence, y/a X V^^ =* V^« ^« 



1. Multiply 4a\/2^y by ShA/2bx. 

OPERATION. 



4aV2*yX35\/2^x = 4aX3iV2AyX2ftar 

= 12ab\^T¥x^ 



= l2abX^h\/xy 

Since it is immaterial in what order the factors are taken (Art 
58), we multiply together the coefficients 4 a and 3 6, and obtain 
12 ah 'y and then the radical parts ^2 by and ^2bxy and, in accord- 
ance with the above principle, obtain ^Al^xy\ or, for the whole 
product, \2ah ^4l/^xy, which, reduced to its simplest form (Art 
233), is 24: a h^ \^~xy7 



2. Multiply S\/2a by 2^Sa 

OPERATION. 



3 V2a X 2^3a = 3/^2^0^ X 2 a^S^c^z^S x 2^2^a3 X 3V 

= 6v^T2a* 

We reduce the given radicals to equivalent ones having a com- 
mon index (Art. 237), and then multiplying, in the same manner 
as in the last example, obtain 3 X 2 -5^ 2'^ a* X 3^ a*, which, reduced 
to its simplest form, is 6 *y72a*. 

Hence we deduce the -following 

RtJLE. 

Reduce the radical parts, if necessary, to a common index; 
then multiply the coefficients together for the caefficient of the prod- 
uct, and the parts under the radicals for the radical part. 

. I II ■ ■ - — ~- 

Kxplain the first operation^ The second operation. Bepeat the Bule. 
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Examples. 

3. Multiply 3V^ by 6\/ar. Ans. 15\/Tx. 

L Multiply 6VM by 3\/'2. 



6. Multiply *l\^axyhyS\^2ax. 

Ans. 21 a X \^ 2 1/, 



6. Multiply ay/x by i^y. Ans. ah'^Qg'f, 

7. Multiply 4>^'ax by 3V^. Ans. 12 ^a^oi^f. 

8. Multiply iV"6 by t^^v^'O. Ans. -iVV6. 

9. Multiply 2^f by 3^|". Ans. 2^16. 

10. Multiply 3 i* by 4 a*. Ans. 12 ^"?^. 



11. Multiply 3 a -^8 a* by 2 5^4 a^c. 

Ans. 12 0^4^2^. 

12. Multiply (a + *)^ by (a + *)*. Ans. (a + ^)*. 



13. Required the product of 4 / — — by i / „ -. 



Ans 



/ Sa^b 



14. Required the product of ^6 a* ic"^ by \^3"^a"*4«*. 

Ans. 4^2 b^. 

241a When either or both of the radicals are connected 
with other quantities by the sign -f- or — , each term of 
the muUiplicand must be mvltipUed by each term of the multi" 
plier. (Art. 64.) 

1. Multiply a-\-2\^b by a — \^ b. 

• « 

When the radicals are connected with other quantities hy 4" or — -, 
liow do we multiply? 
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FIRST OPERATION. SECOND OPERATION. 

a+ 2V"A a +25* 

a — \/ A a — b^ 



_ gy/l — 2V"^ — ab^ — 2b^ 

0^+ a\/J—2b o^-f- ab^ — 2b 

It will be seen that both operations give precisely the same re- 
sult. 

From this and previous examples, it may be inferred that, in mul- 
tiplication of radicals expressed by fractional exponents^ the same ndes 
apply as when the exponetiis are integral. If fractional exponents 
having different denominators are to be added, they must of course 
be reduced to a common denominator, and this is precisely the 
same process as reducing radicals to a common index. 

When fractional exponents are used, it is oflen most convenient 
to allow each factor to take a separate one; but when the radical 
sign is used, it is most convenient to employ a common one for all 
the irrational factors of any given term. 

2. Multiply 4 + 2 x/2 by 2 — /^2, Ans. 4. 

3. Multiply (a + ar)* by (a — a:)*. Ans. (a^ _ x^f. 



4. Multiply \/a -^ b hj \/a + b. Ans. a-\-b, 

6. Required the product of J -f- i '^^ ^7 !• "f" i v^^- 

Ans. 1 + i \/6. 

61 Required the product of \/x -f- \/a + a: by f^/a -f-^ 

Ans. \/a X -\- x^ -^^ a -^^ X, 

7. Required the product of a^ -|- 5^ by a^ — 2 ^, 

Ans. a'-^-f^b^ — 2^^ — 2b^, 



What is said of multiplication by fractional exponents ? 
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DIVISION OF RADICALS. 

242a Division of radicals depends upon the principle 
that 

The quotient of like roots of two quantities is equal to the 
same root of their quotient. 

To prove this principle, let a and b represent two quantities. 
Then, by Art. 240, ^aX V^ -= V'a^ 

Whence, ^Jb -7- V^a = U^ -= y^&T 



1. Divide 6V54a by 3V2a. 

OPERATION. We divide the coefficient, 6, of the 

6 i/54a 6 /54a dividend by the coefficient, 3, of the 

T~=— "^ 3 1/ '~2~a divisor, and obtain 2, and the radi- 

cal part of the dividend by that of 

= J yzT ^|jg divisor, and, in accordance with 

= 6 y^ 3 the above principle, obtain v'27 ; or, 

for the whole quotient, 2 ^^27, which, 

reduced to its simplest form, is 6 y/3. 

2. Divide 16 ^^ by 8 A^a. 

OPERATION. We reduce the given rad- 

16 -J/a* 16 i/o* ^^*^^ ^ equivalent ones hav- 

.— = ^ - 3- = 2 4^a ing a common index (Art. 

237), and, dividing in the 
same manner as in the preceding example, obtain 2 S/a. 

Hence the following 

RULE. 

Reduce the radical parts, if necessary, to a common index ; 
then divide the coefficient of the dividend hy the coefficient of 
the divisor, and the radical part of the dividend hy that of the 

Upon what principle does division of radicals depend ? Explain the 
first operation. The second. Repeat the Rule. 
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divisor, and prefix the firzt quotient to the last written under 
the common index. 

Examples. 

3. Divide Vio by m/2. Ans. 2 V5. 

i i Ja 

4. Divide a" by 5". Ans. 4"/^- 

5. Divide >^r35 by 4^S. 

6. Divide 4\/a^ by 2/^a. Ans. 2a>^a. 

4 r^ 

7. Divide 4>^aar by ^/^xy. Ans. oy-ri- 

8. Divide ha^ah by ftv^a. Ans. c/C^6. 

9. Required the quotient of (1 — x^y divided bj 
(1+x)^. Ans. (1— a;)^. 

10. Required the quotient of 4 /^ divided by y/^- 

11. Required the quotient of ^^^ divided by i^^. 

Ans. i^\2, 

12. Required the value of (^^72 + /s/32 — 4) -f- VSi 

Ans. 3 + J .v^ii. 

13. Required the quotient of m \ r T ^ divided hv 

y a -f- "^ 

la — b 



Ans. — 
n 

14. Required the quotient of \/a^ — ly^ divided by a — h. 



Ans. 4/ J^-. 
y a — 



The remarks already made (Art. 241) respecting fractional ex* 
ponents will apply also to the division of radicals. 

15. Divide o^ + a 6* — 6 t by a — 2bK 

Ans. a + 3 i* 
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16. Divide a« + 2 a* 5* — 4 a* 5* — 8 5* by a* — 4 *i 

Ans. a* -f 2 5* 

INVOLUTION OF RADICALS. 

243* Involution of radicals depends upon the same 
general principles as involution of rational quantities 

1. Raise 2\/a to the third power. 

OPERATION, 

2 is/a X 2 \/a X 2 \/a = 8 V^= 8 a y/a. 

By the definition of involution (Art. 181) we take the given quan- 
tity, 2 y/a, three times as a factor, and performing the muhiplication 
(Art. 240), we obtain 8 y^a*. This, reduced to its simplest form 
(Art. 233), gives 8 a v^a. 

2. EaiseSa-j-Vy to the second power. 

OPERATION. Since the second power is required, 

\ _ we take the given quantity twice as 

^ ^ \ sly a factor, and, it being a polynomial, 

3 a -f- vy we perform the multiplication as in 

3« v^ y -\-y 

Hence the following 

RULE. 

Raise the rational part of a monomial to the required power, 
and annex the required power of the radical part, written under 
the given sign. 

If the radical part is connected with othq^r quantities hy -{- 
or — , perform the involution hy multiplication of the several 
terms, as in the multiplication of polynomials. 



Explain the first operation. The second. Repeat the Rale. 
9* 
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Note 1. When a quantity is affected by a fractional exponent, its 
involntion may be performed by multiplying that exponent by the expo, 
nent of the required power (Art. 185}* 

Note 2. The result should be reduced to its simplest form. Any 
factor common to the index of the given radical and the exponent of 
the required power should be canceled (Art. 235). Hence, when the 
given radical and the required power are of the same degree, the involu- 
tion may be performed by removing the radical sign. 

Examples. 

1 J. 

3. Required the square of 6a^. Ans. 2b or, 

4. Required the cube of 5a>^y. Ans. 125 o*y. 
6. Raise x^\/^ to the second power. Ans. a:* 4^36. 



6. Raise 4a^^3c to the fourth power. 



1 Raise 3 >^26 a a; to the second power. 

Ans. 45\/aa:. 

8. Required the fourth power of \/3 — \/2. 

Ans. 49 — 20/^/6. 



9. Raise \^2 a to the wth power. Ans. \/2* a*. 

10. Required the square of \/3 + ^ VS. 

Ans. 3 + 6a;+ 3ar2. 

11. Required the square of a;^ — y~*. 

Ans. X — 2 a:^y"» -\- y""t 



EVOLUTION OF RADICALS. 

244« Evolution of radicals depends upon the same gen- 
eral principles ^ evolution of rational quantities. 

1. Find the cube root of S \/c^. 

- --..--■■ ^^^ _-^ ^- ■ - 

Repeat Note 1. Note S. 
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OPERATION Since the coefficient 8 is a 

perfect cube, we have for its 

V 8 ^c^ = /i/S X V v/a^ = 2 v^a cube root 2, and the quan- 
tity ujider the sign, a*, being 
also a perfect cube, we have for its cube root a ; hence the entire 
root is 2 v^o. (Art. 232.) 

2. Find the square root of 20 \/5 a, 

OPERATION. 

\/20 VSa = Vrx~5\^ -== Vi X V5\75a = 2 ^125 a. 

The coefficient 20 is not a perfect square, but is composed of 
two factors, 4 and 5, of which 4 is a perfect square. The square 
root of 4 is 2, which is the coefficient of the required root. As we 
cannot take the square root of 5, we square it and introduce it as 
a factor under the sign. ^As the quantity under the radical sign is 
not a perfect square, we denote its root by multiplying the index 
of the sign by the index of the required root, and we then have 
as the entire result, 2 ♦/125 a. 

Hence the following 

RULE. 

Extract the required root of the rational part of a monomial, 
if it is a complete power of the required degree, otherwise in- 
troduce it under the radical sign. 

Extract the required root of the quantity under the radical 
sign, if it is a complete power of the required degree, other- 
wise mvMiply the index of the radical hy the index of the re- 
quired root. 

Note. When a quantity is affected by a fractional exponent, its evo- 
lution may be performed by dividing this exponent by the index of the 
required root (Art. 224) 

I .iM ■ ■ ■ III ■ ■■ I ■ ■ ■ ■■ ^ I — ■■ 1^ ■■-—■ — ■ - ».^ ■■■ ■■■■■■■ ■ ■■■■ ^m ^ ■ -■■■ 

Explain the first operation. The second operation. Repeat the Rule. 
The Note. ' 
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Examples. 



3. Find the cube root of \/ o ^. Ans. \/ aJ^^ 

4. Find the square root of 4 v^ 5 c. Ans. 2 4^ be, 

6. Find the cube root of ar'^ixyy. Ans. a *a:* y'- 



6. Find the square root of 25 v' 4 a^ h. 

*l. Find the sixth root of a\/a. Ans. a^ a, 

8. Required the cube root of ^^ i / « • Ans. J >/ 3 a. 

9. Required the cube root of 125 a:^. Ans. 6 a:*. 



10. Extract the fourth root of 64 a« i* \/ 2 <? rf. 

'Ans. 2c^hflf'Wc'd, 



4 T TT 

11. Extract the square root of ar^-f-Ga?^ y H" ^ y* ^>' 

means of the rule found in Art. 225. . i \ o \ 

^ns. ar — r— o v ■ 



RATIONALIZATION. 

245« Rationalization is the process of removing the 
radical sign from a quantity by multiplication. 

It is often necessary to transform a fraction having an 
irrational denominator, into one whose denominator is 
TfxtionaL 

CASE L 

2I6. To rationalize any nionomial surd. 
1. Rationalize s/ a. 

Define Rationalization. 
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OPERATION. ^« multiply the given 

^ _ 1 1 radical, y^a, by the same 

V'a X V« = a* X o' = « quantity, with such an index 

as will make the sum of the 
corresponding fractional exponents of the two quantities equal to 
unity. 

2. Rationalize a^. 

OPERATION. ^g multiply the given radical, a* 

f ^ by the -same quantity with such a 

fractional exponent as will make the 
sum of the fractional exponents of 
the two quantities equal to unity. Hence the « 



RULE. 

Multiply the given surd hy the same quantity with such a 
fractional exponent as, when added to the fractional exponent 
cf the given quantity, shaU he equal to unity. 



Examples. 
3. What factor will rationalize ar^ ? Ans, ar*. 



4. What factor will rationalize 4:4^ab^? Ans. t^a^h, 

5. What factor will rationalize a" 2, and at the same 
time make its exponent positive ? Ans. a^. 

CASE II. 

247. To rationalize^ a binomial surd containing only 
the square root. 

1. Rationalize h/a + t^b. 

Explain the first operation. The second. Repeat the Rule. 



OPERATION. 




v/« + ^b 




^a — ^b 




a -\-\lah 




yjah- 


-i 
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Since the product of the sum and 
difference of two quantities is equal 
to the difference of their squares 
(Theo. III. Art. 78), we multiply the 
given binomial by the same terms, 
with one of the signs changed, and 
obtain a -t- &, a rational quantity. 
a — h Hejice the 

RULE. 

MvMply the given binomial by ike same terms, with one of 
the signs changed. 

Examples. 

2. Rationalize a -{- v'^. Ans. o* — b, 

3. Rationalize \/5 — >v^l. Ans. 5 — 1, or 4. 

248* A trinomial surd may be reduced to a binomial 
surd by multiplying it by the same terms, with the sign 
of one of them changed, and then the binomial may be 
rationalized. 

Thus, to rationalize \/7 + \/3 — \/2, we have 

(V7"+ V3 — \/2) (\/7 + \/3 + \/2) = 8 + 2 >v/2T, 
and then 

(8 + 2>v/2r) (—8 + 2 v^2l) = 84 — 64 = 20. 

CASE III. • 

249. To rationalize either of the terms of a frac- 
tional surd. 

1. Reduce "7^ to a fraction whose denominator shall be 
rational. 

Explain the operation. Repeat the Rale. How may a trinomial snrd 
he rationalized ? 



r 
I 

I 
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OPERATION. ^® multiply both terms of the 

i/6 i/h fraction by y/6, and it becomes V- , 

T/i ji ^^ ~~b ^^ which the denominator is rational, 

and the value of the fraction is not 
changed. Hence the 

RULE. 

Multiply both numerator and denominator hy a factor thai 
mU render either of them rational^ as may he required. 

Examples. 
2. Reduce ^ to a fraction having a rational numerator. 

Ans. 



3. Reduce -= to a fraction having a rational de- 

V3 + 1 
aommator. ^^^ »/_3^. 

2 

4. Reduce -^ to a fraction having a rational denom- 
inator. 

5. Reduce = to a fraction havins: a rational de- 

>/h + >/c ^ ^ _ 

nominator. a ^.g g^Cv ^^ — V^g) 

h — c 

6. Reduce — - — ^ to a fraction havinff a rational de- 
nominator. * 3 v/2 + 2 

7 

Y. Reduce ^ - ^ - l to a fraction having a rational de- 

v^^ — v^y - __ 

nominator. ^^^ (y/a: + y/y)^ ^ 



Explain the operation. Bepeat the Bale. 
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IMAGINARY QUANTITIES. 

850* An Imaginary Quantity is an indicated even root 
of a negative quantity. 

Other quantities, whether rational or irrational, are called 
real. 

This root of a negative quantity is a symbol of an impossible 
operation (Art. 209). 

251«* Every imaginary quantity can he resolved into ttve 
factors, one of which is real, and the other the imaginary 
expression, s/ — 1* or V7— !• 

For, let a denote any real quantity, and ^ — a any imaginary 
quantity of the second degree. 



Then, y'— a = ^a (—1) = ± y^a X V^— 1 ; 

also, y/^^^ = yla^ (— l) = ± y^a^ X V^"^^ = ± a y/^^, 

and so on. 

■ 2 It/ 

Hence, ^ — 1; or >/ — 1, may be regarded as a universal factor of 

every imaginary quantity, and, consequently, may be used as the 

only symbol of such a quantity. 

RADICAL EQUATIONS 

LEADING TO SIMPLE EQUATIONS. 

25i^. Radical Equations are those containing radical 
quantities ; as, 

^/TS + 4 = 5, or (4 + x)^ = 5. 

253* The solution of a radical equation consists in ra- 
tionalizing the terms containing the unknown quantity, 
and in determining its value. Only those which reduce to 
nmple equations can be considered here. 

Define an Imaginary Quantity. Into what two factors may an imagi- 
nary quantity be resolved 1 Define Radical Equation. 
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1. Given s/~x — 2 = 3, to find the value of a:. 

OPERATION. 

V"^— 2= 3 

Transposing and uniting, s/ x =5 
Squaring (Art. 151), x =25. 



2. Given ^ll-|-y'5a; = 3, to find the value of as. 

OPERATION. 



>^11+V^=3 

Involviug to the fourth power, 11 -|- V^ ^= ^^ 
Transposing and uniting, \/ 5 a: = 10 

Squaring, 5 a: = 4900 

Whence, ^ = 080. 

3. Given \/«^= V^ + V^; to find the value of a:. 

OPERATION. 

M^/ ax'=i^ a -(-\/a: 
Transposing, ^/ ax — \/x =\/a 
Factoring, s/x{^/a — 1) =\/« 
Squaring, x (\/ a — 1)^ = « 

Whence, x = (^- __ ^y 

254, From the foregoing illustrations are deduced the follow- 
ing general directions : — 

1. Transpose aU the terms so that a radical expression may 
stand on one side of the equation, and the rest of the terms on 
the other side; then involve each side to a power of the same 
degree as the radical. 



Explain the first operation. The second. The third. Repeat the gen- 
eral directions. 
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2. If there is $tiU a. radical expression remaining^ the pro- 
cess of involution must be repeated, 

3. Simplify/ the equation as much as possible before per*^ 
forming the involution. 



Note. Radicals may BometiaaB be removed hy maltipljing or divid- 
ing both ineraben of an equation by a radical expression ; hence they 
sometimes disappear on clearing of fractions. It is also occasionally con- 
venient to rationalize the denominator of a fraction before removing de- 
nominators or involving. 

Examples. 



4. Given \/a; + 1 — 2 = 3, to find the value of op. 

Ans. X = 24. 



6. Given ^/x -j- 1 = j^x -\- 1, to find the value of x, 

Ans. a; = 9. 

6. Given 2 -|- \/3 x — 30 = 5, to find the value of x. 

Ans. X =. 13. 



1. Given \/3 — a:-j-6 = 8 — 1, to find the value of ar. 

8. Given x^ — V = — 3, to find the value of x, 

Ans. X = 16. 



9. Given \/x -|- 6 = 3, to find the value of x. 

Ans. X = 3, 



10. Given \/4 -}- x = 4: — \/x, to find the value of x. 

Ans. X = 2^. 

11. Given y* -[- 5 = 11, to find the value of y. 

Ans. y = 216. 



12. Given ^^20 — ^/2 a:— 2 = 0, to find the value of x. 

Ans. X = S, 

X — ax J~^ 

13. Given — ;= — ~ I—, to find the value of x, 

yx X 

Ans. X = 



1— a 

14. Given x {x^ -|- a:"*) = a x^, to find the value of ar. 

Ans. X z=z a — 1. 
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QUADRATIC EQUATIONS. 

255* A Quadratic Equation is an equation of the second 
degree (Art. 145), or one in wliich the square is the highest 
power of the unknown quantity ; as, 

aa^=zh, a:*-j-8x = 20, or a^x^ — b^ x = c^. 

256. A Cubic Equation is an equation of the third <fe- 
gree; as, 

257i A Biquadratic Equation is an equation of the 
fourth decree; as, 

aar* = J, x^ -\- at^ = 20, or a x^— h3i^-\-cx^ — dx = e, 

258i A Pure Equation is one which contains only a 
single power of the unknown quantity ; as, 

aa^ = b, a^ zzn S, ov c^ x^ =. m, 

PURE QUADRATIC EQUATIONS. 

259i A Pure Quadratic Equation is one which con- 
tains only the second power of the unknown quanti- 
ty ; as, ax'zzzb, x'z=i 100, or -^- = c*. 

Note. Pure quadratic equations are sometimes called incomplete equa- 
tions of the second degree. 

260. Any numerical pure equation may always be re- 
duced to two terms, one containing the unknown quantity, 
and the other consisting of all the known terms united 
in one. Thus, the equation 

_ 5x»-4=— .f23. 

Define a Quadratic Equation. A Cubic Equation. A Biquadratic Equa- 
tion. A Pure Equation. A Pure Quadratic Equation. To how many 
terms may a pure equation be reduced) 
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by clearing of fractions and transposing, reduces to 

5 a^=z SO. 
^1, In a literal pure equation, all the terms which contain 
the unknown quantity may be united, since, expressing 
the same power of the same letter, they are similar ; and 
as the remaining terms are all known quantities, they may 
be considered as one. Hence the equation 

may be thus expressed ; 

(^a + b — c)a^={d^ — m^-{-n^). 

^^, Pure equations are therefore sometimes called binomicU 
equations. 

1. Given 6ar2= 80, to find the values of ar. 

OPERATION. By dividing equation (;) by 5 (Art 

5 ^2 __ gQ (I) ^^^)» ^® obtain (2), and by extracfr- 

30^= 16 ^9^ ^^» *^^ scjuare root of both members 

, . ,o\ of the equation (Art. 151), we obtain 

^ >' a: = ± 4. As an even root of a posi- 
tive quantity is either positive or neg^ 
ative (Art. 207), we obtain ar = 4 and a: =^ — 4, as the roots of 
the equation (Art. 155). These we write in one expression, thus^ 
x=±4. 

Note. It may seem to the student that x should also have the douhU 
sign, thus, ± x = ± 4. The results are the same, however, in eithei 
case ; for ± a: = ± 4 would include four expressions, -fa: = -f 4^ 
+ ^ = — 4, — ar = 4-4, and — x = — 4, of which the third reduces to 
the second, and the fourth to the first, by a. change of signs (Art. 152, 
Note). Hence we obtain all the possible values much more readily by 
prefixing the double sign to the second member of the equation. 

S63, From the preceding solution it will be seen that 
A pure quadratic eqiiation has two roots, which are equal 
in numerical value, hut differ in their signs. 

Explain the first operation. Why is not the double sign prefixed to 
both members ? What is said of the number and relation of the rooti 
of a pure quadratic equation ? 
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2. Given — [-- = j, to find the values of x. 

FIRST OPERATION. Clearing equation (1) of 

X }) ex fractions gives us (2), trans- 

a + J = ~ — 5 (1) posing gives us (3), and 

dx^ + ahd = acd — ax' (2) foctoring gives us (4). Di- 

oj__,2 J -Lj /q\ viding both members by 

~]~ 2 //i\ ^'^^' *^® coefficient of a:*, 

^''' ^ ^ ^^ gives us (5) ) the value of a:*; 

ic^ r= ?! — ^^ J^ (5) and extracting the square 

^ ' root of both members (Art 

X = , /g^(g— ft) ,gy 151), gives us (6), the value 

Y a+rf ^ ^ of a:. 

From the foregoing principles, and illustrations we in- 
fer that any pure quadratic equation may be solved by 
the following 

RULE. 

Obtain the value of the square of the unknown quantity as 
in sitnple equations (Art. 159). 

Extract the square root of both members of the equation thus 
obtained. 

Note 1. A similar application of Ax. 8 will genre to obtain one 
root of any pore equation of a higher degree. In treating of equations 
which take the form of affected quadratics, we shall have occasion to 
Bolve various cubic, biquadratic, and higher pure equations. 

Note 2. It will be observed that many equations, which do not at 
first appear to be pure quadratics, reduce to such equations after clearing 
of fiactions or performing the operations indicated. 



Examples. 

3. Given 3 ar* — 2 = 2 ar^ -|- 2, to find the values of x, 

Ans. a: = ± 2. 

4. Given — — (- a:^ = 126, to find the values of x. 



Explain the operations of Example 2. Repeat the Rule. 
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6. Given y* = 9 a^, to find the values of y. 

6. Given 1 (2 ar» — 6) + 5 (3 — a:*) = 198, to find x, 

Ans. a: = i 5. 

t. Given (a:+ 1)» = 2a:+ IV, to find x, 

Ans. a: = ± 4, 

8. ^Given a^ -\-ahz=^b3[?j to find a?. 

Ans. x=z ± ^ \/ a 6. 

9. Given T^ — =1 ' — , to find x. 

Ans. X = ±b. 

10. Given (a: + 2)2 = 4a: + 5, to find x. 

Ans. a: = ± 1. 

11. Given (2 x— by = 30^ — 20 x -^13, to find x. 

12. Given 4 a: — 150 x~^ =. x — 3 x"^, to find x, 

Ans. a;= ± 7. 

3 3 

13. Given --—, \- = 8, to find x. 

1 -|- a; ' 1 — X 

Ans. x = ±^. 
14 Given a:^ — ^ + 3 a6 = 2a* + 62, to find x. • 

Ans. x= ± I -a — h\. 

15. Given c(oc'-\-4:ab-^4:bc)=a{a-{-2cy'{-da^ — aH, 
to find X, 



Ans. a: = ± (a + 2 c) i/^z:rd: 



16. Given -^tl^ H r-^i = -tt, to find x. 

X — 2 • a; -|- 2 6 

Ans. a: = ±10. 

IV. Given x z = 3 x"^ , to find x. 

ox 3 a; 

Ans. a: = ± 2. 
2 10 

18. Given r' - g^zpi = 9(3y»+iy *° ^""^ ^^ 

Ans. y = ± 3. 

19. Given - - ^7 g^£yj = -3-, to find z. 

Ans. 2 = ± 2. 
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261* Radical Equations sometimes reduce to the form 
of pure quadratics. The preliminary reductions should 
be effected as in Art. 25T. 



1. Given 22^ + ^/5 (4 ar^ — 1) = 25, to find ar. 

Ans. a: = ± f . 

2. Given >v/^ + s/^^ — a* = a, to find x, 

Ans. a: = ± a. 



3ar 



3. Given ^/x" — 16 = — , to find x. 



4. Given s/a^ + ar^ = A^b* + x\ to find x. 

Aris. X = ± i / — ^. 
V 2a« 

5. Given 1/ ^ J" := 2 \/a?; to find x. 

V 3a: 



Ans. a? = ± 4. 



6. Given \/x -|- a = >v/a: -|- \/i^ -|- x^, to find x. 



Ans. X = ± s/a^ — 6^. 

*?. Given x (10 + ^^) =5 — 3:^ to find x. 

Axis, a: = ± ^\/5. 

8. Given a: + (a^ -f x^)* = 2 a^ (a^ _j_ ^r^)"*, to find a:. 

Ans. a? = ± -T=' 



9. Given = 5, to find x. 

a -f- v'"' — ^ 

Ans. a; = ± 2_« #. 

1 + 6 

Note. Rationalize the denominator of the first member of the last 
equation, and then extract the square root of both members (Art. 257, 
Note, and Art. 249, Ex. 7). 



10. Given y/j±| + y/j-^^ = 5, to find x. 

Ans. X = ± f \/21. 

Note. Square the last equation as it stands, and thus remove all 
radicals. 
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SIMULTANEOUS EQUATIONS. 

265* Simultaneous equations (Art. ITO) sometimes pro- 
duce pure equations after elimination. The methods of 
elimination are the same as in simple equations ; but sub- 
stitution will be found best adapted to most of the ex- 
amples which follow. 

Some of the equations will be found to be of a higher 
degree than the second. (Art. 263, Rule, Note 1.) 

1. Given 3 ar^ — 2^^ ^ 40, and a: — 2y = 0, to find the 
values of x and y. 

Equation (2) gives the 
value of ar, in terms of y. 
Substituting 2y, this value 
of a;, for x, in equation (1), 
we obtain (3), which re- 
duces to (6). Extracting the 
square root of (6), we have 
(7), the value of y. Sub- 
stituting the value oiy in (2), 
we have the value of ar. 

2. Given \x^ — Zy^=1\, and ^ar-f 2^ = 0, to find 
X and y, Ans. a: = ± 12 ; y = ^p 3. 

3. Given hxy — 3y^ = 100, and 5 a: — 4y = 0, to find 
X and y, Ans. a: = ± 8 ; y = ± 10. 

4. Given ary -|- y^ = 126, and 5 ^ = 2 a:, to find x and y. 

5. Given 4a:2 + 1 y'' = 148, and Zx^ — f= 11, to find 
X and y. Ans. a:=±3; y=±4. 

6. Given a:-|-y = 3a: — 3y, and x^ — ^ = 56, to find 
X and y, Ans. a: = 4 ; y = 2. 

T. Given x^-\-y^ \ x^ — y^ :: lY : 8, and a:y^ = 45, to 
find X and y. Ans. a: = 5 ; y = ± 3. 

What methods of elimination are here employed ? Explain the first 
operation. 



OPERATION. 




Sar* 2/ — 40 


(1) 


X 1y 


(2) 


Z{1yf—1f 40 


(3) 


12^ 2^ — 40 


(4) 


10/ — 40 


(5) 


f 4 


(6) 


y ±2 


a) 


x — ly — ±4 


(8) 
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PROBLEMS 

LEADING TO PURE EQUATIONS. 

266. The methods of stating these problems arc the 
same as in the case of those leading to simple equations. 
(Arts. 160, 16V.) Either one or two unknown quantities 
may be used in many cases. 

1. Find two numbers, one of which is three times as 
great as the other, and the sum of whose squares is 90. 

SOLUTION. 

Let X = the first number, 
and 3 X = the second number. 

Then, a:^ -f 9 x^ = 90 

Uniting terms, 10 ar* = 90 

Dividing by 10, ar^ == 9 

Evolving, a? = ± 3, the first number, 

3 a: = ±9, the second number. 

The only arithmetical numbers which will answer the conditions 
are 3 and 9. 

2. Find two numbers, one of which is five times as 
great as the other, and the difference of whose squares 
is 96.. Ans. 2 and 10. 

3. The length of a field is to its breadth as 3 to 2, 
and its area is 3 acres and 3 roods. What are its di- 
mensions ? Ans. Length, 30 rods ; breadth, 20 rods. 

4. A merchant bought two pieces of cloth, which to- 
gether measured 36 yards. Each of them cost as many 
dimes a yard as there were yards in the piece, and their 
entire prices were as 4 to 1. How many yards were 
there in each piece ? 

Ans. 24 yards in one; 12 yards in the other. 

,_^ — ■ I. . . I ... . . . I »■ ii« 

Explain the solution of Problem 1. 
10 
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AFFECTED QUADRATIC EQUATIONS. 

267* An Affected Quadratic Equation is one wbicb 
contains both tbe second and first powers of tbe unknown 
quantity ; as, 

3cr -\- ax=ih, 2 0^ -\- 16 x =i 40, or a a^ -{- h x =z c. 

Note. Affected quadratic cqaations are sometimes called complete 
equations of the second aegree. 

268 • Any affected quadratic equation may always be 
reduced to three terms, one containing the second power 
of the unknown quantity, another its first power, and 
the remaining one the known terms of tbe equation. 
Thus, the equation 

(a;+l)'-j-^ + 2i = ¥+8' 

after performing the operations indicated and clearing of 
fractions, reduces to 

4 ar* — 3 a: = 2T ; 
and ax^ -\- bx — c = hx^ — ax -^ d 

may be thus expressed : 

^a — b) x" + {a + h) X = (c -{- d). 

Affected quadratic equations are therefore sometimes 
classed among trinomial equations. 

Note. If the first of the three terms is wanting, the equation Is evi- 
dently of the first degree j if the second is wanting, the equation is a 
pure quadratic ; and if the third is wanting, the equation may be at once 
reduced to the first degree, hy dividing both terms by the unknown 
quantity. 

FIRST METHOD OF COMPLETING THE SQUARE. 

269* If the second power of the unknown quantity 
has any coeflScient expressed, the equation may be still 

Define an Affected Quadratic Equation. To what terms may any af- 
fected quadratic equation be redijK^d ? How may it be still further re 
duced ? 
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further reduced by dividing all its terms by that coefficient. 
Thus, 3 ar^ — 6 x= 9 reduces to x^ — 2 a: = 3, 

and 4 ar* — 3 a: = 27 reduces to x^ — f a; = ^-. 

Hence any affected quadratic equation may be made tc 
assume the form 

in which p and g are understood to represent any num- 
bers whatever, whether positive or negative, integral or 
fractional. 

1. Given a:^-|"^^"+"^ = ^» ^^ ^^^ *^® values of x. 

OPERATION. I' ^ ^^'^^'^t *^»* 

s^^4.x-\-l = 9 (1) 2^ + 4x + 4. 

(x 4- 2)^ = 9 (2) ^ * perfect square of a bi- 

_ 1^ Q , Q /o \ nomial ; for a^ and 4 are 

Q /j\ positive squares, while 4a: is 

^ \ ^ twice the product of their 

a:=l, or 5 square roots. Equation (1) 

may therefore take the form 

VERIFICATION. /. /,,x aa ^ oa\ tm- 

of (2). f Art. 90.) This may 

l*-t"^X l-|-4 = 9 (1) be regarded as a pure quad- 
^«^5)*-|-4 ( — 5) + 4r = 9 ) ratic, in which the unknown 

25 20 -f- 4 = 9 J ^^ quantity is not a:, but x-\-2. 

Extracting the square root 
of both members, we have ±3 as the value of x -f- 2, and the 
equation is now reduced to a simple one. . Taking the upper of the 
two signs, and transposing 2, we have x== — 2-f"3 = l; but 
taking the lower, we have x = — 2 — 3 = — 5; and these values 
are found to satisfy the equation. 

We thus obtain two roots of the equation, which differ both in 
sign and in numerical value. 

Note. The reason for prefixing the double sign to only the second 
member of the equation, in extracting the square root, has already been 
given. (Art. 263, Ex. 1, Note.) 

2. Given ar* — 6ar+12 = 3, to find the values of x. 



Explain the first operation. 
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OPERATION. Subtracting 3 from both 

o Q 4-12 = 3 (I) ™®°^^" ®^ equation (1), 

« i" ^ ^ ^r^v we obtain (2), whose first 

a:^ ^-_ 6 a: -4- 9 = (2) , , ^ "^ ^ , 

^^ ^ ^ member happens to be a 

^ 3 = ± (3) perfect square ; for a^ and 9 

X =:^ S ±:0 . (4) j^pg ^ijQ squares of x and 3, 
ar = 3, or 3 while G a: is twice their prod- 

uct. Extracting the square 
root of each member, we obtain (3), which reduces by transp|0- 
sition to 2" := 3. 

It will be seen that the two roots of the above equation are 
alike, both in sign and in numerical value. Such an equation is 
said to have equal roots. 

Note. The two roots of a pure quadratic equation aro aUke in nu- 
merical value, but differ in their signs (Art. 2G3), and hence are not equal, 
in an algebraic sense. No quadratic equation can have equal roots, unless 
its second member is when its first member is a perfect square, that is, 
unless its three terms make a perfect square when collected in one mem- 
ber. 

3. Given a^ — 8 a: = 20, to find the values of x. 

OPERATION ^^ ^ evident that the first 

member is not a perfect 

x2— 8a: = 20 (1) • .u « / 

^ ^^ square, as m the first exam- 

i>^ — ^x-{-l6 = SQ (2) pie^ neither can it be made 

^ 4=±6 (3) such by the transposition of 

X = 4: ±Q (4) the known term, as in the 

a::=:10, or — 2 second example. Such a 

term must therefore be added 
to a:* — 8 a: as will make it the square of some binomial. As or is 
the first term of the equation, x, its square root, must be the first 
term of the binomial sought. The next term of the equation, 8 x, 
must be twice the product of the two terms of the binomial; and 
one half of 8 a:, or 4 x, must be their product. But 4 a: is the pro- 
duct of 4 and x; hence 4 is the second term of the binomial sought, 
and its square, or IG, must be added to the first member of the 
equation to make it a perfect square, and also to the second mem- 



Explain the second operation. What is said of the roots of the equa- 
tion ? Explain the third operation. 
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ber to preserve the equality, thus producing equation (2). The 
square root can now be extracted, thus producing equation (3). 
Taking 6, the positive root of 86, and transposing and uniting terms, 
we find a: =« 10 ; but taking — 6, the negative root, we find 
a: =s — 2. 

1 X 5 3 ic* 

4. Given 1 — ==--| — — , to find the values of x. 

We first multiply by 5, to 
fi-ee the unknown quantity 

7 X 5j^3a;" . of fractions, and, after trans- 

5 3 ' 5 ^ ' posing and uniting terms, ob- 

6_Va: = ^_4- 3a:2 (2) ^'"^ equation (3). As the 

3 "• ^ ^ square of the unknown quan- 

j ^ 10 .V tity must be positive, we then 

3 ^ ^ divide all the terms by — 3, 

„ j^ 7 10 .. and obtain (4), the equation 

' 3 ' y ^ "^ in its reduced form. 

„ , 7 ,49 9 ,_v If the first member of 



OPERATION. 



36 i5G ^ ^ equation (4) is to be made 

r ^ ___ I £ /g\ a perfect square, — x must 

be twice the product of the 
y — — .. -^ - (7) *^o terms of the root. As 

X is one of those terms, one 
4 10 , ,^ . _ . 7 

X = — - , or half its coefficient, or — , must 

2 5 ^ ^^e other term, and the 

^ 3 ' ^^ 3 square of -, or — , must be 

added to both members of 

the equation. Extracting the square root of equation (5), we 

9 
obtain (G). Taking the positive root of — , and transposing and 

4 2 

uniting terms, we obtain x = — - = — - ; but taking the nega- 

dve root, we obtain a; = ^ = — 5-- 

It will be seen that the two roots of the above equation have 
the same sign, but differ in numerical value. 

6. Given x^-^-px = q, to find the values of a:. 

^^ . ■ r~ — ___^ — ■ 

Explain the fourth operation. 



X 
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OPERATION. 
xi^ -^px = q (1) 

**+/'a^+?=? + ? (2) 

+ f=±v/H^ (3) 

x = -f±^,+ f (4) 

As in the other examples, px being twice the product of the 
two terms of the root of the completed square, and x being one 

of those terms, ^ must be the other, and a^ -\- px can be made 

a perfect square only by adding to it ~. After adding the same 

quantity to the second member of the equation, we extract the square 
root of both members. The root of the second member, however, 

can only be expressed. By transpo3ing ^, we find the two val- 



ues 



of a; to be — l + W^+^and— | — 4/7+^. 



From the foregoing principles and illustrations we in- 
fer that any affected quadratic equation may be solved 
by the following 

RULE. 

Reduce the equation to three terms, placing the two which 
contain the unknown quantity on the first side, the higher power 
first, and the known quantity on the second side. Divide each^ 
side by the coefficient of the first term, and the equation wiU he 
reduced to the form a^ -\- p x = q. 

Add the square of half the coefficient of x to both members 
py the equation, and the first member will be a complete square. 

Extract the square root of both members, and solve the sim- 
ple equation thus produced. 

Note 1. If the coefficient of the square of the unknown quantity 
happens to be negative, all the signs must be changed. This may be 
effected by using the negative coefficient as a divisor. 

Explain the fifth operation. Repeat the Rule. Note 1. 



QUADRATIC EQUATIONS. 228 

NoTB 2. After completing the square of the first member of the eqaa- 
tion, its first and third terms must be positive squares; bat its second 
temi may be either positive or negative. If the second member is then 
positive and a perfect square, both roots will be real and rational; if it 
is positive, bat not a perfect square, both roots will be real, but irrational 
(Art. 227); and if it is negative, both roots will be imaginary (Art 250). 

Note 3. The square root of the first member of the equation is com- 
posed of the square roots of its first and third terms, connected by the 
sign of the second term. 

The above rule may be applied in the solution of the 
following" 

Examples. 

6. Given 3t^-\-2x = S, to find the values of a:. 

Ans. a: = 2, or — 4. 

*? . Given x^ — 4 ar = — 4, to find the values of x, 

Ans. X = 2, or 2. 

8. Given a^ — 6 ar = 55, to find the values of x. 

9. Given a:* -|- 12 a: -f- 35 ^ 0, to find the values of x. 

Ans. x = — 5, or — 1. 

10. Given 3 2:^ + 48 = 30 sr, to find the values of z, 

Ans. 2 = 8, or 2. 

11. Given x^ — 2ax = b, to find the values of a:. 



Ans. a: = a db ^ a^-{-h, 

12. Given a:^ = 3 a:-|- 10, to find the values of a:. 

Ans. a: = 5, or — 2. 

13. Given 2 ar -f- 60 = 2 a:^, to find the values of x. 

Ans. X = 6, or — 6. 

14. Given 4^ + 8^ = 5, to find the values of y. 

Ans. 1/ = ^, or — f . 

15. Given 5 a:^ -|- 20 = 25 a:, to find the values of x. 

Ans. a; = 4, or 1. 

Repeat Note 2. Note 3. 
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16. Given 3 a: + ^ = 39 a:""*, to find the valaes of a?. 

Ans. x = S, or — 4^. 

IT. Given 5oi^ — 40 ar=: 70, to find the values of ar. 

Ans. a: = 4 ± ^/"SO. 

• 18. Given 3x=z lO-^-^a^, to find the values of x, 

Ans. a: = 6 ± 2 \/—l. 

19. Given a:2-^6a: = 0, to find the values of a?. 

Ans. X = 6, or 0. 

Note. Snch an eqaation may be solved as an affected quadratic ; bat 
one of its roots will be foand to be 0, as it evidently should be, since 
the equation can be at once reduced to a simple one (Art 268, Note). 

20. Given a-^x-]-a x'^ = 2 a"^, to find the values of x, 

Ans. a:=l ±^/l — a*. 

270t The equation a^-\-px=z q may be regarded as the 
general expression of any affected quadratic equation re- 
duced to that form. (Art. 167, Prob. 34.) As this equation 
has already been solved (Art. 269, Ex. 5), we may use 

its roots, — I +y/g + |' and _|_^y + |!., as the 

general formulas for the roots of any affected quadratic 
equation. Instead, then, of going through the full pro- 
cess of solving each equation by itself, according to the 
foregoing rule, we may write out its roots at once, by 
substituting the particular values of p and q in the above 
formulas. Hence, 

The roots of any equation reduced to the form a?-\-px = q 
may he found by taking one half the coefficient of x, with a 
contrary sign, plus or minus the square root of the sum of the 
second member and the square of half the coefficient of x. 

How may any affected quadratic equation be solved without going 
through the full process of completing the square ? 
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This process is to be employed in the solution of the 
following 

Examples. 

1. Given a^ — 8 ar = 9, to find the values of x. 



Ans. a: = 4 =b v'9 + 16 = 9, or —1. 

2. Given x^ -\- 16 ar = — 55, to find the values of x. 

Ans. a: = — 8 ±: v'^^55 -}- 64 = —5, or — II. 

3. Given a^ — 20 a: = 800, to find the values of x, 

4. Given a:^ -|- 5 a; = 14, to find the values of x, 

Ans. a: = — I ± v'i4 + ^^ = 2, or — T. 

5. Given — ~|- ^ = 21, to find the values of x, 

O id 

Ans. ar = 6, or — 10 J. 

6. Given '^ ar^ — J a: -|- 'Tf = 8, to find the values of x, 

Ans. ar = J, or — f. 



SECOND METHOD OF COMPLETING THE SQUARE. 

271. Any affected quadratic equation whatever may be 
solved by the method employed in Art. 269. It will be 
seen, however, that a fraction must be added to complete 
the square, unless the coefficient of the first power of the 
unknown quantity in the reduced equation becomes an 
even whole number; and even then the second member 
may sometimes be fractional. But by employing another 
mode of completing the square, sometimes called the "Hin- 
doo method," all fractions can be avoided till the roots 
are obtained. 

272. Any equation may be reduced to three terms, as 

Why do we introduce a second method of completing the square 1 
10* 
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before, cleared of all fractions, and divided by the great- 

est common measure of its terms. It will thus be reduced 

to the form 

aa^ ^ bx = Cf 

in which a, b, and c represent any whole numbers whatever 
which have no common measure greater than unity. 

1. Given x^ — 5 a: -}- 4 = 0, to find the values of x. 



OPERATION. 

a:2_5a: + 4 = (1) 

x^—5x = —4: (2) 

4x2 — 20ar = — 16 (3) 

4a:a_20ar + 25 = 9 (4) 

2ar — 5= ± 3 (5) 

2 a: = 5 ± 3 (6) 

2 a: =8, or 2 (1) 

oj = 4, or 1 (8) 

VERIFICATION. 

42^5 X 4 + 4 = (1) 

P _ 5 X 1 -f 4 = (2) 



Transposing the known 
term to the second member, 
we have (2). If we wish to 
complete the square of the 
first member without intro- 
ducing fractions, it is evident 
that the second term shonld 
be divisible by 2, as it is 
twice the product of the two 
terms of the root. But the 
first term must be a perfect 
square; hence, we multiply 
all the terms of the equation 
by 4, the smallest even square 



number, and obtain (3). The 
square root of the first term is 2x, which must be the first term 
of the binomial root, and as 20 a: is twice the product of the two 
terms of the root, 10 a: must be their product, and the other term 

must be -- — = 5. Hence 5', or 2^, must be added to the first 

member to render it a perfect square, and to the second member 
to preserve the equality, thus producing equation (4). Extracting 
the square root, we obtain (5), which, by transposing and uniting 
terms, and dividing by 2, the coefficient of a:, gives 4 and 1, as the 
values of x ; and these values satisfy the equation. 

It will be observed that we have thus avoided the fractions which 
must be employed in solving this example by the previous rule. 
(Art. 269, Ex. 15.) 



To what form is the equation here reduced ? Explain the first op- 
eration. 
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It will also be seen that the quantity added to complete the square 
is the square of the coefEcient of x in equation (2). 

2. Given -z 8 ar"^ = 24 + r-» to find the values of ar, 

OPERATION. 

18 a: 



. — 8x-iz=:24 + T^ (1) 

5 ' ' o a; ^ •' 

18 ar* — 40 = 120 ar 4- 2 (2) 

18ar2— 120a: = 42 (3) 

3 ar» — 20 a? = Y (4) 

9ar2 — 60a: = 21 (5) 

9ar*— 60a:-f 100 = 121 (6) 

3 a:— 10 =±11 (\) 

3 a: = 10 ± 11 (8) 

3 a: = 21, or —1 (9) 

x= 7, or — i (10) 

We first remove the denominators and the negative exponent, 
by multiplying both members by 5 a:; then, after transposing and 
uniting terms, and dividing by 6, the greatest common measure of 
the three terms of equation (3), we obtain (4) as the reduced 
equation. 

The coefficient of the second term, — 20 a:, is an even num- 
ber; hence there is no necessity for multiplying by 4, as in the 
last example. But 3 a:^ is not a perfect square, and we must there- 
fore multiply by 3, to render the first term a square, producing 
equation (5). da:, the square root of Sa:*, must be the first term 

of the binomial root, and 30 ar, one half of CO a:, must be the pro* 

30 X 
duct of the two terms of the root; hence — — , or 10, must be the 

3a: 

second term, and its square, 100, must be added to both members- 
We then extract the square root of both members, and reduce 
as in the previous example. 

The number added to complete the square in the above example 
is the square of one half the coefficient of x in equation (4). 

3. Given a a:^ -|- & a: = c, to find the values of x. 



,^^is 



Explain the second operation. 
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OPERATION. 

aa^ -\- bx = c (1) 

4:a^x^-\-4:abx = 4:ac (2) 

4a«a:^4-4aiar4-&2_ 4oc'+ft3 (3) 

2ax + b= ± ^iac+l^ (4) 

2ax=^b± v/4^c + ^ (5) 

To make the first term a square, and^the second term divisible 
by 2, we multiply both members by 4 a, producing equation (2). 
2 ax, the square root of 4 a* a:*, must be the first term of the 

A f-m /k qm 

root, and — ; — , or 2ahx, must be the product of the two terms; 

hence -r , or b. must be the second term of the root, and ft* 

2a.T 

must be added to complete the square, producing equation (3). We 
next extract the square root of the first member, and express the 
square root of the second ; then, by transposing and dividing, we ob- 
tain the values of a: in equation (6). 

The quantity added to complete the square is the square of the 
coefiicient of x in equation (1). 

As a, b, and c in the last example may have any value 
whatever, we derive from the solution of that equation 
the following 

RULE. 

Reduce the equation to three integral terms, placing the two 
which contain the unknown quantity on the first side, the higher 
power first, and the known quantity on the second side. Divide 
the three terms by their greatest common measure, and the equa- 
tion will be reduced to the form as^ -\-bx = c. 

Multiply both members of the equation by four times the co^ 
efficient of j?, and add to each the square of the coefficient 
of X. 

Extract the square root of both members, and solve the sim 
pie equation thus produced. 

- - - - , I LI 

Explain the third operation. Repeat ilic Rule. 
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Note 1. It must be observed, that in this rale we take the sqaare of the 
coefficient which x has before it is maltiplied ; but in the previous one we 
take the square of one half the coefficient which it has after it is divided. 

Note 2. Any quadratic equation may also be solved by using the cO' 
ffficient of o:^ as a multiplier, instead of four times that coefficient, and 
adding the sqaare of one half the coefficient of x, instead of the square of 
that coefficient. If the coefficient of x is an even number, this method 
will avoid fractions, and at the same time make each term only one fourth 
as great as it would be by the rule given above. 

Note 3. If the coefficient of x^ is negative in the reduced form of the 
equation, all the signs must be changed. This may be effected by including . 
the negative sign in the multiplier. 

Note 4. The formula x « "^ — =-^^i — — , obtained by the solution 

of Example 3, may be used for the solution of any quadratic equa- 
tion of the form asfi -{■ bx =: c, in the same manner as the formula 

T = — ^ d: W7 -f 4 is ^ised in Art. 270. 

The use of fractions is to be avoided in the solution 
of the following 

Examples. 

4. Given a^ — *J x-\-6 = 0, to find the values of x, 

Ans. ar = 6, or 1, 

5. Given a;* -|- - = 3, to find the values of x. 

Ans. a: = li, or — 2, 

6. Given 10ar = 6ar^-|-4, to find the values of a?. 

1. Given 5a:^ = 5'r — 4 a*, to find the values of a:. 

Ans. ar = 3, or — 3|^. 

8. Giveu = 2 a ar — ct?. to find the values of x 

c 

Ans. X = . 

c 

X 

9, Given — 1-5 ar^ = c, to find the values of x, 

a ' 



. ac ±. y/ a^ c^ — 4aft 
Ans. X = . 



Repeat Note 1. Note 2. Note 3. Note 4. 
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273t The following equations are to be solved by either of 
the methods which have been explained ; but the rules given 
may be modified sometimes in the solution of particular ex- 
amples. 

The radical equations introduced in this connection are 
such as reduce to quadratics by the methods already ex- 
plained and applied. (Art. 258.) 

Examples. 

1. Given 3c^—Ux = 120. Ans. x = 20, or —6. 

2. Given ar^ — ^ = 27. Ans. a: = 6, or — 4^. 

3. Given 2 ar» — 10 ar = 100. 

4. Given 16 ar*' — 4 = 12 x'^. Ans. a: = 3, or 1. 

5. Given x^ — ^jjx = -j^. Ans. a: = ^, or — ^. 

6. Given?|"+3i = |+8. 

2" 20 

1. Given -- -|- — = 2 z. Ans. z = 20, or 4. 

8. Given 2a:2 + 15 = 3 ar. Ans. x = ^ ^ ^~~ ^^^ 

9. Given ar^ — 6x -^ 19 = 1 3, to find the approximate 
rallies of x. Ans. x = 4.732, or 1.268. 

10. Given 4a ar^ — 2bx = c. 

AnB ar-^A*^i^IS. 

11. Given ar^ — 4 = 16 — (a: — 2)\ 

Ans. ar = 4, or — 2. 

12. Given (3 a: — 5) (2 a: — 5) = (a: + 3) {x — 1). 

Ans. a: = 4, or \. 

13. Given (2 a: — 3)= = 8 ar. Ans. a; = f , or f 

14. Given J (a: — 3)^ + f = ar. Ans. a: = 6, or 6. 

15. Given ar« + (a: + 1)= = J^ a; (ar + 1). 

Ans. a: = 2, or — 3. 

How are the equations of Art. 274 to be solved ? 



QUADRATIC EQUATIONS. 231 

16. Given 3 (2 — ar) + 2 (3 — ar) = 2 (4 + 3a:«). 

Ans. x=z i, or — |. 

11. Given 4 (* - 1) - ^ = 3|. 

Ans. ar = 2, or ■^. 

6 2 

18. Given — r— -J — = 3. Ans. x = 2, or — A. 

ar -j- 1 • ar 

7 2 

19 Given —j-. -\ 5 = 0, to find the approximate 

ralues of x. Ans. a: = 1.148, or — 0.348. 

X 7 

20. Given — r— — = r- Ans. x = 14, or — 10. 

X -J- 00 3 X — 5 

21. Given 8 x + 11 + T ar-^ = 3 + ^. 

Ans. ar = 7, or — J. 

22. Given _— ? = 3f Ans. ar = — 2, or — 16. 

O — ~ X * 

23. Given ^"7^/ = ar — 3 + a:-\ 

a: -|- 3 ' 

Ans. a; = 1, or f. 

24. Given 



26. Given 



x-\- 6 


I \j tK, 




a:+ 2 

Ans. 


X 


-4, 


or 




4. 


x-\-3 
x-\- 2 


X- 


3 
2 


2a: — 3 

X— 1 


Ans. 


a: — 


4, 


or 


0. 



NoTB. If the second member of the reduced equation becomes before 
completing the square, one of the roots will be (Ex. 19, Note, Art. 
269) ; but if the second member becomes after completing the square 
the roots will be equal (Ex. 2 and Note, Art. 269). 



26. Given (a -|- ft) a:^ — c ar = ^^^ 



Ans ^ — '^iV^^ + ^ac 
Ans. X — —^—^^^. 

27. Given V^ + ^/^ = ^ V'^- Ans. ar = 2, or — 3. 

28. Given (4 a: + 5)* (T ar + 1)* = 30. 

Ans. a: = 5, or — ^^-. 
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EQUATIONS IN THE QUADRATIC FORM. 

274t The rules already given for the solution of quad- 
ratic equations will apply to any equation which can be 
made to assume the quadratic form. 

275, An equation takes the quadratic form when it is ex- 
pressed in three terms, and of the two terms which con- 
tain the unknown quantity, one has an exponent twice as 
great as the other. The quadratic form, then, is 

a a** -|- ft x* = c, or a:^" -|- jo a?" = y, 

in which n may have any value whatever, positive or 
nep^ative, integral or fractional. A: may also represent 
either the unknown quantity itself, or some expression 
containing .the unknown quantity. 

276t Higher Equations in the quadratic form usually 
reduce to pure equations of some higher degree than the 
first, after the completion of the square and extrac- 
tion of the square root. The solution must, therefore, be 
completed by the rule for pure equations. (Art. 260, 
Rule, Note 1.) 

1. Given a:^ + 3a^ = 810, to find the values of a;. 

OPERATION. This equation evidently has 

6 _i Q'yjs-M^fiio (^\ ^^^ quadratic form, since x* 

6 II o ^ IZ QOA A )o^ ^^ *^® square of 3?. As the 

4 a? + 12 ar» = 3240 (2) ^^^^^^.-^^^^ ^f ^he second term 

4 aj«+ 12 a:^ + 9 = 3249 (3) j^ ^„ ^^ ^^^^^er, we avoid 

2ar-(-3=±57 (4) fractions by using the second 

2a^ = — 3 ± 5T (5) method of completing the 

2a:^ = 54, or — 60 (6) square; that is, we multiply 

a^z=2^if or 30 (Y) hy 4, and add the square of 

^ __ 3 Q|. 8^___3Q /8\ 3 to both members. Extract- 

^■^1— ^ ■ ■ - ^1^— ^M ■-I.I-I. I— II ■■-■■ ■■■■MM ■ _, I ■ I ■ m 

To what other equations may the rules for quadratics be extended ? 
What is the quadratic form? 
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ing the square root of (8), we 

obtain (4), a pure cubic equa- 

VERIFICATION. tion, which reduces to (7) by 

129 + 3 X 2T = 810 (1) transposing, uniting, and di- 

900 + 3 (- 30) = 810 (2) ^^^^"S* , ^^xtracting the cube 

' ^ ' root of both members, we ob- 

tain (8). 

2. Given a:* + ^ ^"^ = ^» to fiwd the values of x. 

We first remove the de- 
nominator by multiplying 
both members of the eqiia- 
tion by z*, and then transpose 
the terms, producing equa- 
tion (3), which is evidently 
in the quadratic form. Com- 
pleting the square by the 
a? = ±2, or ±1 (T) first method, extracting the 
square root, transposing and uniting terms, we obtain the value of x* 
b equation (6). Extracting the square root again, we have the value 
of X in equation (7). 

3. Given x* — 9 a:* ^ 20 = 0, to find the values of x. 

Ans. ar== ±^5, or ±2. 

4. Given a:*' — 35 a:^ + 216 = 0, to find the values of x. 

Ans. a: = 3, or 2. 

5. Given 5a:^ — 90a:^ — 2T0 = 945, to find the values 
of X. Ans. x = S, or \^ — 9. 

6. Given x^^ 4- 31 a:* = 32, to find the values of x, 

Ans. a: = 1, or — 2. 

t. Given a^ — 4 a:* = 10, to find the values of x. 





OPEBATION. 






^+^-^ 


(1) 




a^-|_4 — 5a:3 


(2) 




X* ba^— 4 


(3) 


1*- 


-5a:2 -1-^=1 


(4) 




^-i ±3 


(5) 




ar^ 4, or 1 


(6) 



1^ 
n. 



Ans. a: = (2 ± ^/ 14) 

8. Given a:^ + 1225 a:-^ = 74,-^ to find the values of r. 

Ans. X =z ± T, or ± f*. 



Explain the operation of Example 2. 
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277 * Radical Equations sometimes take the quadratic 
form, and reduce to pure equations. 

Note. Some of the following equations may be changed to true qoad- 
raties ; however, thcj should be solved bjr the quadratic farm. 

1. Given x-\-2 i^/lc z= 15, to find the values of ar. 

The exponent of the first 
term is 1, or }, and that of the 
second is ^, for 2 y^x =~ 2 x* ; 
hence the equation has the 
quadratic form. Completing 
the square by the first meth- 
od, and extracting the square 
root, we obtain (3); trans- 
posing and uniting, we have 
(4) ; and squaring both mem- 
bers, we have (6). 
In verifying these values, 
we find that 9 is limited to tiie positive square root, while 25 is limited 
to the negative square root, as those roots only will satisfy the equa- 
tion. It will be seen that (-|- 3)' and (— 5)' are, then, the real roots 
of the equation, as we might infer from the origin of 9 and 25, equa- 
tion (4). 

2. Given 3 ar^ + a?* = 3104 a:* 



OPERATION. 




x + 2v'x=15 


(1) 


ir + 2v'x+ 1 — 16 


(2) 


Vx + 1^= ± 4 


(3) 


i>/x 3, or — 5 


(4) 


X — 9, or 25 


(5) 


VERIFICATION. 




9 + 2 X 3 = 15 


(1) 


25 + 2 ( 5) — 15 


(2) 



OPERATION. 

3a:«-f a:^ = 3I04ar* (1) 
3 a:^ -fa:* = 3104 
36 ar* + 12 ar* = 37248 
36 ar* + 12 ar* -f 1 = 3T249 
6 ar* + 1 
6a;* = 



= ±193 
192, or — 194 



x^ = 32, or — ^^- 
a;*= 2, or (— V)* 
a; = 64, or (— ^#)* 



(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 



to find the values of x. 
Dividing both members of 

the equation by a:*, we ob- 
tain (2), which is in the 
quadratic form, because the 
exponent | is twice as great 

as the exponent f , and x' 

is therefore the square of a:* 
Multiplying by 4 X 3, or 12. 
adding 1, the square of the 
coefficient of x*, extracting 
the square root, transposing, 
uniting, and dividing by 6, 

we obtain the value of a:* 



Explain the operation of Example 1 . Of Example 2. 
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in equation (7). Extracting the fiflh root of both sides of the equa- 
tion, we obtain (8) ; and raising both sides to the sixth power, we 
obtain the values of x in equation (9). 

As we extract the corresponding root to remove the numerator 
of the exponent of x, and raise to a corresponding power to remove 
its denominator, the effect is the same as if we at once transfer the 
exponent of x to the second member by inverting it. 

3. Given a:-|-4\/ir =: 21, to find the values of x. 

Ans. a: = 9, or 49. 

4. Given a?~* -f- a: ' = 6, to find the values of x. 

Ans. ar = ^, or ^. 

6. Given a:^~|- 10 ar' = lYl, to find the values of x. 

Ans. X = 2T, or (— 19)'. 

6 Given 5y'-|-y=22, to find the values of y. 

Ans. y = 16, or ( — — \ . 

t. Given >i{/^ -j" ^ ^ = 6* *^ fi"^ ^^^ values of ar. 

Ans. X =z 32, or — 243. 
1 a 

8. Given a?» — a?» -|- 2 = 0, to find the values of x. 

Ans. X = 2», or (— 1)". 

n 

9. Given x^ -{- px^ :=: g, to find the values of x. 

fl 

Ans, x=(—ip±s/q-\-ip')''' 

10. Given y/ x/^ — 3 a? = 40 ar *, to find the values of ar. 

I 
Ans. ar =: 4, or ( — 6)'. 

278 * Polynomials may sometimes take the place of the 
unknown quantity, as the basis of the quadratic form. 
These polynomials may have the exponents 2 and 1, or 
they may have higher or fractional exponents, bearing the 
same ratio. 

How may an exponent be transferred from one member of an equation 
to the other? 
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1. Given x — ^ x-\-b = 1, to find the values of a:. 



OPERATION. 



a: _ V'ar + 5 = 1 (1) 

a: ^- 5 — V^^~+~5 = 6 (2) 

(a, + 5)-(.r + 5)' = 6 (3) 

(x + 5)-(x+b)^ + i = ^^^ (4) 

(^ + 5)*-i=±^} (5) 

(ar + 5)* = 3, or — 2 (6) 

a: + 5 = 9, or 4 (T) 

a: = 4, or — 1 (8) 

VERIFICATION. 

4 — 3=1 (1) 

-l-(-2) = l (2) 

We first add 5 to both meaibcrs of the equation, in order that 
we may make the quantity without the radical the same as that 
within. The equation then assumes the quadratic form, (x -f' ^) 
being its basis, instead of x. The coefficient of (pe -\- 5)' is 1 , and 
we therefore add (^)* to "both members to complete the square. 
Extracting the square root, transposing, and uniting, we find the 

value of (x -f- 5)^ in equation (6). Squaring, and transposing 5, 
we have the value of x. 

In verifying these values of Xy we are obliged to take the positive 
root of a: -[- 5 when a? = 4, but the negative root when a: = — 1, 
as these only will satisfy the equation. 

2. Given (x — 5)^ — 3 (ar — 6)* = 40, to find the values 
of X, Ans. a: = 9, or 5 -f- \/ 25. 

Note. This equation is of the quadratic form, because the exponent 
3 is twice as great as ^. We may carry through the solution without any 
change of letters, as in the last example; or we may substitute y^ for 
{x — 5)8, and y for {x — 5) . 

3. Given {x — 1)* — a? = — J, to find the values of a?. 

Ans. X = 2^, or ^ 

Explain the operation. 
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Note. The ahoYe equation, by adding 1 to both members, assames 
the form {x — 1 )2 — (x — 1 ) = |, and may thus be solved. It will be 
seen, however, that the given equation can be readily reduced to a com- 
mon quadratic by expanding (x — 1 )^ and uniting terms, as in the Ex- 
amples of Art. 274. 

4. Given (y* — 4 y )» — 6 (y* — 4 y) + 6 = 0, to findthe 
.values of y. Ana. y = 6, or — 1, or 2 ± \/ 6. 

6. Given a:* — 2 a: + 6 -v/a:^ — 2a: + 6 = 11, to find the 
values of x. Ans. a: = 1, or 1 ± 2 \/ 16. 

6. Given ^a: + 24-2-^a: + 2 = 8, to find the values 
of X. Ans. X = 14, or 254. 

Y. Given (a:* + T)* + 2 (a:" + T)* = 80, to find the real 
values of x. Ans. a:= ±5. 



SIMULTANEOUS EQUATIONS INVOLVING QUAD- 
RATICS. 

279* The Degree of an equation containing more than 
one unknown quantity is indicated by the highest sum of 
the exponents of the unknown quantities contained in any 
one of its terms. (Art. 145.) Thus, 

5a;y-[~2a: + 3y = ^3 is of the second degree, 
and a a:^ y 4- ^ 3; y = c* is of the third degree. 

280* A Homogeneous Equation is one whose terms, ex- 
cept those which contain only known quantities, are ho- 
mogeneous with respect to the unknown quantities. (Art. 
30.) Thus, the equations 

5xy'\-2x^-\-3^ = 65, and a3i^y-\-bx^ = c*, 

are homogeneous, for in each equation the sum of the ex- 
ponents of the unknown quantities is the same in every 
term which contains an unknown quantity. 

How is the degree of an equation containing more than one unknown 
quantity indicated 1 Define a Homogeneous Equation. 
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281* A Stmmetbical Equation is one in which the un- 
known quantities are similarly involved. Thus, the equa- 
tions 

3x2 3^=108,? + !=-, andar^+y^ + xy— 2a:— 2y=9, 

are symmetrical ; for in each of the equations x and y are 
aifected by the same coefficients and exponents, and per 
form the same office. 

Note. Many equations are both homogeneons and symmetrical ; as 
3r* 4- 3y» = 39, or a^'\-xy-{-y^ = i^. 

282* In general, two quadratic equations containing two 
unknown quantities will produce an equation of the fourth 
degree after elimination. The rules for quadratics are not, 
therefore, sufficient to solve aU simultaneous equations of 
the second degree. Most of those which are capable of 
solution by means of rules already given may be included 
in three cases : — 

I. When one equation is of the first degree and the 
other of the second. 

II. When both equations are homogeneous and of the 
second degree* 

III. When the equations are symmetrical. 

% 

CASE L 

283. When one equation is of the first degree and 
the other of the second. 

Equations belonging to this class can always be solved. 
It is usually most convenient to find an expression for 



Define a Symmetrical Equation. Are the rules for quadratics suffi- 
cient to solve all simultaneous equations of the second degree? What 
ones can be solved ? How are equations belonging to Case I. usually 
solved ? 
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the value of one of the unknown quantities in the simple 
equation, and eliminate by substitution. Examples have 
already been given in which a pure equation is thus ob- 
tained. (Art. 266.) 

Examples. 

1. Given6(a:* — a:)-f 3a:y — 2y*= 10, and 2 ar + y = T, 
to find the values of x and y, 

OPERATION. 

5(x* — ar)4-3xy — 2y»=10 (1) 
2x+y= T (2) 

From (2), y=Y_2ar (3) 

Subs, in (1), 6(ar^ — x)+3a:(7 — 2a:)— 2(7— 2a:)2=10(4) 
Expanding, 6a:2—6a:4-21a:—6a:2_9g_|_5g3._8^_lQ (5^ 

Uniting terms, — 9x2+ 72ar= 108 ^g^ 

Dividing by — 9, a^ — ^x = — \2 (7) 

Completing square, • a:* — 8 ar -|- 16 = 4 (8) 

Evolving, X — 4 = ± 2 (9) 

Whence, ar = 6, or 2 

Substituting in (3), y = 7 — 12, or 7 — 4 

Whence, y= — 5, or 3 

VERIFICATION. 

First set of ( 150 — 90 — 60 = 10 (1) 
values, ( 12— 5= 7 (2) 

Second set of | 10 + 18 — 18 = 10 (1) 
values, ( 4+ 3= 7 (2) 

It will be observed that the values of x and y must be taken 
in the same order; that is, when a: *= 6, y = — 5; and when 
r = 2, y = 3. 



Explain the openition. 
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2. Given ic+y=T, and #-f2y* = 34, to find the 
values of x and y. [ a ni- ^^ 

I X — 4, Or . 
Ana. -j 

[y = 3, or -. 

3. Given a: — ^-^ = 4, and y — ^^t?l=l, to find 

2 ' ^ ar+2 ' 

the values of x and v- a ( a: = 2. or 5. 

^ Ans. ^ ' 

( y = 6, or 3. 

4. Given x -f- 4 y = 23, and ar* -f- ^ ^ y = ^4, to find 
the values of x and y, . I a: = 3, or - — Y2. 

'*^' I y = 5, or 5^. 

5 Given 49 x^ = 36 y^, and x (2 x -^ i) + Sx^ 
— y (6y-f"^) + 128 = 0, to find the values of x and y. 

Ans. 1^ = ^' ^^-^• 
(y=7, or — ^. 

Note. It is evident that one of the equations can be readily redaced 
to a simple one. 



CASE n. 

284. When both equations are homogeneous and of 
the second degi'ee. 

Equations belonging to this class can always be solved. 
It is usually most convenient to substitute for one of the 
unknown quantities the product of the other by a third 
unknown quantity. 

Examples. 

1. Given 2y^ — 4a?y + 3^2 = 17, and y^ — ;c«=16, 
to find the values of x and y. 

<' — ■ ■ ■ ' .. . .-■ ■ I . . . ■ - 

How are equations belonging to Case II. usually solved ? 
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OPERATION. 



2f — 4:xy+Sx^ = 17 (1) 

f — x^=l6 . (2) 



Let yz=.vx (3) 

Subs, in (1), 2v^x^—4.vx^'\-^x'=ll (4) 

Subs, in (2), t;^ a:» — ar» = 16 (5) 

From (4), ^= 2.^*JIt; + 3 (^) 

From (5), ^=^ (7) 

Hence, 2*.«-4i; + 3=I^r3r (8) 
Clearing of fractions, 17tr*— 17 = 32tr* — 64t? + 48 (9) 

Tr. and uniting, _ 1 5 v^ + 64 r = 65 (10) 

Dividing by — 15, v^— fft? = — ff (11) 
Whence, t7= i^, or ^ 

Substituting in (7), ar^ = r— --, or 



Reducing, a:^ = ^, or 9 

Evolving, , a: = ih f > or ± 3 
Substituting in (3), y=zh4XV»or±3Xf 

Reducing, y = it V? or ±5 

2. Giv^n y2— ar»=:3, and y* — 2 xy 4-2a:^= 2, to find 
the values of x and y. 

Ans. i^ = ±l'<>^±W5: 
(^ = ±2, or dblV5. 

3. Given ar^-|-3xy — y^ — 27^ and 3 ar*+ 2icy = 63, to 
find the values of x and y. 

^^g ( ar = ± 3, or ±f4 y^gS: 

(y = ifc6, or±jj«^V23. 

Note. If either a: or y be directly eliminated from such equations as the 
above, the result will be a biquadratic equation in the quadratic form. 
(Art. 275.) Two homogeneous quadratic equations, containing two un- 
known quantities, may therefore be solved in that manner, without the aid 
of a third unknown quantity. 



Explain the operation. What method' of solving homogeneous equa- 
tions U m.entioned in the Note ? 

il 
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It will be seen that the square root must be taken twice, whatever the 
method used, and that each unknown quantity most have four values, 
two of which differ only in their signs. (Art 263.) 

CASE lU. 

285. When the equations are symmetrical. 

It is often convenient to combine and simplify quad 
ratio and higher equations belonging to this class, before 
attempting to eliminate either unknown quantity. The 
proper application of the various expedients employed 
must be learned by experience, as the details vary with 
each new class of examples. The student must b^ thor- 
oughly conversant with the forms of the powers of bino- 
mials, the principles of factoring, and especially with the 
relations existing between the sum, difference, and prod- 
uct of two quantities. 

Examples. 

1. Given a:-f-y=1, and xy=zl2, to find the values 
of X and y. 

OPEBATION. 

a: + y= 7 ' (1) 

xy = l2 (2) 

Squaring (1), a:^ _^ 2 a: y + y» = 49 (3) 

Multiplying (2) by 4, 4a?y =48 (4) 

Subtracting (4) from (3), 3? — 2xy-{'f=\ (5) 

Evolving, x — yz=z±l (6) 

Equation (1), ar -[- y = 7 



Adding (6) and (1), 2 a: = 8, or 6 

Whence, ar = 4,or 3 

Subtracting (6) from (1), 2 y = 6,or 8 

Whence, y_ 3^01.4 



What is said of the number of roots of homogeneous equations ? What 
is said of the methods of solvftig equations under Case III. ? Explain 
the operation. 
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Many complicated equations reduce to the sum and product of 
the two unknown quantities. After reaching that point, the work 
may conform to the above. It is evident, however, that such equa- 
tions as the above belong under Case I. as well as Case III., and 
may therefore be solved by eliminating one of the unknown quan- 
tities from the original equations by substitution. 

It must not be inferred that x and y are equal to each other; 
for when a: = 4, y.*= 3, and when a: = 3, y = 4. Whenever two 
simultaneous equations are symmetrical in their signs, as well as 
in other respects, it is evident that the letters may be exchanged 
without affecting the equation ; hence the values of the letters must 
be interchangeable, and when the two values of one letter are found, 
the same values may be assigned to the other letter, the order 
being reversed. 

2. Given a^-\- t^ = 25, and a:y=12, to find the val' 
ues of ar and y. 

OPERATION. 

a:2 + y2_25 (1) 

xy=12 (2) 

Multiplying (2) by 2, 2 x^ = 24 (3) 

Addiflg(l)and (3), a^ + 2x^-\-f = 49 (4) 

Subtracting (3) from (1), x' — 2xy-\-f= 1 (5). 

Extracting square root of (4), a: +y = ±T (6) 

Extracting square root of (6), x — y = ± 1 (7) 

lidding (6) and (7), 2x= ±S, or ±6 

Subtracting (7) from (6), 2 y = ±6, or ±8 

Whence, x = ±*4, or ± 3 

Also, y = ±3, or ±4 

It is evident that the above Example might be classed under 
Case II. as well as under Case III.; but the method here adopted 
gives a simpler solution. 

3. Given ar* — ^=19, and x^ i/ — a: ^ = 6, to find the 
values of x and y. 

By what other method might the equations be solved? What is said 
of the relative values of x and y in such equations 1 Explain the second 
operation. By what other method might Example 2 be solved? 
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OPERATION. 






ar^ xj"— 19 


(1) 




Q^y — xf— 6 


(2) 


Multiplying (2) by 3, 


3a:»y— 3x5^— 18 


(3) 


Subtr. (3) from (1), x" 


3^y + 3x^ — / 1 


(i) 


Extr. cube root of (4), 


x — y— 1 


(5) 


Dividing (2) by (5), 


xy 6 


(6) 


Squaring (5), 


^^'lxy-\-f 1 


0) 


Multiplying (6) by 4, 


4xy —24 


(8) 


Adding (7) and (8), 


^J^^xy^f 25 


(9) 


Extr. square root of (9), 


x-\-y — ±6 


(10) 


Equation (5), 


X y— 1 




Adding (5) and (10), 


2 a: 6, or ■ 


-4 


Whence, 


X 3, or ■ 


— 2 


Subtracting (5) from (10), 


2y_4,or- 


6 


Whence, 


y_2,or- 


— 3 



As the onginal equations are not symmetrical in their signs^ the 
values of x and y are not interchangeable. 

4. Given a:-|- y = 4, and a;""^-}"y"^ = 1» ^^ fi"^ t^*^ ^^^" 
ues of X and y. . j a; =i 2. 

Note. Remove negatiye exponents, apply Axiom 7, and solve like 
Example 1. 

5. Given ac^-f-y' = 65, and x-^-y z=l h^ to find the val- 
ues of X and y. a J a: =r 4, or 1. 

ly = 1, or 4. 

Note. Divide one equation by the other (Art. 87), and square the 
lecond. 

6. Given — +- = 9, and ar + V = 6, to find the val- 

y ^ X ' "^ 

ues of X and y, . j a; = 4, or 2. 

(y = 2, or4. 

Explain the third operation. Why are not the values of the two on- 
Imown quantities interchangeable? 
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Y. Given a^ + ar^y'-fy* = 931, and ar^-f xy + y = 49, 
to find the values of x and y. 

Ans. j^=±5,or±3. 
ly = ±3, or ±5. 

Note. Divide one equation by the other. 

8. Given ar + y = 61, and x^ + y = ^^» *^ ^^^ *^® 
values of a: and y. . ( x = 36, or 26. 

( y = 26, or 36. 

Substitute v for a:*, and « for y*, and the equations will become 
t;* -f- 2^ == 61 and t; -|- ^ == 11 ; from which the values of v and 2, 
and consequently of x and y, are readily found. Or, 

Subtract a: -[- y = 61 from the square of x* -[" y = H* ^.nd 
square the result. 

286. Sometimes one of the given equations, or some 
combination of the two given equations, takes the quad- 
ratic form, an expression containing both unknown quan- 
tities being the basis. (Arts. 276-278.) 

1. Given ar^-j-y^ + ary — 2a: — 2y = 9, and ary=6, 
to find the values of x and y. . ( a: =z 3, or 2. 

I y = 2, or 3. 

After adding the second equation to the first, their sum may be 
put in the quadratic form, thus; 

(^ + y)« — 2 (a: + y) = 15. 

Completing the square, evolving, and reducing, we obtain 

a: -[- y = 5, or — 3 ; 

but as the latter value produces imaginary results, we use only 
the former. 

2. Given 4ary zir 96 — x^y^, and x-{-y =z 6, to find the 
values of x and y. 1 ( a: = 4, or 2, or 3 ±>/21. 

I y = 2, or 4, or 3 :F\^'21. 

- — - - I - - — 

How may an equation containing two unknown quantities take the 
qoadratic form ? 
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NoTB. The signs d: and ^, if ased independently, would have the same 
signification ; bnt when taken in connection, one is the reverse of the 
other. When x takes the upper sign, or +, y must also take the upper 
sign, or — ; and when x takes the lower sign, or — , y must also take 
the lower sign, or 4~ » that is, x and y must always take opposite signs. 

In the course of the operation, the sign ^ is changed to ^ whenever 
+ would be changed to — . 



3. Given -^ H = -tt, and x — y = 2, to find the vaU 

ues of X and y. 

Ans. 



^ = 5, or -. 



y = 3,or_A. 

287. Two equations, neither of which is strictly sym- 
metrical in itself, may sometimes produce a symmetrical 
equation when properly combined. 

Two equations which are not symmetrical in respect to 
the unknown quantities themselves, may be symmetrical 
in respect to some multiple or power of those unknown 
quantities ; that is, the same ^multiple or power is the 
basis of the forms found in both equations. 

Sometimes it is convenient to obtain one simple equa- 
tion by means of the expedients used in Case III., and 
then complete the solution as in Case I. 

1. Given a:^ -|- a: y = 60, and y^-|-a:y = 84, to find the 
values of x and y. a i a? = ± 6. 

Add the two equations, and the result is symmetrical. Extract 
tne square root of the sum, and divide each equation by the result. 

2. Given a^ + 9f = 52, and a:+3y=10, to find the 
ralues of x and y. ' * ( ar = 6, or 4. 

I y = 7' or 2. 

These equations are symmetrical in respect to x and Sy. By 
substituting z for 3y, each equation will become strictly symmetri- 
ral, and the values of x and z will be interchangeable. 

^ ■■ ■- ■-■■ ■ ■■ ,. ■ — ■ — — ■■ ^ ■ i*^ — ■ ■ — — — - ■■ ^ ■ ■ — ■ ■■ ^ ■ I I » 

How may equations not strictly symmetrical be brought under Case III.* 
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3. Given a;* -|-y ~ *^f ^^^ ^ !/ = 144, to find the val- 
ues of X and y. ^^^ ( a: = ±8, or ±Sa/~3. 

I y = 9, or 16. 

Substituting v for ar, and z for y*, the equations become 
v~{- z=: 7y and t;* 2* = 144, from which the values of v and z are 

readily obtained. Replacing a;' and y*, the values of x and y are 
found. 

After going through the operation as above, the student may take 

precisely the same steps, and find the values of x^ and y% without 
the use of v and z. 

(7 ^ *y97\^ /7 T /97\2 

^^ J and y = V~~2^/ ""^^ *^^ '^^ obtained 

from the equations last given. 

4. Given oi^ -\- 3 x y = 54:, and xy-{-4:i/^ =115, to find 

the values of a: and y. ( x = ±3, or ±36. 

Ans. 1 gg 

(y = ±5, or q: — 

Add the two equations together, and the result is a perfect 
square. 

288. The following equations are to be solved by either 
of the methods already explained. As has already been 
shown, many of those which come under Case III. may 
also be classed under one of the first two Cases. Several 
solutions of the same set of equations are often possible, 
and the student should therefore seek to obtain the best. 

Examples. 
1. Given \f-^ = ^t\. ' Ana. !-=5- 



a ± v^a' — 4 & 

2. Given i- + y = «j. An8.r~ J~ 
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3. Given 



4. Given 



5. Given 



6. Given 



Y.* Given 



Note. There 



8. Given 



9. Given 



10. Given 



11. Given 



12. Given 






or +y =2) 
ar-* + y-i = 2j 

ar» — y' = 8 
ar — y = 2 

ar*4-y* = 82 



Ans. 



X 



g i: /2 c — q* 



y— 2 



ns 


h 




1. 




iy 




1. 


ar — 


f, 


or 


3. 


y — 


3, 


or 


h 



Ans. 



Ans. 1^=2, or 0. 

y=:0, or —2. 



Ans. 



x=±3, or ±1. 
y=±l, or ±3. 



X 


25, 


or 


9. 


y — 


9, 


or 


25. 


x = 


:64, 


or 


8. 


y = 


: 8, 


or 


64. 



are also the same namber of imaginary roots. 



a:— y=8 {y/x — ^/y) 
h/xy = 15 

Ans. 



ar-f-yra: — y::13:5 
y^ + ar = 25 

Ans. p=^' or-14TV. 
I y = 4, or — 6^. 

ar -|- 4y = 14 
4 a? — 2^+^2=11 

Ans. 



a:=2, or — 46. 
y == 3, or 15. 



ar + 3y = Y 
a:=-^3ary + 3y2=7 



Ans. 



!a:= 1, or 4. 
y = 2, or 1. 
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THEORY OF QUADRATIC EQUATIONS. 

289.* Every complete quadratic equation may be re- 
duced to the form 7? -\- px-r^ q. 



whose roots are — ^ -j" \ 9 4" 7" » 

and —l—yJqJi^t (Art. 269, Ex. 5.): 

and, since no other values result from the general equation, we 
infer that 

Every equation of the second drgree has two roots, and only two. 
It is evident that the sum of these roots is — /?, and their 

product is ^ — ^9 + ^) = — 9- 

Hence, 

1. The algebraic sum of the two roots of a quadratic equa^ 
tion i£ equal to the coefficient of the second term, with its sign 
changed. 

. 2. The product of the two roots is equal to the second mem- 
ber, with its sign changed, 

290«* Using r and r' for the two roots of the quadratic 
equation 7^ --{- px — 5' = 0, 

we have x = r, and x = r', 

or, X — r =±: 0, and a: — r' = 0. 

Multiplying the last two expressions together, 

(x — r) (x — r') = 0, 

or, a^ — (r '-\- r*) X -\- r r' z= 0, 

But, by Art. 289, r--{-r' = — p, and r r' = — q] 

hence, xr-^-px — q =1^ (^x — r) (x — r') = 0. 

That is, 

Jf all the terms of a quadratic equation he transposed to the 



What relation exists between the roots of a quadratic equation and 
fie coefiicient of the second term ? Between the roots and the second 
tiembcr? How may a quadratic equation be factored? 
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fir9il memhei', it may he resolved into the two binomial Jactors 
formed by subtracting each of the two roots of the equation 
from the unknown quantity. 

Examples. 

1. Resolve tx^ — 4a;-f-3 = into binomial factors. 

Ans. (a? — 3) (a: — 1) = 0. 
A solution of the equation gives 3 and 1 as the roots. 

X 

2. Resolve x* — - — J = into binomial &ctors. 

Ans. (x— S)(a: + J) = 0. 

3. Resolve a? — 7a: + 12 = into binomial factors. 

4. Resolve ar^ + 6a:-{-8 = into binomial factors. 

291.* The principle established in the last Article fur- 
nishes a method of resolving into factors any trinomial 
which contains the first and second powers of a letter or 
quantity. (Art. 90.) Such a trinomial is called a quad^ 
ratic expression. '' 

1. Resolve a:' — 5a:-|-6 into binomial factors. 

Ans. (a: — 3)(x — 2.1 

Although this trinomial may have any value whatever, yet ve 
find its factors by supposing it equal to 0, and obtaining the roots 
of the equation thus produced. The factors of the trinomial will re- 
main the same, whatever the values of x, and of the trinomial. 

2. Resolve a^ — — — f into binomial factors. 

Ans. (x — |)(a: + |). 

3. Resolve a:^ -j- 3 a: — 28 into binomial factors. 

292* The principle established in Art. 290 also fur 
nishes a method of forming a quadratic equation which 
shall have any two given roots. 

1. What is the equation whose roots are 1 and — 2? 

What is a quadratic expression '* 
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OPERATION. 

(ir— 1) (ar + 2) =x2 + a? — 2 = 
Or, ar» + ar = 2 

2. What is the equation whose roots are 4 and 5? 

Ans. a^ — 9x = — 20. 

3. What is the equation whose roots are 6 and 7 ? 

4. Porra an equation whose roots shall be ^ 1 and — 2. 

Ans. a^ + Sx = —2, 

DISCUSSION OF THE GENERAL EQUATION. 

298.* If 5' == 0, in the general equation 3^-\- p x = q, 

the roots will become — '^ ± ^, or — p and 0, and the 

equation may be considered a simple one. (Art. 269, Ex. 
19, Note.) 
If p = 0, the term p x disappears, the roots become 

^-s/ Q and — s/ q, and the equation is found to be a 
pure quadratic. Hence the principles stated in Arts. 289, 
290, and 292 may be applied to both pure and affected 
quadratic equations. 

294.* The values oi p and q in the general equation may 
be either positive or negative. If those letters be consid- 
ered essentially positive, and the signs be expressed, we 
shall have four forms, 

!^-\.px^q, ,f = _|±y'y + J^ (1) 

a,* — px=iq, xz=l±J q-\.t-, (2) 

:>^ + px = -q. x = -|±y/-y+f; (3) 

a?~px = -q, a:=|±y/_y+|!. (4) 



If y = 0, what will be the eflPect on the general equation? What is 
said of pure quadratic equations ? What are the four forms ? 
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2t5«* As q is positive in the first and second forms, 
and negative in the third and fourth, the roots must have 
different signs in the first two forms, and the same sign 

in the last two. (Art. 289.) Moreover, since ~ must be 

numerically greater than 4 / — 5^ + t-» the signs of the 

roots in the last two forms must be controlled by. the 
sign of "^. Hence, 

1. In the first and second forms, one root is positive and 
the other negative. 

2. In the third form, both roots are negative, 

3. In the fourth form^ both roots are positive, 

296* It is evident that the quantities under the radical 
sign of the roots in the first two forms can never be neg- 
ative, and that they can be negative in the last two forms 

only when j- is numerically less than q. Hence, 

1, In the first and second forms, both roots are always reaL 

2. In the third and fourth forms, both roots are imaginary 
when the square of half the coefficient of x is numerical^ less 
than the second member; otherwise they are reaL 

297.* It is evident that the radical portion of the roots 

can never become in the first two forms ; but if ^ =z a, 
the radical portion will become in the last two forms, 
and both roots will be — ^, or ^. Hence, 

1. In the first and second forms, the two roots are always 
numerically unequaL 

2. In the third and fourth forms, the two roots are equal 
when the square of half the coefficient of x is numerically 
equcd to the second member; otherwise they are uncquaL 

» _ , ■ ■ 

What will be the signs of the roots in each form ? When will the roots 
be real, and when imaginary ? When will the roots bo unequal, nuti when 
equal ? 
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PKOBLEMS 

LEADING TO AFFECTED QUADRATIC EQUATIONS. 

298, Some of the following problems require the use 
of but a single unknown quantity, others require the 
use of two, and others still may be solved by either 
method. 

299# Some problems may also lead to either pure or affected 
quadratic equations, according to the notation assumed. 

PROBLEMS. 

1. A man buys a watch, which he sells again for $24, 
and finds that he loses as much per cent as the watch 
cost ; required the price of the watch. 





SOLUTION. 




Let X the price in dollars. 




Then x the loss per cent, 




X 3^ 

and ^^^ X ^ — j()() — - his whole loss. 


Therefore, 


— X 24 

100 


Or, 


x^ lOOar— 2400 



Completing square, ar^— 100a: + 2500 = 100 
Whence, a: — 50 = ± 10 

And, X =. 60, or 40 

The price was either $ 60 or $ 40, for each of these values satisfies 
all the conditions of the problem. 

2. What number is that which exceeds the square of 
its fourth part by 3 ? Ans. 12, or 4. 

What Is said of the number of unknown quantities ? Explain the 
lolution of Problem 1. 

24 
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3. Divide the number 10 into two parts whose product 
BhflJl be 24. 





SOLUTION. 


Let 


X one part. 


and 


10 — X the other part. 


Then, 


X (10 x) — 24 


Or, 


3^ 10a:— 24 


Completing the square, 


x^ 10a: + 25 — 1 


Whence, 


x — 5— ±1 


And 


X 4, or 6 


Also, 


10 — a: — 6, or 4 



One part must be 4, and the other 6, and there is only one 
mode of dividing 10 so that the product of the two parts shall be 
24; but it is immaterial which part is 4, and which is 6. 

The same results may be obtained by the use of two unknown 
quantities, producing the synmietrical equations 

a:-|-y=10, and a:y=24. 

4. A person bought a certain number of sheep for $ 80 ; 
if he had bought 4 more for the same sum, each sheep 
would have cost $ 1 less ; required the number of sheep, 
and the price of each. 

SOLUTION. 

Let X = the number of sheep. 

80 

Then — = the price of each, 

and ,— - = the price of each if he 

had bought 4 more. 



Therefore, — r-7 = 1 

' X -{-4 X 

Or, 80 a? = 80 (a: + 4) — a:^ — 4 a: 

Hence, ar^ + 4 a: = 320 

Completing square, x^ ■^4cX -\- 4cz= 324 

Explain the solution of P^vblem 3. Problem 4. 
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WTience, a: + 2=±18 . 

And x= 16, or —20 

Also, — = 5, or — 4 

X 

The negative results are not admissible, as answers to the above 
problem in its present form. The number of sheep was therefore 16, 
and the price of each $ 5. 

If, in the above problem, " bought " be changed to scild^ " 4 more " to 
4 yewer, and " $ 1 less" to S 1 more^ 20 and 4 will be the true answers. 
It will be well for the pupil to interpret the negative results in the 
problems which follow, whenever an obvious interpretation occurs. 

5. Having sold a piece of goods for $ 56, I gained as 
much per cent as the whole cost me. How much did it 
cost? Ans. $40. 

6. A person bought a lot of chickens for 96 cents, 
which he sold again at 13j- cents a piece, and gained as 
much as one chicken cost him. What number did he 
buy? Ans. 8. 

t. A printer, reckoning the cost of printing a book at 
so much per page, made the whole book come to $80. 
It turned out, however, that the book contained 5 pages 
more than he reckoned, and an abatement also was made 
of 50 cents per page. He received $67.50. How many 
pages did the book contain? Ans. 45 pages. 

8. A company at a tavern had $8.75 to pay; but, be- 
fore the bill was paid, two of them went away, when 
those who remained had, in consequence, 50 cents more 
to pay. How many persons were in the company at 
first? Ans. 7. 

9. A sum of $1000 has to be divided equally among a 
number of persons ; but two new claimants appearing, it 

. is found that each person will receive $25 less than he 
expected. Eequired the original number of persons, 

Ans. 8. 

m ^ I ■ ■ ■■ - mtm., ^ . .m ■■■■ ^1. »■■■ . ■■■■I ^ , I ^_,» w m'.^^m^ 

I Interpret the negative results. 

\ 
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10. The plate of a looking-glass is 18 inches by 12, 
and it is to be surrounded by a plain frame of uniform 
width, having a surface equal to that of the glass. Re- 
quired the width of the frame. Ans. 3 inches. 

11. Twenty persons contribute to send a donation of 
$48 to a benevolent society, one half of the whole being 
furnished in equal portions by the women, and the other 
half by the men ; but each man gives a dollar more than 
each woman. How many are there of each sex, and 
what does each person contribute ? 

SOLUTION. 

Let X =. number of women, 

and y = contribution of each in dollars. 

Also, 20 — X =: number of men, 

and y -|- 1 = contribution of each in dollars. 

Then ^y "=• whole contrib. by the women, 

and (20 — a:) (y -|- 1) = whole contrib. by the men. 

Therefore, ary = 24 (1) 

Also, (20 — x) (y + 1) = 24 (2) 

From(l), y=^i (3) 

From (2), 20 y + 20 — a: y — a: = 24 (4) 

Subst. (3) in (4), 20 (^^ + 20 — 24 — x = 24 (5) 

Or, l?2_a: = 28 (6) 

Clearing of fractions, a:^ _|_ 28 a: = 480 (T) 

Completing the square, ar^ + 28 a: -|- 196 = 676 (8) 

Evolving, a: + 14 = ±26 (9) 

Whence, a: = 12, or — 40 

And y= 2,or— f 

Also, 20 — a: = 8, or 60 

A^nd y-|_l = 3,or f 



ExDlain the solution of Problem 11. 
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The negative values of x and y, although furnishing a solution 
of the equations, evidently do not belong to the problem/ and no 
obvious interpretation occurs for them ; consequently, the positive 
values of X and y are the only admissible results. Therefore, the 
number of women is 12, contributing 2 dollars each, and the num- 
ber of men is 8, contributing 3 dollars each. 

12. It is required to divide the number 40 into two 
such parts, that the sum of their squares shall be 818. 

Ans. 23 and 17. 

13. Divide the number 60 into two such parts, that 
their product shall be to the sum of their squares in the 
ratio of 2 to 5. ' Ans. 20 and 40. 

The last two Problems, as well as some others, lead to pure 
quadratic equations, when we let x . — y and x -\- y represent the 
numbers. 

14. The fore wheel of a carriage makes 6 revolutions 
more than the hind wheel, in going 120 yards ; but it is 
found that, if the circumference of each wheel be in- 
creased one yard, it will make only 4 revolutions more 
than the hind wheel, in the same distance ; required the 
circumference of each wheel. 

SOLUTION. 

Let X = circumference of hind wheel in yards. 

and y = circumference of fore wheel in yards. 

120 
Then — = number of revolutions of hind wheel. 

X 

120 ■ , 
and — = number of revolutions of fore wheel. 
_y 

Therefore, by the Problem, — = 6 (1) 

X y 

Or, a:y = 20a: — 20y (2) 

Mso, by the Problem, — r— - = — r— r — 4 (3) 



Explain the solution of Problem 14. 
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Therefore, 30 (y + 1) = (a; + 1) (29 — y) (4) 

Or, 30y + 30 = 29ar + 29 — a:y — y (5) 

Transposing and uniting, ary = 29 ar — 31 y — 1 (6) 

Prom (2) and (6), 29 a: — 31 y — 1 = 20 a: — 20 y (T) 

Or, 9a:=lly+l (8) 

Therefore, x=~-^^ ' (9) 

Substituting (9) in (2), ^213--! = 2?^ y +i? _ 20 y (10) 

Reducing, 1 1 y* + y = 40 y + 20 (11) 

Or, lly2 — 39y = 20 (12) 

Whence, * y = 4,or — ^^ 

And a: = 6,or — f 

The negative values of x and y heing inadmissible, the circum- 
ference of thie hind wheel is 5 yards, and that of the fore wheel is 
4 yards. 

If we take -f^ for the fore wheel, and ^ for the hind wheel, the 
hind wheel must make 6 revolutions more than the fore wheel ; and 
if each circumference be made equal to the difference between itself 
and unity, the fore wheel will make 4 revolutions more than the 
hind wheel. 

16. A merchant buys two bales of cloth, each contain- 
ing 80 yards, for $60. By selling the first at a gain of 
as much per cent as the second cost him per yard, in 
cents, and the second at a loss of as much per cent, he 
finds he has made a profit of $ 5 on the whole. Required 
the cost of each bale per yard. 

Ans. First, 50 cents ; second, 25 cents : or, first. 
62J cts. ; second, 12J- cents. 

16. There are two numbers whose sum multiplied by 
the greater gives 144, and whose difference multiplied by 
the less gives 14 ; what are the numbers ? 

Ans. 9 and 7. 

17. A merchant bought as many bushels of corn as 
cost him $ 60, and, after reserving for his own use 15 
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bushels, sold the remainder for $ 54, and gained 10 cents 
a bushel ; how many bushels did he buy ? 

Ans. 75 bushels. 

18. Two farmers drove to market 100 sheep between 
them, and returned with equal sums. If each of them 
had sold his sheep at the same price that the other ac^ 
tually did, the one would have returned with $ 180, and 
the other with $ 80. At what price per sheep did they 
sell, respectively, and how many sheep had each? 

Ans. At $ 2 and $ 3 per sheep ;. the one had 60 sheep, 
and the other 40. 



RATIO AND PROPORTION. 

300« The Eatto of one quantity to another of the same 
kind is the quotient arising from dividing the first quan- 
tity by the second. (Art. 162.) 

Thus, the ratio of a to i is -r, or a : h. 

b 

301* The Terms of a ratio are the two quantities re- 
quired to form it. 

The first term is called the antecedent of the ratio, and 
the second, the consequent. 

Thus, in the ratio of a to b, or a : b, a and b are the 
terms, of which a is the antecedent and b the consequent. 

302* A Direct Eatio is one in which the antecedent is 
divided by the consequent. 

An Inverse Eatio is one in which the consequent is 
divided by the antecedent. 

Thus, the direct ratio of 6 to 3, or 6 : 3, is f , or 2, 
and the inverse ratio is f , or i. 

Define Ratio. The Terms of a ratio. A Direct Ratio. An Inverso 
Ratio. 
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Note. When the kind of ratio is not mentioned, the interpretation is 
understood to be that of the direct ratio. This method has the almost 
aniversal sanction of mathematicians in all countries. The so-called French 
interpretation is not that of the modem Franch mathematicians. 

303 • A Proportion is an equality of ratios. 

Four quantities are in proportion when the ratio of the 
first to the second is the same as that of the third to the 
fourth. 

Thus, the ratios a : h and <? : rf, if equal to each other, 
form a proportion, when written 

a ', h :=. c ; df OY a : h : I c : d. 

304i The Terms of a proportion are the terms of* the 
ratios forming the proportion. 

305« The Antecedents in a proportion are the first 
terms of its ratios, or the first and third terms of the 
proportion. 

The Consequents in a proportion are the last terms of 
its ratios, or the second and fourth terras of the pro- 
portion. 

Thus, a and c are the antecedents, and h and d the 
consequents, in the proportion 

a : h ', : c : d. 

306i The Extremes of a proportion are its first and 
last terms. 

The Means of a proportion are its second and third 
terms. 

Thus, a and d are the extremes, and h and c the 
means, in the proportion 

a : h I I c \ d, 

307. A Couplet consists of the two terms of a ratio. 

Define a Proportion. When are four quantities in proportion ? Define 
the Terms of a proportion. The Antecedents. The Consequents. The 
Extremes. The Means. A Couplet. 
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308. A Proportional is any one of the terms of a pro- 
portion. 

Thus, the fourth term, c?, is the fourth proportional to 
a, b, and.c, taken in their order in the proportion 

a : b : : c : d, 

309« A Mean Proportional between two quantities is 
either of the two means, when they are the same quan- 
tity. Thus, in the proportion 

a : b : : b : c, 

J is a mean proportional between a and c, 

310« A Continued Proportion is one in which each con- 
sequent is the same as the next antecedent. 
Thus, in the proportion 

a : b : : b : c : : c : d : : d : €, 

the quantities a, b, c, d, and e are said to be in contin- 
ued proportion. 

31 1« Quantities are in proportion by Alternation, when 
antecedent is compared with antecedent, and consequent 
with consequent. 

31 2i Quantities are in proportion by Inversion, when 
each antecedent is made a consequent, and each conse- 
quent an antecedent. 

313* Quantities are in proportion by Composition, when 
the sum of antecedent and consequent is compared with 
either antecedent or consequent. 

314* Quantities are in proportion by Division, when the 
difference of antecedent and consequent is compared with 
either antecedent or consequent. 

» _ _ 

Define a Proportional. A Mean Proportional. A Continued Proportion. 
When are quantities in proportion by Alternation 1 When by Inversion T 
When by Composition ? When by Division 1 
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TUEOREMS RELATING TO PROPORTION 

THEOREM L 

315* j^ every proportion, the prodtxt of the extremes is equal 
to the product of the means. 
Let a : b : : c T d, 

a c 

°^' b = d 

Clearing of fractions, ad= be. 

Hence, if three terms of a proportion be given, the fourth 
may be found. ' 

Let a I b ',: c I X. 

Then, o a: = 6 c ; 

whence, x= —• 

a 

THEOREM n. 

316* If the product of two quantities be equcd to the product 
9f two others, two of them may be made the extremes and the 
other two the means of a proportion. 
Let adzzzbe. 

Q, C 

Dividing hy bd and reducing, r = ^ ' 
or, a \ b \: c I d. 

THEOREM IIL 

31 7« If three quantities be in continued proportion, the 
product of the two extremes is equal to the square of the 
mean. 

Let a : b : : b : c. 

Then, by Theo. L, ac = bb = l^. 

Demonstrate Theorem I. Show that the fourth term of a proportion 
may be found when three are given. Demonstrate Theorem II. The- 
orem III. 
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THEOREM IV. 

318* If four qtmntittes be in proportion, they wiU hi in 
proportion by alternation. 
Let a : b :: c : d, 

a c 

•"•' b = r 

Multiplying by -, and reducing, - =z -, 

c c u ■ 

or, a : c : : b : cL 

THEOREM V. 

319* Jf four quantities be in proportion, Hiey wiU he in 
proportion by inversion. 
Let a : b : : c : d. 

Then, by Theo. L, ad = be, or be =z ad', 
whence, by Theo. II., b : a :: d : c. 

THEOREM VI. 

320« ^ four quantities be in proportion, they will be in 
proportion by composition. 

Liet a : b :: c : d; 

then, a -^ b : b : : c ^ d : d. 

For, by equality of ratios, 

A.dding 1 to each side, 

jr, 
whence, 

THEOREM VII. 

321 • Jff" four quantities be in proportion, they wid be in 
proportion by division. 

Bemonscrate Theorem IV. Theorem V. Theorem VI. Theorem VII 



a 


c 
"5' 




!+> = 


=5 + 1. 




a + 6 
h ~ 


- d ' 




a -f- 6 : b : 


: c -\^ d : 


d. 
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Let a : b :: c : d; 

then, a — b : b :: c — d i d* 

CL C 

For, by equality of ratios, ^ = ■• 

(Z c 

Subtracting 1 from each side, t — ^^^^ — ^» 

a — b c — d 
or, -J- = -^- ; 

w^hence, a — b : b :: c — d i d» 

■ 

THEOREM VIII. 

822« -5^ ybwr quantities be in proportion^ the sum of the 
jirst and second is to their difference as the sum of ths 
third and fourth is to their difference. 
Let a : b : : c : d\ 

Then, a-^b : a — b : : c -^ d : c — d 



By Theo. 


VI. 


t 


a^b c+d 
b d ' 


and by Theo. 


VII., 


a — b c — d 
b d ' 


therefore, 




a-\-b 
b 


a — b c-\-d c — d 
' b d ' d ' 


or. 






a -\- b c-\-d 
abed' 


whence. 




a + b 


: a — b : : c-X-d : c — rf. 



THEOREM IX. 

323 a Quantities which are proportional to the same quan» 
tities are proportional to each other. 

Let a t b : : e : f 

and c :d : : e : f] 

then a : b : : c : d. 

For, by equality of ratios, ^ = -, 



Demonstrate Theorem VIII. Theorem IX. 
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, c e 

and - = -r;. 

^ / 

CL C 

Therefore, by Art, 38, Ax. 1, t = j 
or, a : b : : c : d, 

THEOREM X. 

324* Jf any number of quantities are proportional^ any an' 
tecedent is to its consequent as the sum of all the antecedents 
is to the sum of all the consequents. 
Let a : b I I c I d I I e : f] 

then a : b : \a'\-c-\-e:b'\-d-\-f 

For, by Theo. I., ad=bc, 

and af=be', 

also, a b = ba. 

Adding, ab'\-ad-^af=ba-{-bc-\'be, 

or, a(i + </+/) =6(a + c + c); 

whence, by Theo. II., a : b : : a'\-c-\-e : b'\-d -{- f 

THEOREM XI. 

325 • When four quantities are in proportion, if the first 
and second be multiplied - or divided by the same quantity, as 
also the third and fourth, the resulting quantities will be prO' 
portioned. 

Let a lb I \ c '. d] 

then, ma I mb : : nc : n d. 

For, by equality of ratios, 

and 

or, ma : mb : : nc : ndo 

r i'x_ abed 

In hke manner. 



a 




c 


b 




d' 


ma 




n c 


m b 




nd' 



mm n n 



Cither m or n may be made equal to unity ; that is, either couplet 
may be multiplied or divided without multiplying or dividing the other. 

Demonstrate Theorem X. Theorem XI. 

« 

12 
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THEOREM XU. 

326« When four quantities are in proportion, if the Jirst and 
third be multiplied or divided by Hie same quantityy as also the 
second and fourth, the resulting quantities will be proportionaL 



Let 


a : b : : c : d] 


then, 


ma : nb : : mc : nd. 


For, by equality of ratios. 


a c 
b d' 


therefore, 


ma mc 
b d ' 


and, 


ma m c 
nb nd' 


whence, 


ma : nb : : mc : nd. 


In like manner. 


ah c d 
• • • • • 
m n m n 


Either m or n may be made 

• 


equal to unity. 


THEOREM XIII. 



327« J^ there be two sets of proportional quantities, the pro- 
ducts of the corresponding terms will be proportional, 

Let a:b::c:d, 

and e : f : : g : h; 

then, ae : bf: : eg : dh. 

For, by equality of ratios, 
and 

By multiplication, 
or. 



ktios. 


a 
b ""■ 


c 
d* 






e 

f 


9 
h'j 






a e 
bf 


C9 
dh' 




ae 


■.hf:: 


eg : 


dh. 


THEOREM XIV. 







328« If four quantities be in proportion, like powers or 

roots of these quantities will be proportional, 

- ?■ ■'■■ — - — — '•* 

Demonstrate Theorem XII. Theorem XIII. Theorem XIV. 



a 


: b : : c id] 


a» 


: l^ : : (f* : d*, 


1 


1 11 


a» 


: i" : : c" : c?». 




a c 




6 d' 




a» c» 




2>» rf»' 




1 1 




a" c* 




1 1 y 


- 


&» d» 


o** 


: i" : : c" : J*, 


1 


111 
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Let 
then 

and 

For, by equality of ratios, 

i-aising to nth power, 

extracting the nth root, 

whence, 

and c2" : ^ : : c" : d\ 

PROBLEMS IN PROPORTION. 

329t By means of the foregoing theorems, proportions 
may often be much simplified before changing them to 
equat:ion8. 

1. Find a number to which if 3, 8, and It be sever- 
ally added, the second sum shall be to the first as the 
third is to the second. 

SOLUTION. 

Let X = the number. 

Then a?+ 8 : a: + 3 : : a;-f It : a:+ 8 (1) 

From (1), by Theo. YIL, 6 : a: + 3 : : 9 : a: + 8 (2) 

ByTheo. L, 9ar + 2t = 6ar-f40 (3) 

Reducing, 4 a: =13 (4) 

Whence, x = 3^, number required. 

2. The sum of two numbers is 35, and their product 
is to the sum of their squares as 12 to 25 ; what are the 
numbers ? 



Explain the solution of Problem 1- 
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SOLUTION. 

Let x and y represent the numbers. 
Then, a: + y = 35 (1) 

and xy ix'-^-fx : 12 : 25 (2) 

By Theo. XII., 2xy : x^ -l- f :: 24. : 2b 

By Theo. VIII., a:2 4.2a:3^ + y2:x2 — 2a:y-|-y' ::49 : 1 
By Theo. XIV., x + t/ : x — y :: 1 : I 

By Theo. VIII., 2a: : 2y :: 8 : 6 

By Theo. XL, a: : y : : 4 : 3 

By Theo. L, y = ^ 

Substituting in (1), and reducing, a; = 20 

Also, y = 15 

3. The last three terms of a proportion being 4, 6, and 
8, what is the first term ? 

4. If 3, X, and 1083, are in continued proportion, what 
is the value of a: ? Ans. x = b*l. 

5. If a -\- X : a — ar : : 11 : 1, what, is the ratio of 
a to a; ? Ans. 9 : 2. 

6. Triangles are to each other as the products of their 
bases by their altitudes. The bases of two triangles are 
to each other as It to 18, and their altitudes as 21 to 23 ; 
required the ratio of the triangles. Ans. 119 : 138. 

T. A quantity of milk is increased by water in the ra- 
tio of 5 : 4, and then 3 gallons are sold ; the rest, being 
mixed with 3 quarts of water, is increased in the ratio 
of T : 6. How many gallons of milk were there at first? 

Ans. 6 gallons. 

8. A and B speculate with dififerent sums. A gains 
( 100, B loses $ 50, and now A's stock is to B's as 
t to 3 ; but had A lost % 50, and B gained $ 100, then 
A.'s stock would have been to B's as 5 to 9. Required 
the stock of each. Ans. A's, $ 300 ; B's, % 350. 

Explain the solution of Problem 2. • 
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9. The product of two numbers is 15, and the sum of 
their squares is to the difierence of their squares as 17 
to 8. What are the numbers ? Ans. 5 and 3, 

10. A and B have made a bet, each staking a sum of 
money proportional to all the money he has. If A wins, 
he will have double what B will have ; but if he loses, B 
will have three times what A will have. All the money 
between them being $ 168, determine the circumstances. 

Ans. A has $ 12, and B has $ 96 ; each stakes ^ of 
his money. 

SERIES. 

330* A Series is a succession of terms, so related that 
each may be derived from one or more preceding ones, 
in accordance with some fixed law. 

The Terms of a series are the quantities of which it is 
formed. 

The Extremes of a series are the first and last terms. 

The Means of a series are the terms between the ex- 
tremes. 

ARITHMETICAL PROGRESSION. 

* 

331* An Arithmetical Progression is a series that in- 
creases or decreases from term to term by a common dif- 
ference, 

332* The progression may be considered as formed by 
the continual addition of the common difference ; there- 
fore, when the series is increasing^ the common difference 
will be positive, and when decreasing, it will be negative. 
Thus, 

Define a Series. The Terms of a series. The Extremes. The Means. 
Arithmetical Progression. How maj the progression be considered as 
ibrmed ? • 
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1, 3, 6, 1, 9, 11, 13, etc. 

is an increasing arithmetical progression, in which the 
common diiference is -|- 2 ; and 

19, 11, 15, 13, 11, 9, T, etc. 

is a decreasing arithmetical progression, in which the com- 
mon difference is — 2. 

333* In arithmetical progression, if we regard the WBnor 
ber of terms as limited, there will be five elements for 
consideration : — 

1. The first term. 

2. The last term. 

3. The number of terms. 

4. The common difference. 
6. The sum of the terms. 

These are so related to each other, that, any three of 
them being given, the other two may be readily deter- 
mined. 

CASE I. 

334. Given the first term, common difference, and 
number of terms, to find the last term. 

Let a denote the first term, d the common difference, n the num- 
ber of terms, and / the last term^ then the progression will be 

a, (a + rf), (a+2d% (a + 3rf), (a + 4d), &c. 

That is, the coefficient of d in any term is one less than the nun>- 

ber of that term in the series; consequently, the nth or last term 

will be 

a-\- (n — 1) d. 

Whence, putting I for the nth term, we have 

Z == a -j- (*» — ^) dy 
in which d is either positive or negative, according as the series is 
an increasing or a decreasing one. 

. How many elements are there for consideration ? How many must 
he gji^enl Demonstrate the formala for finding the last term. 
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Hence the following 

RULE. 

To the first term add the product of the common difference 
^ the number of terms less one. 

Examples. 

1. If the first term is 5, the common difference 3, and 
the number of terms 20, what is the last term ? 

Ans. 62. 

2. If the first term is 4, the common difference 5, and 
the number of terms 30, what is the last term ? 

Ans. 149. 

3. When the first term is 10 and the common differ- 
ence — 2, what is the fifth term .^ Ans. 2. 

4. When the first term is — 6 and the common differ- 
ence ^, what is the fifteenth term ? Ans. 1. 

5. If the first term is 15, the common difference — 3, 
and the number of terms 6, what is the last term ? 

• Ans. 0. 

CASE II. 

335t Given the first term, common difference, and 
number of terras, to find the sum of the terms. 

Let a denote the first term, d the common difference, n the num- 
*jer of terms, I the last term, and S the sum of the terms. Then. 

S =^ a + (a + d) + (a + 2d) + + /, 

or, writing the terms in the reverse order, 

5 = Z .+ (/ — (/) + (Z — 2 f/) 4- + 0. 

rherefore, by adding these equations, term by term, 

2S = (a + I) + (a + I) + (a + l) + ......+ (a-+l). 

1 — I 

Repeat the Kule. Demonstrate the formula for finding the sum of an 
arithmetical series. 



i 
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Here (a -\- l) is' taken as many times as there are terms, or » 
times; whence, 

* 2 5 = n (a + 0, or S^^n(a+l). 
Hence the following . 

RULE. 

Mtdtiply the sum of the extremes hy half the number of 
terms. 

Note. It will be readily perceived from the foregoing, that the sum 
of any two terms equidistant from the extremes is equal to the sum of 
the extremes. 

Examples. 

1. Find the sum of an arithmetical series, of which the 
first term is 3, the common diflference 2, and the number 
of terms 20. Ans. 440. 

2. If the first term is T, the common difierence — 4, 
and the number of terms 6, what is the sum of the 
terms ? Ans. — 18. 

3. Kequired the sum of the series i + 1^ + 2^ -|- &c., 
to twenty terms. Ans. 200. 

4. If the first term is 6, the last term 62, and the 
number of terms 20, what is the sum of the terms ? 

Ans. 6T0. 

5. The first term of an arithmetical series is — 3^, the 
common difference \ ; required the sum of twenty-one 
terms. Ans. — 28. 

CASE III. 

336. Given any three of the five elements of an 
arithmetical progression, to find either of the others. 



Repeat the Rule. The Note. 
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The formjilas established in Arts. 334, 335, 

l = a+(n-l)d, (1) 

.S=^n(a + 0, (2) 

are fundamental ones; and, since they constitute two independent 
equations, together containing all the five elements of an arithmeti- 
cal progression, when any three of these are given, the other two 
may be readily determined. Thus, from these two equations, we 
deduce, — 

1. The formulas for the first term : 

a = Z — (n — 1) </. (3) 

a = — -/. (4) 

2. The formulas for the common difference : 

d=lr^. (5) 

S The formulas for the number of terms : 

" = n^- («) 

In like manner it may be shown that twenty cases may arise, 
admitting of solution by some transposition or combination of for- 
mulas (1) and (2). 

Note. Each formala must contain four elements. If neither of the 
fundamental formulas contains the required four, the superfluous one may 
be eliminated by combining the two formulas. 

Hence the following 

RULE. 

Substitute in the fundamental formulas, or such as may he 
deduced from them, the given quantities, and redtice the result* 

^ ™ ■ I II p . I 1 ■■ ■ 1 . mm^u ■ ■ I ■■■ I . » m ■ — .^ — !■ ■ ■ ■ , ■■■■■ . ■ ■ ■» 

Repeat the fundamental form alas. Give the formulas for the first term. 
For the common difference. For the number of terms. How many cases 
may arise ? Repeat the Rule. 

12* 
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Examples. 

1. Kequired the first term, when the last term is 62, 
the common diflference 3, and the number of terms 20. 

Ans. 5. 

2. Required the common difference, when the last term 
is 149, the first term 4, and the number of terms 30. 

Ans. 5. 

3. Required the number of terms, when the last term 
is 1, the first term — 6, and the commoa difference j^. 

Ans. 15. 

4. Required the first term, when* the sum of the terms 
is 99, the number of terms 9, and the last term 19. 

Ans. 3. 

5. When the last term is 2, the first term 10, and the 
number of terms 6, what is the common difference ? 

Ans. — 2. 

CASE IV. 

337* Given two terms, to insert any number of 
arithmetical means between them. 

The terms between any other two terms of an arith- 
metical progression are called arithmetical means. 

One mean between two terms is half their sum. 

For, the number of terms is 3 ; therefore, the mean is a-\-dy and 



the last term is 






; = a-f2rf. 


Hence, 


l-\-a=^2a'\'2d, 


or, 


1 J / + a 



That is, — ~ is the arithmetical mean between a and U 

Let it now be required to insert any number, m, of 
arithmetical means between two given terms, a and /, 
the common difference still being denoted by d. 

Define an arithmetical mean. Demonstrate the method of finding it 
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The common diffeFence added to the given first term will evi- 
dently give the first arithmetical mean, the common difference add- 
ed to the first mean will give the second, and the m required means 
will be 

a-f-rf> a-|-2rf, a-f-3</, a-j-mc/. 

Hence the following 

RULE. 

Add the common difference to the given first term for the 
first arithmetical mean, add it to tJie first mean for the sec^ 
ond mean, and so on. 

Examples. 

1. Find the £^rithmetical mean between 6 and 20. 

Ans. 13. 

2. Insert two arithmetical means between 5 and 14. 

Ans. 8 and 11. 

14 5 

NoTTE. The number of terms is evidently 4 ; hence, d = — r — 

3. Find the arithmetical mean between ^ and -J-. 

Ans. -f J. 

4. Insert three arithmetical means between 1 and 3. 

Ans. IJ, 2, 2^. 

6. Find the arithmetical mean between - and -. 

Ans. \{a-\- b). 

6. Insert two arithmetical means between J and -y-. 

Ans. f and J. 

7. Insert two arithmetical means between x and y. 

Ans. — ^-^ and — ^— ^• 



Demonstrate the method of inserting any number of means between 
two given terms. 
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PKOBLEMS. 

1. When a clock strikes the hours only, how maoy 
strokes does it make in 12. hours ? Ans. 78. 

2. Required the 15th term in the series ^, f, 1, etc. 

Ans. 5. 

3. Required the sum of 20 terms of the series, 15, 11, 
T, etc. Ans. — 460. 

4. A certain debt was discharged in 25 weeks, by pay- 
ing $ 2 the first week, $ 5 the second, $ 8 the third, and 
so on. What was the amount of the debt? 

Ans. $950. 

5. Insert five arithmetical means between ^ and — J. 

Ans. i, i, 0, — ^, — i. 

6. What is the common difibrence when the first term 
is 1, the last 50, and the sum of the terms 204 ? Ans. T. 

Eliminate n from the fundamental formulas, or find its value by 
(8), and substitute in (5). 

7. Find how many terms there are in the series whose 
first term is 3, last term 7, and sum of the terms 25. 

Ans. 5. 

8. A person saves $20 a year, which he places at in- 
terest at 4 per cent., simple interest. To how much do 
his savings amount, with interest, in 20 j^ears ? 

Ans. $ 552. 

9. The sum of 8 terms of an arithmetical progression 
IS 140, and the 8th term is 7. Required the series. 

Ans. 28, 25, 22, etc. 

10. A hare runs at the rate of 8 feet per secoqd. A 
greyhound pursues her, starting from a distance of 60 
feet, and running 8 feet the first second, 8^ the second, 
9 the third, etc. In how many seconds will he catch the 
hare? Ans. 16. 
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GEOMETRICAL PROGRESSION. 

838, A Geometrical Progression is a series, each term 
of which is equal to the preceding one, multiplied bj a 
constant factor. 

339, The constant factor is called the ratio of the progres- 
sion. 

340* The successive terms of the progression may be 
considered as derived from the first by continually multi- 
plying it by the ratio ; therefore, if the first term is pos- 
itive, the series is increasing when the ratio is greater 
than 1, but the series is decreasing when the ratio is less 
than 1. Thus, 

3, 6, 12, 24, 48, 96, 192, etc. 

is an increasing geometrical progression, in which the first 
term is 3, and the ratio 2 ; and 

2T, 9, 3, 1, i, i, gV. etc. 
is a decreasing geometrical progression, in which the 
ratio is ^. 

341 • The terms between any other two terms of a 
geometrical progression are called geometrical means, 

342* In geometrical progression, if we regard the num- 
ber of terms as limited, there will be five elements for 
consideration : — 

1. The first term. 

2. The last term. 

3. The number of terms. 
4 The ratio. 

5. The sum of the terms. 



Define Geometrical Progression. The ratio of the progression. How 
may the snccessive terms be considered ? When is the progression increas- 
ing, and when decreasing ? What are geometrical means 1 How many 
. elements in a geometrical progression ? 



278 ELEMENTARY ALGEBRA. 

These are so related to each other, that, any three of them 
being given, the other two may be readily determined 

CASE I. 

343* Given the first term, the ratio, and the number 
of terms, to find the last terra. 

Let a denote the first term, r the ratio, and n the number of 
terms; then the successive terms of the series will be 

a, aVj a 7^, at^, ar* ar^-\ 

That is, the given first term is a factor of each of the terms, and 
the exponent of r in the second term is 1, in the third term 2, in 
the fourth term 3, and so on, to the nth term, in which it is n — 1. 
Therefore, if / denote the last term, we shall have 

Hence the following 

RULE. 

Multiply the first term hy the ratio raised to a power whose 
exponent is one less than the number of terms. 

Examples. 

1. Find the last term of a series whose first term is 5, 
ratio 4, and number of terms 8. Ans. 81920. 

2. Find the Tth term of a series whose first term ip 
28672, and ratio ^. Ans. 7. 

3. The first term of a geometrical progression is 5, the 
ratio 4, ind the number of terms 9. What is the last 
term? Ans. 327680. 

4. Kequired the 6th term of the series whose first term 
is 100, and ratio §. Ans. IS^V^- 

6. Required the 9th term of the series 3, 6, 12, etc. 

Ans. 768. 

Demonstrate the formula for finding the last term. Repeat the Rule. 
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CASE II. 

344. Given the first term, the ratio, and the number 
of terms, to find the sum of the terms. 

Let a denote the first term, r the ratio, n the number of terms, 
and S the sum of the terms. 

Then, S ^ a -\- ar -{- ar^ '\- ar" + a r"-* -f- a r*"! (1) 

Multiplying by r, 

r6" = ar + rtr2+ ar« + ar* ^ ar^^ -\' ar^ (2) 

Subtracting (1) from (2), and factoring, 

(r—i)S^a(f—\), (3) 

Therefore, S = "'^'"J'j^^ - (4) 

Again, if I denote the last term, by Case I., 

/ = a r«-A. ^ (5) 

Multiplying by r, 

rl==.af^, (6) 

Substituting the value of a r** in (4), 

Hence the 

RULE. 

Multiply the last term hy the ratio, subtract the first term, 
and divide the remainder hy the ratio less 1. 

Note. If the last term is not given, it may be found by Case I. \ or, 
formula (4) may be used instead of formula (7). 

Examples. 

1. Find the sum of a geometrical series whose first 
term is I, ratio 2, and last term 1024. Ans. 204T. 

2. Find the sum of a series whose first term is 6, ra- 
tio 4, and number of terms 8. Ans. 131010. 

Demonstrate the formulas for finding the sum of the terms. Repeat the 
Rale. The Note. 
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3. If the first terra of a serieb is J, tiw* ratio ^, and 
the last term ^^j, what is the sum of the term« ? 

Ans. 11^. 

4. Required the sum of the series 1, 3, 9, 27, etc., 
continued to 12 terms. Ans. 265120. 

6. Required the sum of the series 4, 2, 1, etc., to 16 
terms. 



Ans. 8(l-l) = 8 



8 1 W2* 



345* The limit to which the sum of a decreasing geo- 
metrical series approaches, as the number of terms be- 
comes larger and larger, is called the stun of the series to 
infinity. 

When r is less than 1, to prevent the terms of the fraction in 
equation (4), Art. 344, from becoming negative, that formula may 
be placed under the equivalent form (Art. 121), 

^j a (1 — r") a a r** 

I — r I — r I — r 

Now when the number of terms, n, becomes infinitely great, or 

equal to oo, the fraction — — — must become infinitely small, or equal 

to 0, and may be rejected- Hence, when the number of terms in 
a decreasing geometrical series is infinite. 



I — r 

That is, the sum of the terms of a decreasing geometrical 
series to infinity is equal to the first term divided by 1 less 
the ratio, 

1 Find the sum of 4, 2, 1, ^, etc., to infinity. 

Ans. 8. 

2. Find the sum of the infinite series f , -^^y i^rbr etc. 

An&. f 

3. What is the sum of the series .T9, to infinity ? 

Ans. ^* 



What is meant by the sum of a series to infinity ? Demonstrate the 
formula for obtaining it. To what is the sum equal ? 



J 
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4 What is the sum of 1, yV> jiTTf ^^c., to infinity? 

Ans. Ij-. 

6. Find the sum of 1, -, -5, -3, etc., to infinity. 

X 



Ans. 



x — V 

m 

6, Required the sum of the infinite series 1, — ^, -}" J 
> — ^, etc., of which the ratio is — ^. Ans. f. 

CASE III. 

346i Given any three elements of a geometrical pro 
gression, to find either of the other two. 

The fonnulas estahlished in Arts. 343, 344, 

l^ar^-\ (1) 

are fundamental ones ; and, since they contain the five elements, if 
any three of these are given, formulas may he deduced for finding 
the other two. Thus, 

The formulas for the first t^rm: 

a = r/ — (r— 1)5. (4) 

The formulas for the ratio : 



(0^- 



(5) 

r = |^. (6) 

The formulas for the number of terms, since n enters only as an 
exponent, would require a knowledge of logarithms for their ap« 
pKcation. 

Note. There will be twenty cases, as in arithmetical progression ; and 
when neither of the given formulas contains the required letters, the su- 
perfluous letter may be eliminated by combining the two fundamental 
formulas. 

Give the fundamental formulas. The formulas for the first term. Tot 
(he ratio. 
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RULE. 

Svhstitute the given quantities in one of the fundamental 
formuUuy or in a formula deduced from them^ and reduce the 
result. 

Examples. 

1. Find the first term, when the last term is 405, the 
ratio 3, and the number of terms 5. Ans. 5. 

2. Find the ratio when the first term is 3, the last 
term 168, and the number of terms 9. Ans. 2. 

3. Find the ratio when the first term is 7168, the last 
term 7, and the sum of the terms 9555. Ans. ^. 

4. The last term of a geometrical series is 3072, the 
ratio 2, and the sum of the terms 6141 ; required the 
first term. Ans. 3. 

5. The first term of a geometrical series is 2, the ratio 
3, and the sum of the terms 6560 ; required the last 
term. Ans. 4374. 

CASE IV. 

847. Given two terms, to insert one or more geo* 
metrical means between them. 

1. Let a be the fii*st term, r the constant ratio, and n the num- 
ber of terms ; then the terms of the series will be 

a, ar, ar^, ar^, ar*, ar^, a r*-i. 

Now, by mere inspection of this series, the following properties are 
obvious : — 

If any two terras be taken as extremes, their product 
is equal to the product of any two means equally distant 
from them ; or, 

If the number of terms be odd, the product of the ex- 



Repeat the Rule. What properties of a geometrical scries are obvioua 
by inspection 1 
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tremes is equal to the square of the middle term ; . conse* 
quently, 

A geometrical mean between two quantities is equal to the 
square root of their product, 

2. Again, let a and / be two given terms, and m the number of 
means to be inserted. Then, let r denote the ratio, and from equa- 
tion (5), Art. 346, we have 



- ©-■• 



But m represents the number of means ; therefore, 

m -|- 2 = n, 

since the number of terms is always two more than the number of 
means. Hence, 

whence, r == ( - j"*"*"^. 

This determines r, and the required means are ar, ar^, 
ar^y etc., and the series, 

a, ar, ar^, ar^, , , . , ar^, h 

Hence the following 

RULE. 

Divide the greater of the given terms by the less, and ex- 
tract the root of the quotient to the degree denoted hy the num- 
ber of means to be inserted plus 1, for the ratio ; and the given 
first term multiplied by the ratio will give the first of the re- 
quired means, that multiplied by the ratio wiU give the second 
mean, and so on. 

Examples. 

1. Find the geometrical mean between ^ and f. 

Ans. 4. 



How is a geometrical mean to be found ? Demonstrate the formula 
for inserting any number of geometrical means between two given terma 
Repeat the Rule. 
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2. Insert two geometrical means between 5 and 320. 

Ans. 20, 80. 

3. Find the geometrical mean between 30 and TJ. 

Ans. 15. 

4. Insert three geometrical means between 6 and 486. 

Ans. 18, 54, 162. 



PEOBLEMS. 

1. The first two terms of a series in geometrical pro- 
o-ression are J and 1 ; what are the next two terms ? 

Ans. 3 and 9. 

2. If the third and fifth terms of a geometrical seriesj 
are 75 and 300, respectively, what is the sixth term? 

3. A laborer agrees to labor at the rate of $ 1 for the 
first month, $ 2 for the second, and so on ; what is his 
price for the 10th month ? Ans. $ 512. 

4. A person who saved every year half as much again 
as he saved the previous year, had in seven years saved 
$ 102.95. How much did he save the first year ? 

Ans. $3.20. 

6. I wish to discharge a debt in one year by monthly 
payments in geometrical progression ; allpwing the first 
payment to be $ 1, and the last $ 2048, what will be the 
common ratio ? Ans. 2. 

6. Suppose a body to move 20 miles the first minute, 
19 miles the second, I82V the third, and so on forever; 
required the utmost distance it can reach. 

Ans. 400 miles. 

7. The first and eighth terms of a geometrical progres* 
sion are 1 and 128, respectively, required the series. 

Ans. 1, 2, 4, 8, 16, 32, 64, 128. . 
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LOGARITHMS. 

350. The Logarithm of a number is the exponent of the 
power to which some constant number, called the base, must be 
raised to equal the number. 

Thus, suppose a'=z m, then x is the logarithm of m to the 
base a, and may be written 

where log^^ is read logarithm to base a, 
351 • If a remain constant, and m receive different values, 
a certain value of x will correspond to each value of m ; and these 
values taken together will constitute a System of Logarithms. 

3555, The System op Logarithms, in common use, has 10 
for its base. Hence, 

Since W = l, logio 1 = 

" 10^ = 10, logjo 10 r= 1 

" 102 = 100, logio 100=2 

" 1 0« = 1 000, logio 1 000 = 3 

" 10-1 = .1, logio .1=—1 

« 10-2 = .01 , logio .01 = — 2 

" 10-8 _ ,001^ logj^ .001 = — 3 

353* In using Common Logarithms, it is customary to omit 
the subscript 1 0, which denotes the base, leaving it to be under- 
stood. Thus, 
We may write, 
log 1 = 0, log .1 =— 1 = 9 — 10 

log 10 = 1, log .01 = — 2 = 8 — 10 

log 100 = 2, log .001 =— 3 = 7 — 10 . 

log 1000 = 3, etc. 

The second form of results in the second column is prefera- 
ble in the solution of examples. 

• _^____ 

What are Logarithms ? What is the base of the System ia common 
use ? 



J 
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354* It appears from the first column of Article 353 : — 
The logarithm of any number between 1 and 10 is some 

number between and 1, or plus some decimal. 

The logarithm of any number between 10 and 100 is some 

number between 1 and 2, or 1 plus some decimal. 

The logarithm of any number between 100 and 1000 is some 

number between 2 and 3, or 2 plus some decimal, etc. 
It appears from the second column of Article 353 : — 
The logarithm of any number between 1 and .1, is some 

number between 10 — 10 and 9 — 10, or 9 plus some decimal 

— 10. 

The logarithm of any number between .1 and .01, is some 
number between 9 — 10 and 8 — 10, or 8 plus some decimal 

— 10. 

The logarithm of any number between .01 and .001, is some 
number between 8 — 10 and 7 — 10, or 7 plus some decimal 
— 10, etc. 

355, The Characteristic of a logarithm is its integral 
part, and 

The Mantissa is its decimal part. 

356t The characteristic of the logarithm of any number greater 
than 1, is 1 less than the number of figures to the left of the deci^ 
mal points 

For, the logarithm of 1 is 0, of 10 is 1, of 100 is 2, of 1000 
is 3, etc. 

357. The characteristic of the logarithm of any number less 
than 1 expressed as a decimal^ is one more than the number of 
ciphers between the decimal part and the first significant figure 
in the decimal ; and is found by subtracting the result from 10 ; 
writing — 10 after the mantissa* 

For, the logarithm of .1 is — 1, or 9 — 10; of .01 is — 2 
or 8— 10; of .001 is — e% or 7 — 10; etc- 

What is any Logarithm between 1 and 10 ? Between 10 and 100 ? 100 
and 1000 ? 1 and .1 ? What ia the Characteristic of a Logarithm ? The. 
Mantissa ? What is the Characteristic of the Logarithm of any number 
greater than l ? Of any number less than 1 ? 
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The sign — is sometimes written over a characteristic to de- 
note that it is negative. Thus, 

The logarithm of .0017 is .2304, written without the char- 
acteristic; and with the characteristic it may be expressed, 

either, 

3.2304, or 7.2304— 10. 

The negative sign over the characteristic., denotes that it only 

is negative, as the mantissa is always positive. 

358. The logarithm of a product is equal to the sum of the 
logarithm of its factors. 

For, let m and n be any two numbers, x and y their respec- 
tive logarithms, whose base is a. 
Then, by Art. 349, we have, 

a^=^m, a^=.n. 
Multiplying these equations, member by member, 
We have, 

a^+^ = 7wn, 

in which, x -f- y = loga ^ w* 

359. The logarithm of a quotient is equal to the logarithm of 
the dividend minus the logarithm of the divisor. 

For, assume the equations, 

a' = m, a^=:n, 
and dividing, member by member, we have 

a ' = — 
n 

in which x — g = log^ I — )• 

360. The logarithm of any power of a number is equal to the 
logarithm of the number, multiplied by the exponent of the power. 

For, assume the equation, 

c^'=.m, 
and raising both members to the power p, we have 

in which xp=. log^ m ^. 

To what is the logarithm of the product equal ? The logarithm of a 
quotient ? What is the logarithm of any power of a number ? 
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361 • The logarithm of the root of any number is equal to the 
logarithm of the number^ divided by the index of the root. 

For, assume the equation, 



a" = 7/?, 



and extracting the rth root of both members, we have, 

in which, ? = log« ^ m, 

3lis?» The mantissce of the logarithms of all numbers having the 
same sequence of figures are the same. 

For, since the base is 10, if the number is multiplied by 10, 
its logarithm will be increased by 1 ; also, if divided by 10, its 
logarithm will be diminished by 1 ; hence, the characteristic of 
the logarithm of the number will be changed, and not the man- 
tissa. 

TABLES OF COMMON LOGARITHMS. 

363. A Table of Logarithms gives the mantissas of the 
logarithms of all -integers between 1 and some given number, 
computed to a certain number of decimal places. 

3CJ4. The Table given on pages 296, 297 gives the man- 
tissas of the common logarithms of all integers from 10 to 1000, 
computed to four decimal places. 

Any number, expressed by not more than two places of fig- 
ures, disregarding the decimal, is found in the column, " No." 
and opposite in the column 0, will be the mantissa of its cor- 
responding logarithm. 

Any number expressed by three places of . figures, disregard- 
ing the decimal point, has the first two figures found in the 
column " No." and the third figure at the top of another column 
on the same page, and opposite in the column under the third 
figure will be found the mantissa of the logarithm of the num- 
ber. 



What is the Logarithm of the Root of any number ? The Mantisaseof 
what numbers are the samel What is given in a Table of Logarithms? 
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Wheu only the last three figures of the mantissa are given, 
the first is obtained from the nearest mantissa above, in the 
same column, consisting of four figures. 

365. The logarithms of 1,2, 3, etc., have the same decimal 
part as the logarithms of 10, 20, 30, etc. Hence, the table 
given is sufficient for the first 1000 integral numbers. 

366. The column D gives the average difference of the ten 
logarithms on the same horizontal line; and this difference is 
approximately the increase in the mantissa producing an increase 
of one unit in the number corresponding. 

Case I. 

367. To find the logarithm of a number of not more than 
three figures. 

1. Find the logarithm of 305. 

Operation. 

From the table, the mantissa of the logarithm is found to be 

.4843. 
Supplying the characteristic (Art. 356), we have 

Log 305 — 2.4843. 

2. Find the logarithm of 43.9. Ans. 1.6425. 

3. Find the logarithm of 1. 

4. Find the logarithm of 2520. Ans. 3.4014. 

5. Find the logarithm of 1.2. 

6. Find the logarithm of .012. Ans. 8.0792 — 10. 

7. Find the logarithm of .0055. Ans. 7.7404 — 10. 

8. Find the logarithm of .102. 

9. Find the logarithm of .0000633. Ans. 5.8014 — 10. 
10. Express the logarithm of .00999 with a negative charac- 
teristic. Ans. 3. 9996. 

Case IL 

308. To find a logarithm of a number of more than three 
figures. 

1. Find the logarithm of 40.32. 
13 
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Operation. 

By the table the mantissa of the logarithm of 40.3 is 

.6053. 
The difference in column D, on the same horizontal line as 
the mantissa, is 11; and multiplying 11 by .2, the remaining 
figure of the given number, we obtain 2.2, or approximately 
2, to be added to the mantissa foimd. Adding and supplying 
the characteristic, we have 

Mantissa of 40.3 = .6053 

Correction for .2 2 

Log. of 40.32 = 1.6055 

2. Find the logarithm of 4104. Ans. 3.6132. 

3. Find the logarithm of 7634. 

4. Find the logarithm of .008215. Ans. 7.9146 — 10. 

5. Find the logarithm of .07634. 

6. Find the logarithm of 1 0648. Ans. 4.0273. 

7. Find the logarithm of 410.4. 

8. Find the logarithm of 1.25607. Ans. 0.0090. 

9. Find the logarithm of .03567. Ans. 8.5522— 10. 

10. Find the logarithm of 1000. 

11. Find the logarithm of .023808. Ans. 8.3767 — 10. 

Case III. 
369« To find the number corresponding to a given, logarithm. 

1. Find the number whose logarithm is 2.48430. 

Operation. 

By the table the mantissa .4843 corresponds to the num- 
ber 305. and as the characteristic is 2. the number must con- 
tain three integral places (Art. 356), 

Hence, the logarithm 2.4843 has for its number 305. 

2. Find the number whose logarithm is 8.6609 — 10. • 

Ans. .0458. 

3. Find the number whose logarithm is 3.7067. 
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4. Find the number whose logarithm is 1.6425. 

Ans. 43.9. 

5. Find the number whose logarithm is 1.6055. 

Operation. 

The given logarithm = 1.6055 

The logarithm, next less = 1.6053 ; whose number = 40.3 

Difference of logarithms 2 

Difference from column D 11 



The number whose log. is 1.6055 = 40.32 

6. Find the number whose logarithm is 3.0394. 

Ans. 1095. 

7. Find the number whose logarithm is 2.6132. 

8. Find the number whose logarithm is 7.9146 — 10. 

Ans. .008215. 

9. Find the number whose logarithm is 5.8014 — 10. 

10. Find the niunber whose logarithm is 0.0990. 

11. Find the number whose logarithm is 2.5522. 

Ans. .03567. 

12. Find the number whose logarithm is 0.5522. 

Ans. 3.567. 

^MULTIPLICATION BY LOGARITHMS, 
870, 1. Multiply 3.72 by .00064. 

Operation. 

log of 3.72 = 0.5705 

log of .00064 = 6.8062 — 10 

7.3767—10, whose number is .0023806. 
Adding the logarithm of the factors (Art. 358), we have as 
logarithm of their product, 7.3767 — 10, whose corresponding 
number is .0023806. 
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Rule. 

^rl(l(^ the logarithms of the factors, and find the number corre- 
sponJing to the result. 

Examples. 

2. Multiply 234 by 36. Ans. 8424. 

3. Multiply 59.4 by .000031. 

4. Mult ply .224 by .18. Ans. .04032. 

5. Multiply 59.4 by .00064. 

6. Multiply 650 by 47. Ans. 30550. 

DIVISION BY LOGARITHMS. 

371. 1. Divide 40.32 by 22.4. 
log of 40.32 = 1.6055. 
log of 22.4 = 1.3502. 

0.2553, whose number is 1.8. 
Subtracting the logarithm of the divisor from the logarithm 
of the dividend (Art. 359), we have the logarithm of the quotient, 
0.2553, whose corresponding number is 1.8. 

Rule. 

Subtract the hyarithm of the divisor from the logarithm of the 
dividend, and find the number corresponding to the result. 

Examples. 

2. Divide 828 by 23. Ans. 36. 

3. Divide 589 by 31. 

4. Divide .00072 by .024. Ans. .03. 

5. Divide 30550 by 47. Ans. 650. 

6. Find the value of ^ expressed as a decimal. 

What i8 the Rule for Multiplication by logarithms? What is the Rnlo 
for Division by lop^aritlims? 
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Operation. 

•log of 5 = 0.6990. 
log of 8 = 0.9031 . 

9.7959—10, whose number is .625. 
Since f is equal to 5 divided by 8, the process of solution is 
that of an example in division. 

7. What is the value of 5§ or ^- in a decimal expression ? 

Ans. 5.4. 

8. What is the value of f j^J expressed as a decimal ? 

9. What is the value of ^ expressed as a decimal of four 
places ? Ans. .0404 -|-. 

INVOLUTION BY LOGARITHMS. 
S7Z» 1. Find the cube or third power of 12. 

Operation. 
log of 12 = 1.0792. 
3 

3.2376, whose number is 1728. 
Multiplying the logarithm of 12 by the exponent of the 
power to which the number is to be raised (Art. 360), we have 
as the logarithm of the power 3.2376, whose corresponding 
number is 1728. 

Rule. 

• Multiply the logarithm of the number by the exponent of the 
power, and find the number corresponding to the result. 

Examples. 

2. Find the square or second power of 36. Ans. 1296. 

3. Find the cube of 1.01. 

4. Find the fourth power of .087. Ans. 00005728. 

What is the Rule for Involution by logarithms? 
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6. Find the sixth power of 3. 

6. Find the twentieth power of 1.05 to three decimal places. 

Ans. 2.655 -\- . 

EVOLUTION BY LOGARITHMS. 
878* 1. Find the square root of 1296. 

Operation. 

Log of 1296 = 3.1126. 
2) 3.1126 

= 1.5563, whose number is 36. 
Dividing the logarithm of the number by the index of the 
root (Art. 361), we have as the logarithm of the root 1.5563, 
whose corresponding number is 36. 

Rule. 

Divide the logarithm of the number by the index of the rooty 
and find the number corresponding to the remit. 

Examples. 

2. Find the cube root of 10648. Ans. 22. 

3. Find the square root of 40.96. 

4. Find the cube root of 26.2 to two places of decimals. 

Ans. 2.97. 

5. Find the square root of .001849. 

Operation. « 

Log of .001849 = 7.2670 — 10. 

Adding to both parts of the logarithm once 10, which makes 
the number after the mantissa exactly divisible by the index of 
the root, with — 10 as the quotient, we have, 17.2670 — 20. 

2 )17.2670 — 20 

8.6335 — 10, whose number is .043. 



What is the Rule for Evolution by logarithms ? 
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That is, when the logarithm is negative^ there must be added to 
both parts of the logarithm such a multiple of 10 as will make the 
number after the mantissa exactly divisible by the index of the 
root, with — 10 for the quotient, 

6. Find the cube root of .125. Ans. .5. 

7. Find the cube root of .008649 to three places of decimals. 

Ans. .205. 

8. What is the value of y{48 to three places of decimals. 

Ans. .7815. 

EXPONENTIAL EQUATIONS. 

374. An Exponential Equation is one in which the un- 
known quantity is contained as an exponent. Thus, 

(f' z=i b, xf^ = a. 
Equations of this kind may be solved by means of logarithms. 



For, if a^=zb, take the logarithm of each member, and we have. 

log 6 
lo2 b 



X log a = log b 



Whence, x -=. 



log a 



Problems. 

1. Find the value of x in the equation 3* = 15. 

Here x log 3=15. 

' ^ri % 15 1.1761 ^ ,^^ 

Whence, x = =^-— = = 2.465. 

logs 0.4771 

2. Solve the equation 5*1=100. Ans. 2.861. 

3. Solve the equation 2*= 1024. Ans. 10. 

4. Solve the equation 3^ = 20. Ans. 2.727. 

5. Solve the equation 625^=3125. Ans. 1.25. 



When the logarithm is negative what must be added to both parts of 
the logarithm in finding the root ? What is an Exponential Equation ? 



296 



ELEMEKTARY ALGEBRA. 



Common Lograrithms. 


No. 
10 





1 

0043 


2 

0086 


3 

0128 


4 


6 

0212 


6 

0253 


7 

0294 


8 


9 1 


0. 


0000 


0170 


0334 


0374 . 


M 


11 


414 


i5: 


492 


531 


569 


607 


645 


682 


719 


755 : 


38 


12; 


792 


828 


864 


899 


934 


969 


1004 


1038 


1072 


iic6 


35 


13 


1 139 


1173 


1206 


'239 


1271 


1303 


335 


3^7 


399 


430 ; 


32 


14 


461 


492 


523 


553 


584 


6r4 


644 


^73 


703 


732 : 


30 


15 


1761 


1790 


1818 


1847 


1875 


1903 


1931 


1959 


1987 


2014 : 


!8 


16 


2041 


2068 


2095 


2122 


2148 


2175 


2201 


2227 


2253 


279 : 


:6 


17 


304 


330 


355 


856 


405 
648 


430 


455 


480 


504 


529 : 


^5 


18 


553 


577 


601 


672 


695 


718 


742 


765 : 


23 


19 


788 


810 


833 


878 


900 


923 


945 


967 


989 : 


!2 


20 


3010 


30J2 


3054 


3075 


3096 


3118 


3139 


3160 


3181 


3201 : 


!I 


21 


222 


243 


263 


284 


304 


324 


345 


365 


385 


404 : 


SO 


22 


424 


444 


464 


483 


502 


522 


541 


560 


579 


598 ] 


19 


23 


617 


636 


^55 


674 


692 


711 


729 


747 


766 


784 1 


[8 


24 


802 


820 


838 


856 


874 


892 


909 


927 


945 


962 ] 


[8 


25 


3979 


3997 


4014 


4031 


40481 


4065 


4082 


4099 


41 16 


4133 1 


17 


26 


4150 


4166 


183 


200 


216 


232 


249 


265 


281 


298 ] 


[6 


27 


314 


330 


346 


362 


378 


393 


409 


425 


440 


456 1 


[6 


28 


472 


487 


502 


S18 


533 


1$ 


564 


579 


594 


6og ] 


15 


29 


624 


639 


654 


669 


683 


713 


728 


742 


757 1 


^5 


80 


4771 


4786 


4800 


4814 


4829 


4843 


4857 


4871 


4886 


4900 ] 


14 


31 


914 


928 


942 


955 


969 


983 


997 


501 1 


5024 


5038 1 


14 


32 


5051 


5065 


5079 


5092 


5105 


5119 


5132 


145 


'§9 


172 ] 


'3 


33 


185 


198 


211 


224 


237 


250 


263 


276 


289 


302 ] 


^3 


84 


315 


328 


340 


353 


366 


378 


39' 


403 


416 


428 ] 


t3 


35 


5441 


5453 


5465 


5478 


5490 


15502 
623 


5514 


5527 
647 


'^fs 


5551 '1 


[2 


36 


18^^ 


575 


587 


599 


611 i 


635 


670 1 


2 


37 


694 


705 


717 


729 


740 


752 


763 


77 S 


786 1] 


2 


38 


798 


809 


821 


832 


843 


855 


866 


877 


888 


899 'i 


I 


39 


911 


922 


933 


944 


955 


966 


977 


988 


999 


6010 ii 


I 


40 


6021 


6031 


6042 


6053 


6064 


6075 


6085 


6096 


6107 


6117 1 


I 


41 


128 


138 


149 


160 


170 


180 


191 


201 


212 


222 I 





42 


232 


243 


253 


263 


274 


284 


294 


304 


314 


325 I 





43 


335 


345 


355 


36s 


375 


3^5 


395 


405 


415 


425 ,1 





44 


435 


444 


454 


464 


474 


484 


493 


503 


513 


522 I 





46 


6532 


6542 


6551 


6561 6571 


16580 


6590 


6599 


6609 


6618 I 





46 


628 


637 


646 


656 


663 


675 


684 


693 


702 


712 


9 


47 


721 


730 


739 


749 


758 


767 


776 


785 


794 


803 


9 


48 


812 


821 


830 


839 


848 


857 


866 


875 


884 


893 


9 


49 


902 


911 


920 


928 


937 


946 


955 


964 


972 


981 


9 


60 


6990 


6998 


7007 


7016 


7024 


7033 


7042 


7050 


7059 


7067 


9 


61 


7076 


7084 


093 


lOI 


no 


118 126 


135 


H3 


152 , 


? 


52 


160 


168 


177 


185 


193 


202 


210 


218 


226 


235 - 


5 


53 


243 


251 


259 


267 


275 


284 


292 


300 


308 


316 J 


5 


54 


324 


332 


340 


348 


356 


364 


372 


380 


388 


396 I 


3 


No. 





1 


2 


3 


4 


6 


6 


7 


8 9 D 


. 
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Common Logarithms. 



No. 
55 





1 
7412 


2 

7419 


8 

7427 


4 


6 

7443 


6 

7451 


7 
7459 


8 

74bb 


9 


D. 
8 


7404 


7435 


7474 


56 


482 


490 


497 


505 


513 


520 


004 


536 


543 


551 


8 


57 


559 


566 


574 


582 




597 


612 


619 


627 


8 


68 


634 


642 


649 


657 


672 


679 


686 


694 


701 


7 


69 


709 


716 


723 


731 


738 


745 


752 


760 


767 


774 


7 


60 


7782 


7789 


7796 


7803 


7810 


7818 


7825 


7832 


7839 


7846 


7 


61 


853 


860 


868 


875 


882 


889 


896 


903 


910 


917 


7 


62 


924 


93 1 


938 


945 


952 


959 


966 


973 


980 


987 


7 


63 


„993 


8000 


8007 


8014 


8021 


8028 


8035 


8041 


8048 


8055 


7 


64 


8062 


069 


075 


082 


089 


096 


102 


109 


116 


122 


7 


65 


8129 


8136 


8142 


8149 


8156 


8162 


8169 


8176 


8182 


8189 


7 


66 


195 


202 


209 


215 


222 


228 


235 


241 


248 


254 


7 


67 


261 


267 


274 


280 


287 


293 


299 


306 


312 


319 


6 


68 


325 


331 


338 


344 


351 


357 


365 


370 


376 


382 


6 


69 1 38» 


395 


401 


407 


414 


420 


426 


432 


439 


445 


6 


70 


8451 


8457 


8463 


8470 


8476 


8482 


8488 


8494 


8500 


8506 


6 


71 


513 


519 


5^5 


531 


537 


543 


549 


555 
615 


621 


567 


6 


72 


573 


579 


585 


591 


597 


603 


609 


627 


6 


73 


633 


^^2 


645 


651 


657 


663 


669 


675 


681 


686 


6 


74 


692 


698 


704 


710 


716 


722 


727 


733 


739 


745 


6 


75 


8751 


8756 


8762 


8768 


8774 


8779 


8785 


8791 


8797 


8802 


6 


76 


808 


814 


820 


825 


^^' 


837 


842 


848 


854 


859 


6 


77 


865 


871 


876 


882 


887 


893 


899 


904 


910 


915 


6 


78 


921 


927 


932 


938 


943 


949 


954 


960 


965 


971 


6 


79 


976 


982 


987 


993 


998 


9004 


9009 


9015 


9020 9025 


5 


80 


9031 


9036 


9042 


9047 


9053 


9058 


9063 9069 


9074 9079 


5 


81 


0S5 


090 


096 


lOI 


106 


112 


117 


122 


128 


^33 


5 


82 


i3« 


143 


149 


154 


159 


165 


170 


175 


180 


186 


5 


83 


191 


196 


201 


206 


212 


217 


222 


227 


232 


238 


5 


84 


243 


248 


253 


258 


263 


269 


274 


279 


284 


289 


5 


85 1 


9294 


9299 


9304 


9309 


9315 


9320 


9325 


9330 


9335 


9340 


5 


86 


345 


350 


355 


360 


365 


370 


375 


380 


385 


390 


5 


87 


395 


400 


405 


410 


4^5 


420 


425 


430 


435 


440 


5 


88 


445 


450 


455 


460 


465 


469' 


474 


479 


484 


489 


5 


89 


494 


499 


504 


509 


513 


518 


523 


528 


533 


538 


5 


90 


9542 


9547 


9552 


9557 
605 


9562 


9566 


9571 


957^ 


9581 


9586 


5 


91 


590 


595 


600 


609 


614 


619 


624 


628 


633 


5 


92 


638 


643 


647 


652 


657 


tei 


666 


671 


675 


680 


5 


93 


685 


689 


694 


699 


703 


708 


7^3 


717 


722 


727 


5 


^J4 


73^ 


73^ 


741 


745 


750 


754 


759 


763 


768 


773 


5 


95 


9777 


9782 


9786 


9791 


9795 


9800 


9805 


9809 


9814 


9818 


5 


96 


8^3 


827 


832 


836 


841 


845 


850 


854 


859 


863 


5 


97 


868 


872 


-877 


881 


886 


890 


894 


899 


903 


908 


4 


98 


912 


917 


921 


926 


930 


934 


939 


943 


948 


652 


4 


99 

No. 


956 


961 

1 


965 
2 


969 
8 


974 1! 978 


983 
6 


987 1 


991 


996 


4 
D. 





4 


6 


7 


8 


9 



298 ELEMENTARY ALGEBRA. 



ZEKO AND INFINITY. 

375«* Zero, which is represented by the symbol. 0, not 
only denotes absence of value, or nothing, but may, in 
Algebra, stand for a quantity less than any assignable 
value. 

3S6t* Infinity, which is represented by the symbol oo , 
denotes a quantity greater than any assignable value. 

In comparison with infinities, finite values msLy be con- 
sidered as all equal to one another. 



INTERPRETATION OF ~, -, ^, AND ^. 

CO A 

877,* In order to explain the meaning of these symbols, 
let us take the fraction t-* 



1. Suppose the numerator, a, to remain constant, while the de- 
nominator, 6, continually decreases. Then, since the value of a frac- 
tion depends upon the relative value of its terms (Art 113), the 
fraction must increase as the denominator decreases ; consequently, 
when b decreases below any determinate limits, the value of the 
fraction must exceed any determinate or assignable quantity. 
Hence, representing any finite quantity by A, we have 

A 

^=00. 

That is. 

If a finite qtmiitity is divided hy zero, the quotient is infinity. 

2. Suppose the numerator, a, to remain constant, while the dd 
nominator, 6, constantly increases. Then, the value of the fraction 
must decrease as the denominator increases ; consequently, when h 
increases beyond any determinate limits, the value of the fraction 
must be less than any determinate or assignable quantity. Hence we 
have 



Define Zero. Infinity. Interpret the symbol ^ 
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^ = 0. 
That is, "^ 

If a finite quantity is divided by infinity , the quotient is zero, 

3. Suppose, now, the denominator, h, to remain constant, while 
the numerator, a, constantly decreases. Then the value of the frac- 
tion must decrease as the numerator decreases; consequently, when 
a decreases below any determinate limits, the value of the fraction 
must be less than any determinate or assignable quantity. Hence 
we have 

That is, 

If zero is divided by a finite quantity, the quotient is zero, 

4. Suppose, next, a and b both to decrease, at the same time and 
in the same ratio. Then, the value, of the fraction will not be changed ; 
but when a and b decrease below any determinate limits, the terms 
of the fractions each become zero, and the fraction itself becomes 

-. As - may have any value, - will represent any finite quan- 
tity. Hence , 

If zero is divided by zero, the quotient may be any finite 
quantity. 

Note. If ^ is the result of an expression whose numerator contained 
more zero factors than its denominator, its value is ; and if its de- 
nominator contained more zero factors than its numerator, its value is oo. 

Sometimes r- , by canceling a common factor in the terms of the frac- 
tion from which it originates, is found to have a definite, finite value. 

378,* From the foregoing discussion we draw the fol- 
lowing inferences : — 

1. That a problem whose result appfars under the form of 

A . . . 

-- is impossible, or cannot be satisfied by finite quantities, 

2. That a problem whose result appears under the form of 
~ is generally indeterminate, or can be satisfied by any finite 
quantities whotpver. 



Interpret the symbol - • Interpret the symbol 7 • The symbol ^ • 
What two inferences are drawn ? 
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MULTIPLICATION OF IMAGINARY QUANTITIES. 

379t Imaginary Quantities (Art. 250) may be added, sub- 
tracted, and divided the same as other radicals ; but with re- 
gard to multiplication the usual rule requires some modification. 

If we take the product of two imaginary quantities in which 
the imaginary parts are equals it is evident that the sign of the 
product is changed by removing the radical. Thus, 
b^—a X c^— a = ftc(— «) = —abc. 



But, if we take two unequal imaginary quantities, ^ — a and 



^ — Of by the common rule (Art. 240), we have 



Now, since the quantity whose root is to be extracted was not pro- 
duced by that root, but from two unequal factors, it does not im- 
mediately appear whether the result obtained is to be taken posi- 
lively or negatively. We may, however, resolve the imaginary 
quantity into two factors, of which one ii* ^ — 1 (Art. 251). Then 
we have 



(+ V/-") (+ V/- b) = (+v/a X •- 1H+ \/t> X >/- 1) 

= +v/^X(-l) 
In like manner it may be shown, that 



(~^~a)(-v^-^>)=-V/a5, 



and (-^^_-a) (— ^— 6) = -j-y/ti^. 

Whence it appears that — 

The product of two imaginary terms is real, wiln the sign be- 
fore the radical as by the common rule reversed. 

Examples. 



1. Multiply v" _ 9 by /s/~^^^, Ans. — ^1^— — 6. 

2. Multiply 2 ^/'^^^ by 3 ^/~^2, Ans. — 6 V 6. 

3. Multiply l+x/Zn by 1— V"::^!. Ans. 2. 



SUPPLEMEl^TAET EXERCISES, 

FUNDAMENTAL RULES. 



(380.) 

L Add 6 a c—d^ 4ac-|-3c?, 5a c—1 d, —iaC'\-2 dy and 
— 5 a c -|- 4: rf. 

2. From 2 a -f 3 52-0 c take a— 2 A*- 3 c. 

3. Add 2x2-f-3y» + 2», — 4x^-5x^ + 3 y» + 2 ««, and 
— 3 a;2_2y"— 2 a;y + ««. 

4. From 2a;— -3^—8 2; take 6a: — 5y-\~2z, 

5. Add ax-{-dy\ by — dx, and — bi/^ -f- mi/. 

6. From 3 m^ n^—o amn-^i:a^m^n^ take c^ w^ — 8 cmn 
+ 7m' n\ 

7. Addar»+(«-i)a:2-f-oa:, 14 aH»-- 3 (a -5) 3:^-2 a:*- 2 a:, 

and — 5 ar^-f" 7 («— ^) a:*^— ^• 

8. From 3a:*+ 5 ar3-2 ar^ take — 5a:* + 2a:8-. 4x2. 

If a =4, 5 = 8, c=:3, c?=2, and x=i5, find the value 
of the following : — 

9. Sax-{-5bd-2c^x + 2cdx^bd^ 

(381.) 

1. From 5ac\/ x^—f -^Sbc\/ x^-^-y^ 
take 3 a /? \/a: 2— ^^—4 ft c \/ a:^ -f- y^* 

2. Add 5a*y— 3av/^ + 8, a*y + 4ayi-|-3, and 
2+9fl^— 3a^y. 
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3. From the sum of 7 a^ -]- 9 b—3 c z^ and 9a»— 7ft-f- 
4cz2+2 take the sum of — 3 0^^—5 6+ 6c ;?2 and 10a«+7 6 
-2cz2-L3. 

4. Add 12(aA + cef)-22 (ac + *rf), -5 (a 5+ erf), 
77(ac + 5rf), 15(ac?+ftrf), and 19(ac + 6rf). 

Simplify the following : — 

5. 2a-|-3i-4c + (3a-2i + 3c)-(2a + 3ft-3c). 

6. 3 a— [2 a— 2 {a- (a- 1)} + 2]. 

7. a^-2aH»-{6ar»+4-(2aH»-2x'^-4i^)}. 

8. a-[5 ft- {a-(3 c-3 ft) -f 2 c-(a-4ft— c)}]. 

9. 2 a-[5 ft + {3 c- (a + [2 ft-5 a + 4 r])}]- 

10. Enclose the last two terms of 3 a— 2 ft -{- 4 c in a paren- 
thesis with a — sign prefixed. 

(383.) 

1. Multiply 5aft-|-4cby — 3ac. 

2. Divide 8 a* c«- 20 a« c^ m by 4 a^ c«. 

3. Multiply 3o2ft2-.6aftc+3c2by 5aft— 5c. 

4. Divide 6a2^5aft-6ft2by 2a + 3ft. 

5. Multiply 2 y2_ 3 y_j_l y^^ 2y^4T3y-l. 

r>. Divide4/-9y2 4.6y-l by 2y2 4.3y_i. 

7. Multiply. a8-3an+ 3 a ft2-ft8 by a^-2ab+h^. 

8. Divide 12 a" ft'— 30 a^^ ^s j^ jqS a* ft" by - 6 a** ft". 

9. Multiply 3 «"»-» ft-*" -|-a-^"ft« by 4 a*'»ft*»— 2 «*••*-«*. 
10. Prove that 2 (6ar-3y)-^ (4x— 4y) + (2a:-4^) = 

4(3x-2y). 

(383.) 

1. Change 2a?'"*y to an equivalent quantity having only 
positive exponents, and explain. 

2. Divide a* -f 4 a:2 by a^,. 2 a .r + 2 x\ 

3. Multiply a;"' + 2^~3ary"-i by 4x'"''^ f^Ax-^y^. 

4. ■ Divide a^"* — 3 a"* c" + 2 c^" by «"•— c». 

5. Divide ar'»+i-4-a:»y + a:y"4-y» + i by a?" + 5r. 



SUPPLEMENTARY EXERCISES. 803 

Expand the following : — 

6. (3-y") (3-/) ; also (5x+2f/) (5x-2y). 

7. (5 +^"+"16) (o-cTfi) ; also (3 a"* + 2 a» ^-2) (3 a"* + 

8. (2 a: + 5) (2 X- 5) (4x2^^2)^ 

9. (3a-™-f2ft*) (3a-'" + 2^*). * 

10. Simplify (a + 6) (J + c)-.(c+rf) (rf-|-a)-.(a + c) 

_ 11. Simplify a: (a: + 1) (a: + 2) (a:+ 3) + 1. 

12. Simplify («+ 6+c)2~a (5+c - a)-{i (a+c-ft) 
-f-c (a-|-5— c)}. 

13. Divide (a-|-5-|-c) (a^-|-ic-|-ca)— a^<?l>y«4-ft- 

14. Divide {ax-\-bi/y-{-(ay—bx)^-\-c^x^-\-c^f/^ by 

15. Divide the product of a:*— 12 a: +16 and ar*— 12 a:— 16 
by a:^— 16. 

FACTORING. 

(384.) 

1. Find the prime factors of \^x^i^z\ 

2. Resolve 13a^y— 39 a'x into its factors. 

3. Find the factors of 4 a'* x^ -|- 6 a' a:*— 2 a a: y. 

4. Resolve 36 a^^i^ar*— 42 a*"*^ a:* +- 48 a^'^ft^ar into two 
factors. 

5. Find the prime factors of 60 a* a:^^^""^"*. 

6. Factor 72 a^ ft-» c» + 1 26 «« c^ c? + 1 62 a^ c\ 

7. Remove the factor laH'^x^"" from 42abx^"' 

+ 56 J 5-8 a:*"*. 

8. Resolve 1 6 y into two equal factors ; into four. 

9. What are the factors oi ax^-~bx^-^c 0^? 

1 0. Factor as far as possible 5 a^ a;^ + 1 a* x* + 5 a' ar*. 

(385.) 

1. Required the binominal factors ot 4a:^— 4xy+y^. 

2. Factor 1— a*; also 1— ^^^ 
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3. Find the two equal factors of 1 6 ar*— 40 xy -f- 25 y". 

4. Resolve into three factors 7 a* ^ a?*— 14 a' ^ a:* 
+ 7a2ft8ar«. 

5. Factor x2^2+ 32x^+256. 

6. Factor 4 a:*— 60 w w ar* + 225 m* n^. 

7. Factor o^ \y^ ; also a:^— y^ 

8. Write the quotient of a^—s^ divided by Qi?'^s?n 

9. Factor 4a;2— 225^*; also 1 — 196a:V« 
10. Factor m^— (a:— ^)^ ; also x' — y*. 



(:I86.) 



Factor the followinsr : — 



o 



1. hc-^-hd-^-cx-^-dx, 6. 2?^ + 2a:y + y2_4^ 

2. ar'^ + ar^y + a-Z + yS. 7. a2-2 a 6-i2_25. 

3. a:2 4.2a;-a'y-2y. 8. 9 c^-l + rf2^ 6 c (i 

5. 6/i— 21/w2»— 8»i+ 10. 25a:*-f 70a:y^+49y2;^3. 
28 m«. 

(387.) 

1. Factor a:^ + ^ ^ + 6. 

Note. Trinomials of this form may be resolved into two binomial 
factors. The first term of each of these factors will l)e the square root of 
the first term of the quantity ; and the second terms of the factors will he 
two quantities, whose product will be the third term, and whose algebraic 
sura will be the co-efficient of the middle term. 

2. Factor ar^-f 23 ar+ 102 and explain. 

3. Factor x^-f- 13 ar + 36. 10. Factora^ J4_7^ j2_i44^ 

4. Factored— 18^+32. 11. Factor ar^/ + 12a: 3^ + 27. 

5. Factor x^ -|- x— 42. 1 2. Factor ar^— 2 x y^ z— 

6. Factor^^^— 9y— 90. 48 ^^^^ 

7. Factor x2/-|- 2 a: y8- 13. Factor y2_y— 210. 

120. 14. Factor x^y^—'iAxyz-\' 

8. Factor a:^— 29 a: + 120. 143 ^2. 

9. Factor ar^ + 25 « a: + 16. Factor a^-j- 13 a— 48. 

100 n\ 
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(388.) 

1. Find the highest common factor of 4:2ab^c^aud 14 a b^ 

2. Show that 40 a^ ^ is a multiple of 8 a^ P and 20 a^ h\ 

3. Find the greatest common divisor of ^a^y—^xy^ and 

4. Find the least common multiple of xy^-\-xyc^ ^y^— 
xyc, and x]^—xy<^, 

5. Find the highest common factor of \2a^hc x\ 20 h^ c^x^, 
and Z2a^¥c^x. 

6. Find the least common multiple of x^ -|- 5 a: -|- 4, x^ -\^ 
2 X— 8, and x^-^-l x-{-\2, 

7. Find the greatest common divisor of a^x^-\-b a^x— 24 a^ 
and ai2a:2-|-23ai2^+120a6^ 

8. Find the least common multiple of 3 (a-|-5)^, 6 (a^— 6^), 
and 12 {a-hy. 

9. Find the highest common factor of ax'\'hx-^ay -{-by 
and ac-^-bc-^-ad-^-bd, 

10. Find the least common multiple of a:-}- !> x^—\, and 

(389.) 

Find the greatest common divisors of the following : — 

1. x^-^a^-\-2x'^'{-x-\-^ and x''--2a^—x—2. 

2. ar8 + 3a:2+4a:+12 andar«+4ar2-f-4a:+3. 

3. 2ax^-\-liax^-{-24:ax^ and aar^— 2a a?^ —15 ax. 

4. acy^ -{-a dy^ -f" ^ ^ ^^ ~f" ^ ^!/^ ^°^ ^ ^ ^ — ^ n ar -|- ft w a; 
—bnx. 

5. a:4_ic8_5 3.2_^2a;+6 and af* + ar^— ar^— 2 a:— 2. 
Find the least common multiples of the following : — 

6. 6ar2— ar— 1 and 2a:2 4-3ar— 2. 

{■> 7. 4a:2-4a;+l, 4ar2-l, and 4a:2+4a:+l. 

•♦ 8. ax — ay — bx-\-by and x^ — 2ar^-|-^^ 

' 9. 6a:2 + 13a:— 28 and 12 a:^— 31 a:+ 20. 

10. Sar^-fSOx + y and 12 ar2-.29ar-8. 
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FRACTIONS. 

(390.) 

35 771 9^ y^ 

1. Reduce rrr — „ . to its lowest terms. 

2. Reduce — - — — to a mixed quantity. 

- _^ - ax^m — am ^ 

6, Reduce to an entire quantity. 

6 a* a? — 5aa;^+4a:« 

4. Change — — — ' to a mixed quantity. 

5. Reduce ^ JJ^i * / and . . to equivalent fractions 

having a common denominator. 

6. Reduce — 5-5 „^ to its lowest terms. 

m*-\-m — 72 

7. Reduce j — :^ — , ' , , to its lowest terms. 

ac-\-ad — DC — ha 

o T» J 4c2— 20C + 25 , ., , 

8. Reduce — r^ t—L — to its lowest terms. 

25 — 4 c"* 

9. Reduce , ' , — » , ^ — r^ to its lowest terms. 

X* — 4x*-|-2a;-|-3 

10. Reduce 3 a:— 2— r -»anda— 5 ^r^ to fractional 

2x — 1 a-\-h 

forms. 

11. Reduce „ ^J" ■ . and -^ — ^ , , to a common de- 

nominator. 

2 d 4 c 

12. Reduce -r-; -^ and —, : to a common denominator. 

ar-^-a — a* — 4 

■ (391.) 

117-^^1. ir2^ 3x , 3a;2 + a2 

1. r md the sum of — ; — » » and —z — '— r • 

a-^-x a — X a^ — x* 

7 7 

2. Subtract -r from 



6a — 46 5a + 46 

o o- vr a^+2ax4-x2 aa—Ortx + xa 

3. Simplify — ■ ■ i — ' — • 

^ •' a — X a-^-x 



— -^ 
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^ 7 /p 3 

4. From 5 a — take 2 a A — — — 

4 ' 12 

5. Simplify 7^ ^ + — f — f — ^ , ^ ' 

3* X or 

6. SimpUfyj-p^-j3:^ + ^j— J. 

_ g. ,., 2ar — 6 g+2 g+ l 

^- ^"*<^ 3^ *"'' 2 ^2^- 

9. Simplify -^^^ W-^'nl 2id- 

10. Simp% ^^_^^^^^_^^ + ^_^^^^^_^^ - ^^_^^^^^_^^ 



(393.) 

1. Multiply together > — ' — > and — g— 

2. Divide -^ by --^' and — ^^ by 



45 21a2 -^ a^a ' 

3. Divide ^-j^ by ^^ and ^-^ by ^-."T^^. 

4. Multiply 3 a + ^* by 3 a — ^'. 

5. Simplify ' n 

a 



n n 

6. Free - _.^ ..^^ from negative exponents ; also — ^^^* 

7. Multiply togetner ^-,3^,' .._5x + 4 ' ^^^ "i^^' 

«• ^"I'^Ply .-^^^ ^^ Sf&3- 

a:— 7+ — 
9. Simplify ^• 

a; 4-3 

' X 
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10. Simplify ^1^?^ ^-^^^ 



1 — a: ' 1 



+ * 



SIMPLE EQUATIONS. 

(393.) 

Find the value of the unknown quantity in the following 
equations : — 

1. 13a:-20 = 5x+44. 

2. 18a:4-15 = 24x-15. 



3. 


3x x — 2 4a;— 40 « 
4+2 8 ^6.^ 


4. 


3a; X 
o c 


5. 


ax^-\'hx mx^-\-nx. 


6. 


.3 x-. 02— .003a:— .7 -.06 a: -.006. 


7. 


^'' + ^.-.5 ' 0. 

X X 


8. 


11 1 


ah—ax^ he — hx ac^ax 


9. 


a^x . J Q d 
— c ' e 


0. 


X — 1 x — 2 X — 5 X — 6 J .J. 

— — . i, ^ L and verify. 

a; — 2 a; — 3 x— 6 x—1 ^ 




(394.) 


Solve the following equations : — 


1. 


a? ?/ 

- — V 1 and X — -- — 8. 



2 ^ 2 



2. ^4.f-_5 = 0and2a: + | — 17 = 0. 

3. ar-f-y+v=12; a; — ' y -\-zz=.Q\ x — y~^z=z — 2. 

. 7x — 9y _ „ ^ hx^hy __ 

4. 3 — '» 19 — ^• 



:.— d 
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— 65. 

a , h c . d 

o. -H — =m; — — =w. 
ar ' y a; * 2^ 

7. f-j|-=_20;f + 3y=134. 

8. x^ay -|- a^2f = a'; x—hy ■■\-h^ z-=iW; x^cy -\-c 



^z 



c\ 



9. 8a: — 4y = 24 — 2; 6a:+y = 2; + 84; a: + 80 = 3y 
+ 4z. 

10. «=:y-|-2r; 5 = x-|-2^; c = a:-|-y. 

(395.) 

1. A lady, being asked her age, replied that if a half of her 
age were taken from it, and also a half of that remainder were 
taken away, she would be 19. Required her age. 

2. A certain garden contained three times as many pear- 
trees as apple-trees. Afterwards four of each were cut down, 
and then there were four times as many pear-trees as apple- 
trees. How many were there of each at first? 

3. Find three numbers such that \ of the first, \ of the 
second, and \ of the third should be equal to 62 ; ^ of the first, 
\ of the second, and \ of the third shall be equal to 47 ; and \ 
of the first, \ of the second, and ^ of the third shall be equal to 
38. 

4. A person dying left his property equally between his two 
sons. After seven years, the one had quadrupled his money, 
and the other had lost $1000, when it was found that the for- 
mer possessed ^sq times as much as the latter. Required the 
sum left for each. 

5. A clergyman, who had a charity of $110 to distribute 
among a certain number of old men and widows, found that if 
he gave $3 to each he would be one dollar out of pocket ; but 
if he gave each of the men $2^, and each of the widows $3.50, 
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he would have 50 cents to spare. How many were there of 
each ? 

6. A composition of copper and tin, containing 100 cubic 
inches, weighed 505 ounces ; how many ounces of each metal 
did it contain, supposing a cubic inch of copper to weigh 5^ oz., 
and a cubic inch of tin to weigh 4^ oz. ? 

7. I have three horses and a carriage, which of itself is 
worth $220. If I put the carriage with the first horse, it will 
make the value equal to that of the second and third ; but if I 
put it with the second horse, it will make the value double that 
of the first and third ; and if I put it with the third horse, it will 
make the value triple that of the first and second. What is the 
value of each horse ? 

8. A laborer agreed to serve for 36 days on these conditions : 
that for every day he worked he was to receive $1.25, but for 
every day he was absent he was to forfeit $0.50. At the end of 
the time he received $17. Required how many days he was 
absent and how many days he labored. 

• 9. Two men, A and B, agreed to dig a well in 10 days, but, 
having labored together 4 days, B agreed to finish the job, which 
he did in 16 days. How long would it have required A to dig 
the whole well ? 

10. Find a number of three places, of which the digits have 
equal differences in their order ; and, if the number be divided 
by half the sum of the digits, the quotient will be 41 ; and, if 
396 be added to the number, the digits will be inverted. 

11. A courier left this place n days ago, and goes a miles 
each day. He is pursued by another, starting to-day and going 
b miles daily. How many days will the second require to over 
take the first? 

12. If I were to enlarge my field by making it 5 rods longer 
and 4 rods wider, its area would be increased by 240 square 
rods ; but if I were to make its length 4 rods less, and its width 
5 rods less, its area would be diminished by 210 square rods. 
Required the present length, width, and area. 
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INVOLUTION AND EVOLUTION. 

(396.) 

1. FiDd the cube of - — and 7— «-• 

2. Write the square of a -|- ^ a: and ax-\'b. 

3. Extract the square root of a* -f- 4 a x -f- 4 a:^ and a^ x^ -|- 
2abx-^b\ 

4. Extract the cube root of — 64 a* y* and 1 25 a' b^ y*. 

5. Expand by the binomial formula (a -f- x)*, (2 a: + 3y)', 

(a^-^/, (^+y)*, (« + *)% («-^n (a -h^ + ^)'. 

6. Extract the square root of9a:*— 12£c*-|-16a:^— 8x-f-4. 

7. Extract the square root of 19 x^ -|- 6 a:'-f- 25 -|- a;*-f- 
30 X. 

8. Extract the cube root of x^^Bx^ -\- 5 x^— 3 x— 1. 

9. Extract the cube root of x' + 6 x«— 40 aH» + 96 x— 64. 
10. Extract the square root of a^ + 6^ -j" ^~~ 2ab —2 ac-\- 

2 be. 

RADICALS. 

(397.) 



1. Reduce ^Ib c^y^ and V 200 x' y^ to their simplest form. 

3 3;2 5 a c^ 

2. Reduce and -5-7— to the form of the cube root. 

y 2 ox 

3. Reduce 3 x* ^^ a: y^ to a radical without a coefficient. 

4. Reduce — r- r I "^, to a radical without a coefficient. 

a-\-o ^ a — 

5. Reduce 3 a 3 1 — and 4 ft ^4 a~^y^ to a common index. 

6. Reduce \^3 x, ^4y, and ^2 x* to a common index. 



mn 



7. Reduce -^J/I'io a^ b^ and v«" ^^ to their simplest forms. 

8. Reduce Va^ar^-ea^x-PSU? and >^ "Sray^^^ST^V 
to their simplest forms. 
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9. Reduce 2 ^5 x^ y, 3 '^'xy^ and \0a ^2hxto 9^ common 

index. 

,^ „ ^ |9a2ft» . . , i, 

10. Reduce \-rr — ^ to its simplest form. 

(398.) 

1. Find the sum of i/ 24~a*7 v' 3 a* a:«, and -^81a««. 

2. From ^64 a* a: take \/ 1^^ 

3. From s/\ take 3 Vf. 

4. Simplify 

V^243 a 62 + V75a»+ V^ a»-54a»* + 243 a J^. 

5. From 2 {x-y) Vi^" take 3 (x-y) J^ Ij' 

6. Simplify 2 z -^i*/" z*- 2 x v'^T? + 2 y ^'^?yJ\ 

7. Multiply 6 V a by V^ c ; also (a + 6)" by {a—h)\ 

8. Divide (aa:*)* by xy*, and [-by I — 

9. Find the product of 2 + Va by 2— Va. 

10. Multiply 4^^^, >/2x\ and L^- 

11. Divide 16 a^ VP by 8 a V?. 

12. Multiply 2 Vx—SVy by 4 V5'+ Vy. 

13. Divide V^F+V^ by J^^^^. 

14. Multiply3V5~2V6 + V7'by6V5-|-4V64-2V7 

15. Multiply Vx~+ 1 - V^l by Vx+l + Vi^l . 

(399.) 

1. Raise 5 Va^ x and Via— 6 to the third power. 

2. Extract (he square root of 2 vT^ and 2 v6. 

3. Square 4 + V3 and 3 — 2 V 2. 
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9 

4. Raise 3 W a: +y and ^ V4 (a^ x^) <io the fourth power. 



4 



6. Rationalize ^^b and 7— 2 Vo. 

5 X v3 -4- 1/2 

7. Rationalize the denominator of -^ ; ■ /^ /^ ; 

2 v/r+ ^2 

8. Rationalize the denominators of / , ^ , V^"; "^ » 

V2a: ' 2v^y+3V^^ — 2 

Multiply the following : — 

9. 4V^by2V^. 

10. a-^-V^^hya-V^^. 

11. i_|.V^lby l-V^l. 

12. — 3V^by4V^. 
Divide the following : — 

13. V^a by V^b. 

14. \r^^ by 4^-3. 

15. V^Zg'byV^^ 

(400.) 

Solve the following equations : — 

1. Vi+6 = Vl24-a:. 

2. Vx^^ = 16-V^ 

3. V^--3 — Vic + 12 =—3. 

4. x4-Vx+5 = 5. 

5. V^^^7 + V2"i + 9 = 8. 

91 

6. V3a: + V3a:+13= ^3^^,3 > 



7. Va:-Va:-3=^ 



8. V^^-3x+5-.V«*-"^a;-2=l. 
U 
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QUADRATIC EQUATIONS. 

(401.) 

Solve the following equations : — 

I. 16a:*-9x'' = 1792. 
2.. a:^— 8x=— 15. 

3. x^-f 18a:=— 65. 

4. 39x2+96= 51x^-96. 

5. _^-+-^=i. 

6. —3a:* + 36a:— 105 = 0. 

7. 1^-3 +201 = 42f. 

8. a:* + a a; = 6. 

9. a: + V5a;+10 = 8. 

35 — 3x 

10. 6a:H = 44. 

X 

(40S.) 

Solve the following equations : — 

1. ar» + 7a: = 7(x + 3) + 4. 

^_x + 4^ 
a,+ 5 a: — 7 * 

3. a:— y = 6; ar^+y2 = 90. 

4. a:— y=5; xy=z — 6. 

5. x»+3a!y-5^2_23. ar + 2y=7. 

6. 2a:2+a:.y~5y^=20; 2a:-3y=l. 

7. x^— xy = 54; a:y— y*= 18. 

8. ar»-95r' = 63; 5=-2y. 

9. 3a:» + 4y2_-_76. ^y'^-ll ar^= 4. 

10. 3y2-x2=39; ar^ + 4ary=256— 43^. 

II. a:»— 3^»=19; a:*y-a:/=6. 
12. ar2+/= 25; a;y=12. 
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(403.) 



1. There are two cubical blocks of stone, one of which con- 
tains 117 cubic feet more than the other, and the side of the 
larger is 2^ times as long as that of the smaller. Required the 
dimensions of each. 

2. The product of two numbers is 750, and the quotient of 
one divided by the other is 3^. Find the numbers. 

3. There are two square fields, the larger of which contains 
25,600 square rods more than the other, and the ratio of their 
sides is as 5 to 3. Required the contents of each. 

4. There is a wall containing 54,00^ cubic feet. The height 
is 5 times its thickness, and the length eight times its height. 
What are the dimensions ? 

5. A student traveled in a coach 6 miles into the country, 
and walked back at a rate 5 miles less per hour than that of 
the coach. He found he was 50 minutes more in returning 
than in going. What was the speed of the coach ? 

6. A merchant sold a quantity of flour for $39, and gained 
as much per cent, as the fiour cost him. What was the cost 
of the iiour? 

7. A gentleman sent a lad into the market to buy 12 cents 
worth of peaches. The lad having eaten two, the gentleman 
paid at the rate of a cent for 15 more than the market price.' 
How many did the gentleman receive ? 

8. A mirror is in the shape of a double square. The cost 
of the glass, at $1.25 a square foot, exceeds the cost of the 
frame, at 75 cents a linear foot, measured on the inside of the 
frame, by $22. Required the dimensions of the glass. 

9. A lady purchased a number of yards of cloth for $1.12, 
and observed that if she had had one yard more for the same 
money, each yard would have cost her two cents less. Required 
the number of yards purchased and the price per yard. 
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10. There are two lots, each of which is an exact square. 
It requires 200 rods of fence to inclose both, and their con- 
tents are 1,300 square rods. What is the value of each at 
$2.25 per square rod ? 

11. Two men, A and B, set out at the same time from two 
places, M and N, respectively, and travel so as to meet When 
they meet, it is found that A has traveled 30 miles more than 
B ; tliat A will reach N in 4 days, and B will reach M in 9 
days after they meet. Find the distance between M and N, 
and the rate at which A and B travel. 

SERIES. 

(404.) 

1. The first term of an arithmetical progression is 5, the 
common difference 3. What is the 7 th term ? 

2. If the first term is J, the common difference — ^, and 
the sum of the series — 1^, what is the number of terms ? 

3. The first term of an arithmetical progression is 3, the 
number of terms 20, and the sum of the terms 440. Required 
the common difference. 

4. Find the last term and the sum of the series in 1, 6, 11 
. . . to 15 terms. 

5. Find the Brst and last terms of a series of which the com- 
mon difference is 5, the number of terms 6, and the sum 321. 

6. The first term is 3, the last term 42 §, and the difference 
2^ ; find the number of terms and the sum of the series. 

7. If the ratio is 2, the number of terms 6, and the last term 
128, what is the first term ? 

8. If the first term is 2, the last term 4,374, and the number 
of terms 8, what is the ratio ? 

9. Insert 3 geometrical means between ^ and 128. 

10. Find the value of .1212 to infinity. 



MISOELLAl^EOUS EXERCISES 

SELECTED FROM 

ACADEMIC EXAMINATION PAPERS. 



(405.) 

1. What is the algebraic sum of two or more quantities ? 

2. From 71 take — z- ; multiply the remainder by . ; 

b^ ah ^ '^ ^ ah 

and divide the product by — ^ . What is the quotient ? 

3. Find greatest common divisor and least common multiple 
of x«— 2 ar^— 1 9 a; + 20 and x^— 12 x + 35. 

4. Reduce 3 a-— 9 — '- — ,— ^- to a fraction. 

a + 3 

5. Name and define the kind of equality which must subsist 
in an equation. 

6. Find the value of x in the following equation : — 

7. A and B have the same income. A contracts an annual 
debt amounting to 4^ of it ; B lives upon J of it. At the end of 
two years B lends to A enough to pay off his debts, and has $32 
remaining. What is the income of each ? 

8. What is Elimination ? 

9. A engaged to work a days on these conditions : For each 
day he worked he was to receive h cents, and for each day he 
was idle he was to forfeit c cents ; at the end of a davs he re- 
ceived d cents. How many days was he idle ? 

10. A sum of money was divided equally among a certain 
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number of persons. Had there been three more, each would 
liave received $1 less, and had there been two fewer, each 
would have received $1 more than he did. How many persons 
wee there, and what did each receive ? 

(406.) 

1. Multiply together the following expressions: x—a^ x-\- 
a, x^ -}- a^. 

2. Divide x^-^7 ar+ 12 by a:-3. 

3. Divide a:* + 64 by ar^ +4 x + 8. 

4. Reduce . , „ ^ov to its lowest terms. 

5 {cr — lr) 

0. Add together , — ; — , —x r. 

° a — X a^x a* — x^ 

6. Given — -— = — !r-, find the value of ar. 

7. A grocer has 50 lbs. of tea at 60 cts. a lb., and wishes to 
mix with it another sort at 25 cts. a lb., so as to sell the whole 
at 50 cts. a lb. ; how much of the latter sort must he take ? 

8. Given ^^ + ^^ = 9,^+^±^ = 5; find the val- 

ues of X and y. 

9. There is a certain rectangular floor, such that if it had 
been 2 ft. broader and 3 ft. longer it would have contained 64 
sq. ft. more ; but if it had been 3 ft. broader and 2 ft. longer it 
would have contained 68 sq. ft. more. Find the length and 
breadth of the floor. 

10. Given — — — = 5 , find the values of x. 

X 3 

(407.) 

1. From ^^J^ subtract ^T'^ ' 

x — y x-\-y 

a-\-h a — h 

2. From r take — r-r* 

a — h a-\-o 
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3. Change ^ and -? to a common denominator. 

4. Given -^^ 4^ ___^5^_4s .._ 

— — , to find the value of x. 

10 

K ^. K 4a: — a . 2x-{-2a , 2x-^2a , 

0. Given 5 a; 7 \ — =m + n ' , to 

6 ' 4 • c 

find X. 

6. I gave in charity $46, — a part in equal portions to 5 
men, and the rest in equal portions to 7 women. A man and a 
woman had together $8. How much was given to the men, 
and how mnch to the women ? 

7. What number is that, the treble of which increased by 12 
as much exceeds 54, as that treble is less than 144? 

8. A man lent § of his money at 5 per cent., and the rest at 
6 per cent, — his interest amounted to $180. What were the 
sums lent ? 

9. What are the principal methods of elimination ? 

10. Given 4a;-f-.y = 34 and 4:y-\-x=ilQ, to find the values 
of X and y, by substitution and by comparison. 

(408.) 

1. Divide j-^J 'i and give the reason of the operation ; not 
the rule, 

2. Mention a use of the " greatest common divisor " in Al- 
gebraic operations. 

3. Mention a use of the " least common multiple " in Alge- 
braic operations. 

4. Square a-\-h-\-c-'d, 

5. Find the value of -^fi^ 1- -r^— j --75 ^ when x 

_ ah 
~a + h. 
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1. oi 6ar+7 2x— 2 2ar+l 

6. Solv6 — t{ ~ ^ = — r^— . 

16 7x — 6 5 

7. A boy buys a number of apples at the rate of 5 for 2 
cents. He sells half of them at 2 for a cent, and the rest at 3 
tor a cent, and clears 1 cent by the transaction. How many 
does he buy ? 

8. Solvear»+y«=91,a:+y = 7. 

9. Simplify ^128 + ^^686 + v^l6 + 7-^ ST+S ^16 + 
^432. 

10. Find the value of ^- ^- to 8 decimal places. 

(409.) 

1. From 4a^x—2b*y-\-a^y^ subtract 5o«y* — 8a*a: — 
4i*y-3(a:-y). 

2. Resolve x^—x into its prime factors. 

3. Find the least common multiple of x*— 1, as^-^ax and 
x + l. 

4. Divide 9 (a^-^h^) c*-»ar-*y by 3 (a«-^) c-«3!y«. 

5. Solve and verify a x — a: = 2 -f- c. 

6. Solve a:-|-y + « = 26. 

ar — y = 4. 
X — 2=6. 

7. Add — r and 



2a— 26 26— 2a' 

8. A can do a piece of work in 9 hours less than B can do 
it ; and together, they can do it in 20 hours. How long will it 
take each to do it ? 

9. Distinguish between the degree of an equation and the 
legree of a term. 

10. A crew which can row at the rate of 12 miles an hour in 
still water, finds that it takes 7 hours to come up a river a cer- 
tain distance, and 5 hours to go down again. At what rate 
does the river flow? 
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(410.) 

1. Find by inspection the L. C. M. of a*--l, a^-^ 1, and 
a-fl. 

2. Given and "*" > to find their difference, their quo- 

tient. 

3. Reduce to a simple form. 

m 

X — - 

n 

4. Why may a factor be changed from numerator to denomi- 
nator of a fraction, or vice versa^ without changing the value of 
the fraction ? 

5. What is the meaning of the negative sign when prefixed 
to an exponent ? 

6. The difference between two numbers is 2, and the sum 
of their squares is 164; find the numbers. 

7. Given, x^-\-y^=.^\, a:y=20; find the values of x 
and y, 

8. Expand by the binomial theorem, (aJ-|-y)^ (2a -|-^^)** 

9. Find the greatest common divisor of ar*— a*, ar^— a*, 
x^ -\- a^ and a?*— 2 o^ x^ -f~ ^*' 

10. In the composition of a quantity of gutfpowder, the niter 
was 10 pounds more than § of the whole, the sulphur was 4 J 
pounds less than ^ of the whole, and the charcoal was 2 pounds 
less than \ of the niter. What was the amount of the gun- 
powder ? 

(411.) 

1. Remove the parentheses and reduce to its simplest form 
a — |a — [a — (a — ^a?)]} . 

2. Find the greatest common divisor of 8 a:*-}- 2 a:— 3 and 
12ar8-f 10a:2_4. 

3. Resolve x^^—y^^ into its simplest factors. 

X^ X X 

4. Reduce -^ — - -|- - , — to its simplest form. 
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5. Find the square root of 
9x«-12a:«y«+16a?2y4-_24a:V+4y'+16a:y*. 

6. y—a = 2 {x—h) ; y—b = 2 {x — a) ; find x and y, 

7. Multiply ^ra by V6^. 

8. A wine-merchant has two kinds of wine which cost 90 
cents and 36 cents a quart respectively. How much of each must 
he take to make a mixture of 100 quarts worth 50 cents a quart ? 

9. Divide ari + arJ — 6 by a:* — 2. 

^3 ^8 \ 3-18 

1 I to its simplest form. 

(412.) 



a x^ 



1. Reduce 1 5 ^ to a single fraction. 

a — X a^ — x^ ° 

2. Find all the factors of a:«— 64 a\ 

3. — h r^— = — r—' Find x. 
a ' — a a-\-b 

4. (7(x+y)+3(»:-y) = 80> pindxandy. 
(7(x + y) — 3(x-y) = 32; * 

0. Find the greatest common divisor of a:' -|- 3 a:^ -}- 4 a; -f- 1 2, 
anda:» + 4a:^+4ar + 3. 

6. Find the square root of 4 a:*-— 12 x^ -\- x^ -{- ^ x -{- \, 

7. Find two numbers whose sum is a and whose difference 
is h, 

8. Subtract ^^^ from ^n^b. 

9. 2 a: = 4+-. Find ar. 

' X 

10. Insert two geometrical means between 24 and 192. 

(413.) 

1. Free from negative exponents the expression 

(4 a-3 5 2 3.-4^-4^ 

3;2 2x 15 

2. Reduce to its lowest terms the fraction ^ . ,^ t"^' 

x2-|-10a:-|-21 

3. Factor w*— 2 n^ -\- n, x®— 1, x^—n*y^, and a:' + y*« 
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2 

4. Make the denominator rational of > — — -m* 

V5 — V2 



5. Multiply s/x — 2 + s/— 3 by V^ + 2 — V— ^• 

6. Solve 5 — = —• 

7. Solve j^-^y = 153. 

8. By the Binomial Theorem expand to four terms 

1 



^ n — x^ 

9. Sum the infinite series 1 -[- "^ 4" t "I" ^'^ 

10. A and B together carried 90 eggs to market, and sold at 
different prices, each receiving the same sum. Had A taken as 
many as B, he would have received 32 cents for them. Had B 
taken as many as A, he would have received 50 cents for them ; 
how many did each take to market? 

(414.) 

1. Expand (Sar*— 2y)». 

2. Reduce ^-^3 (.^ +!-;) = *Z 

3. Give a general rule for completing the square. 

4. Reduce ?+^ = ?Zl! i 2A 

5. A man bought a piece of cloth for $45, and sold it for 
15 cts. more per yard than he paid. Though he gave away 5 
yards he gained $4.50 on the piece. How many yards did he 
buy and at what price per yard ? 

6. Define the degree of an equation. Write an equation of 
2d decree. 

7. -< ^ * V to find the values of x and «. 
U2y2_|.2ary=1295.) ^ 

8. There is a rectancrular field containing 4 acres whose 
length is to its breadth as 8 : 5. What is its length and breadth ? 
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9. Find two numbers such that their sum, their product, and 
the difference of their squares shall be equal to one another. 

10. A certain number consists of two figures whose sum is 
12; and the product of the two figures plus 16 is equal to the 
number expressed by the figures in inverse order. What is the 
number ? 

(415.) 

1. a:-|-a:6a-f-2::|:J a,~ find the value of x, 

2. Given — x=z~-' Show the value of x. 

n 9 

3. Extract the square root of m -f- 2 V"' n -^n. 



4. What is the value of (V (« + * + V«— ^) (V« + *— 
^a—h) when a = 3, and i = 5 ? 

5. Clear .^7% = V^^rV^? + 2 V^of fractions. 

6. A performs ^ of a piece of work in 4 days ; he then re- 
ceives the assistance of B, and the two together finish it in 6 
days. Required the time in which each could have done it 
alone. 

7. Extract the cube root of 8"^ V^ tF, 

8. State the principle employed in multiplying together two 
radicals of the same degree. 

9. What is an imaginary quantity ? If in solving a problem, 
the resulting answer is an imaginary quantity, what inference 
do you draw ? 

10. From two towns 102 miles apart, A and B set out to 
meet each other : A went 3 miles the first day, 5 the second, 7 
I he third, and so on ; B went 4 miles the first day, 6 the second, 
8 the third, and so on. In how many days did they meet ? 

(416.) 
2ar = M-|-y + 2; 
1. Given ^i3y=« + x+« 



i 



42=M~|-X-|-^ 

M = a: — 14 



> to find w, a:, y and Z' 
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2. Solve X + V^TF^ = o ^i-^ : 

3. Reduce '/-,/—= = to equivalent fraction having rational 

denominator. 

4. Solve the equations 

fa:2=10 — -' 
I ^ 

I x-^ ^ 

5. An engraving whose length was twice its width was so 
mounted on Bristol board as to have a margin 3 inches wide, 
and equal in area to the engraving, lacking 36 inches. Find 
width of engraving. 

6. Find value of V97 + 56 V3— V97— 56 V3. 

7. A market-man bought some eggs for 28 cents a dozen, 
and sold some of them at 3 for 8 cents and some at 5 for 12 
cents, receiving for the whole S6.24, and clearing 64 cents. 
How many did he sell at each rate ? 

8. The area of a rectangular field is 4 acres and 35 rods ; 
and the sum of its length and breadth is equal to twice their 
difference. What are the length and breadth ? 

9. Two travelers, A and B, set out to meet each other. 
They started at the same time and traveled on the direct road 
toward each other. On meeting it appeared that A had traveled 
18 miles more than B, and that A could have traveled B's dis- 
tance in 9 days, while it would have taken B 16 days to travel 
A*s distance. How far did each travel ? 

10. Prove that ** if four quantities are proportional, the sum 
of the first and second is to their difference, as the sum of the 
third and fourth is to their difference." * 

(417.) 

1. Add ^128 + v' 686-^16'+ 7 ^250-3 v^54 = ? 

2. (^6+iJ^'8")(^6-i?'-r) 
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3. Find a number of three digits, such that the sum of the 
digits shall be 15 ; the sum of the left and right hand digits 
shall be one less than the middle digit ; and the units digit sub- 
tracted from four times the hundreds digit shall equal the tens 
digit. 

4. 3 ar* + 1.5 a:-2 Vx^^- 5 a: + 1 = 2. Solve. 

n j> r V V20"+ Vl 2 + V27 

5. Rationalize >-^= 7== • 

V5 — V 3 

6. Exti-act cube root of a* b^ ^a^. 
^x^ + xf/ = 5x + Al g^j^^^ 

xy + y^ = ^y + '^^ 

8. From two points, 132 miles apart, A and B set out at the 
same time to meet each other. They travel till they meet. A 
goes two miles per day faster than B, and one-half the number 
of miles A travels per day = the number of days they travel. 
What is the rate of each ? 

9. A man bought a number of cows for $75 ; if he had 
bought two more for the same money, they would have cost 
him $10 a piece less. How many did he buy ? 

10. If a person should save $25 a year and put this sum at 
simple interest at 5 per cent, at the end of each year, to how 
much would it amount at the end of 25 years ? 



EXAMINATIOIJJ' PAPEES 

USED FOR 

ADMISSION TO VARIOUS AMERICAN COLLEGES. 

(418.) 

1. Add J (iK+y) and ^ {x — y), 

2. From h ar* — 3 (m n) *+ 1, take 6^a: + (w w)^ — L 

3. Prove that 25"^ X 25* is 1. 

4. Divideai+" + a»^ + a^'' + .5^+''by a*-f ^. 

5. Factor 36 c*££2_ 16 wi^ 

6. Factor x® — ^. 

7. Factor tw® — m^ 

8. Find the G. C. D. of a^ —I^ 2in^a^ — 2 ah-\- b\ 

9. Find the L. C. M. of (a" — a^), 4(a — x) and (a + x). 
1 0. Simplify the fraction 

m^ - 



m^ — n^ 



- Ul 



11. Given -f [-2 = x r— » to find ar. 

12. Divide $150 into two parts, so that the smaller may bft 
to the greater as 7 to 8. 

13. The number 21 is the - part of what number? 



1. /-.. ( 2v + 5x=29 ) ^ , 

14. Given ]^ [ to find y and a?. 

!3a: + 5y + 2=26 ) 
6 a;-}- 3y + 2 2^ = 31 [ to find a:, y, and z. 
9a: 4-4^+^^ = 50 ) 
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(419.) 

1. Reduce a — [2h — {3c-^2b — a)] to its simplest form. 

2. Remove the negative exponents from 

{a-hr*{x-y) 

3. Divide a* ft"*"" by a""^ dr^. 

4. Factor 4 X 2 _ 9 y2. 

c + 1 

6. Given I ^"^, ^~ \ ^ f to find a; and y. 

(2ar + 3y=12) 

7. Reduce a ^48 o' d and I — to their simplest forms. 

8. Multiply 3 J? by 2 J?. 

9. Given?^ + |=12 — ^^^tofindar. 

10. Find two numbers whose sum equals «, and whose dif- 
ference equals d. 

(430.) 

1. Define the following terms: greatest common divisor, 

least common multiple, a rational quantity, a surd. 

1 1 

2. Multiply a^ + i^' + c*^ by a"^ + c\ 

3. Divide x* -f ^ y — ^ V — V ^.Y ^ — ^ • 

4. Find the greatest common divisor of 6 x* -j- a:* — a;, 4 a:* 
-_6x2 — 4x + 3and2a:» + x« + x— 1. 

5. Find the least common multiple of (x -|- 2 a)', (x — 2 a)' 
and (x^-|-4a^). 

n .,, 13a— 29& 7ft— 21a ,96— 11a 

6. Add — -, — and — -— • 

5 (a— 6) 6 (a — ft) 5(a — ft)^ 

7. Given -A — = a, -A — = ft and - -4- - = c, find the val- 

X ^ y X * z y z 

ues of X, y, and z. 
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8. Find the value of x in the equation Va;-}-« = ^^ + «• 

9. From 5a^b^ Vc" take V a* b^ c. 

10. A and B lay a wager of lOs. ; if A loses he will have 
358. less than twice as much as B will then have, but if B loses 
he will have seven-nineteenths of what A will then have ; how 
much money had each at first ? 

*11. Given ^^ + 2 a: =12, to find ar. 
12. Given x^ — a x" = 6, to find x. 

(431.) 

1. Define term, factor, coefficient, exponent, power, root, 
equation. 

What is the degree of a term ? When is a polynomial ho- 
mogeneous ? 

2. Write the following without using the radical sign : — 

3. Write the following without using negative exponents : — 

4. Multiply a — b j^ — 1 by a -{- b y/ — 1. Also a — b 
^ — 1 by « -|-c /^ — I, 

5. Raise a — b V — 1 to the 3d power. Simplify the radi- 
cal («« — 2 a^ft + a ft2)* 

6. Solve '!-^—^!—^=b, Also-^, + ^a;«+c=0. Also 

"^ 3 - 6 ^ T77 ;*""« 

a^-f-(a — xy 
(433.) 

1. Write the rule for the square of a binomial. What is 
the square oi 3 a-\-2b? 

2. Write the rule for the product of the sum and difference 
of two numbers. What is the product of a -|- ^ ^ *"^ ^ — ^ ^ ^ 

3. Divide a^b'^-\'2 abc^ — a^c^ — b^c^hy ab + ac — bc. 
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4. Find the greatest common divisor of 3a:* — lSix^'^23x 
— 21 and 6 ar» + ar» — 44 a:+ 21. 

5. Reduce r— ^ -— ; s to a smgle fraction. 

2 — X 2-\-x ' x^ — 4 ^ 

6. Solve the equations ?^^ + 3===?^, 8—^=^ 

~ 4--. • 

2 "^3 

7. Reduce the surds ^300 and ^75 to tl^e same radical and 
find their sum. 

8. Solve the quadratic - -\ rr = ";r« 

(423.) 

1. Find the value of 6a— [4ft— |4a— (6a— 4ft) | ]. 

2. Divide a-** _ ftP» by a"" — ft^. 

3. Show that a" = 1 ; also that a""*= 1 -h- a**. 

4. Resolve a*"* — ft** into its prime factors. 

5. Find the greatest common divisor of a* — ft* and a" -|- a' ft 
_aft? — ft». 

a-l+ ^ 



6. Reduce to a simple fraction. 



a — 6 

' a — D 

7. Given 3a x — 2ftar — Jc — ^ mx = ^C'\'^inx — n 

— ftof-f- 2 ax to find x. 

8. Divide the number a into two parts, such that the second 
part shall equal m times the first part plus n, 

9. Find the 5th root of 4 c^ y (2 c). 

1 0. Multiply V (a + c) by ^ (a + e). 

(434.) 

1. Multiply a* + ft6+ c"* by a"* + c*. 

2. Divide x^ -{-x^y — x y^ — y^ by a:' — y*. 

3. Find greatest common divisor of x^ — 7a:-|-10 and 4a:' 

— 25 ar*+ 20 a: + 25. 
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2-\-x 1 X 9 

4. Solve for x in the equation j—^ — j-qj^ = - . 

5. A piece of work can be done by A and B together in 
3| days, by B and C in 4f days, by C and A in 6 days. 
Required the time in which either can do it alone, and all to- 
gether. 

6. Find x, y, and z in these equations : — 

^- + i = 6, -+- = 12, i+-=10. 

7. The sum of two numbers divided by 3 = 30, their differ- 
ence divided by 5 = 24. Required the numbers. 

8. What is the square root of t^ — 6a:^4~ll x^ — 6a:-'* + 

• 9. Distinguish between a rational, a surd, and an imaginary 
quantity. 

10. Find the value of x in the equation 

\/^ + 7 = V'll9 + x. 

(425.) 

1. Two workmen, A and B, are employed on a certain job 
at different wages. When the job is finished, A receives $27.00, 
and B, who has worked three days less, receives $18.75. If B 
had worked for the whole time, and A 3 days less than the 
whole time, they would have been entitled to equal amounts. 
Find the number of days each has worked, and the pay each 
receives per diem. 

2. Find the value of x from the proportion 

5 a ^/a^ 9 ft-« 



/lo^y I 



4 ^a^. 6» • j^5 

Express the answer in its simplest form, free from negative 
and fractional exponents. 
3. Simplify the expression 

x^-^y^ x^ — yg 
x'^ — y^ ar^ + y ^ 

x-\-y ' x — y 
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4. Write out the first five terms and the last five terms of 

5. Find the value of x from the equations 

cf/-\'dz = m, 
e X +/« = n, 

6. Find the greatest common Avisor and the least common 
multiple of 6ar* + 7a: — 5 and 2a» — ar^ + Sar — 4. 

7. Solve the equation 

ar+13q + 36 a— 26 

5a— 3ft — X x4-26 

(426.) 

1. Interpreted; a^; a~*; a*. 

2. Multiply ar^-j"^ — 6 by a:* — 9a:-|-20 and divide the re- 
sult by x -f 1 2 — ar». 

3. Separate into prime factors 3 m* a: — 3 n* x. 

4. Explain the reason of the following equations : a" a* = 

2x-f X--3 X _ 25-3X 
^- 27 4 +18 3 *''''*''• 

6. A left a certain town at the rate of a miles an hour, and 
in w hours was followed by B at the rate of h miles an hour. 
In how many hours did B overtake A ? 

7. The sum of two numbers is « and the difference is d. 
What are the numbers? Show from the result that if from 
the greater of two numbers you subtract one half the sum, the 
remainder will be one half the difference. 

8. Find the square root of ar* — 4 a:' y -j- ^ ^^ y* — 4a:y* 

+y*- 

9. Simplify 1 ^{a^l^ cP). 
10. Subtract Z^a^ from 6 .^a^. 

(427.) 

1. Simplify (a + & + c)^ — a (^ + c — a) — 5(a+ c — i) 
— c{a-\-h — c). 
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1 -~~ X^ 1 ~-~ W^ X 

2. Find the product of -— 7— » , \ 9 and 1 -|- , • 

'^ l-\-y x-\-x^ '1 — X 

3. Solve ax4-&=-+-r' 

' a * b 

4. Multiply a*+^* + a"*5 by aft"* — o* + ft*. 

5. Solve -^ - ^-:-f = |. 

a; — 1 X 2 

6. Solve a; -|- 5 — V x + 5~= 6. 

7. Solve X— 3^ = 12. 3:^+3^2 _ 74^ 

8. Multiply— 1 +^v=n: by— ^——V:=:r 

9. Expand (1 — x^y by the binomial theorem. 
10. If (a + ft+c + c£) (a— 5 — c+rf) = (a — ft + c 
— d) (a-\- b — c — d ) prove that a: b: : c: d, 

(438.) 

1. When a= 16, ft=10, c = 6, m= 4, a: = 5, and^=l, 
what is the value of the expression, 



50aa:'^ + 4a* — 100[a — (2x+^)]? 

2. From Va:''— y" — 2 (a + «)*+ 3, take — 3 V^Tfx ^ 

3. Give the rules for multiplication and division of mono- 
mials. 

6 c d~~^ 6 x~^ 
Free -r — 5— ^ — j- from negative exponents, and ex- 

plain the process. 

4. Extract the square root of 9 ar^ -{-12 a'^ J^ — 6 a + 

454_4^2^^„4, 

5. Reduce . to a fraction having a ra- 

tional denominator. 

6. Add — and . • 

x-^^/x^ — l a; — V«* — 1 
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7. Divide l-^V^^ by 1 —V— 1. 

8. Fiud X in the equation V a; — a = \^ — J Vo. 

-H — =a. 
a; • y 

9.^ ~-^- = c. >- Find a:, y, and av 
10. Given {J^+3-f;i^«-J Find. and y. 



(439.) 



1. Simplify J(-^^-^j + 2 a-»J» 

2. Simplxfy 1 - (^^j— ^j X ,i_(,y)i+yij 

3. Square root of 4 x^— 15 a;^ + 16 a;* — 8 a:^ + 4 xi 
Solve the following equations : — 

2x 5i/ 3x y 

. 1 i? "2 3 « j^ — v 1 



5. a:2 + 



2_L-L 



a 



2 , _ 



(?. 



6. 



b X 



+ -^ = °-±iand? + l=2. 



7. A and B can perform a piece of work in 6 days, A and C 
in 8 days, and B and C in 1 2 days. In how many days can 
each of them alone perform it ? 



1. (a) Reduce 



(430.) 
a^-\-a^x — ax^ — x^ 



a 



2_ r2 



to its lowest terms. 



{h) Multiply «-« ^2 by ^^ ; and divide «"« b^ by ^. 
2. Solve the equations : — 



(«) 
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7 X — 6 X — 5 X 

85 6x— 101 5* 



,,. 7a:+9 / 2a:— 1\ 



X^ X 



3. (a) Solve the equation — — --{-7J = 8. 

{h) It is required to find three numbers such that the product 
of the first and second may be 15, the product of the first and 
third 21, and the sum of the squares of the second and third 74. 

4. Find the sum of n terms of the series 1, 2, 3, 4, 5, 6, etc. 

5. By the binomial theorem expand (a* — 2^c)^ 

(431.) 

1. Least common multiple of 

ar»_3a: + 2, {x—l)\ {x — 2y, and x^ — l. 
Greatest common divisor of 

aJi^3a:2-f 4a:+12 anda:« + 4ic2+ 4a; + 3. 

2. Simplify — i\a' — {h—cY\ — \a' — {c — hf\^ + {a 
J^h+c) {a-^-h — c) {a^c — h) {h^c — a). 

3. When is a trinomial a perfect square ? Why cannot a bi- 
nomial be a perfect square ? 

4. Find value of x in the equation 

X x—5 , - /2x , \ 

-7 — rr+^=''-V77 + V 

5. Find values of x and y in the equations 

3 + 4 — ^'4^5— '• 

6. Simplify \x^ Xx^J ; find product of a*, a~*, a"^, 



— 1 
a \ 



7. Cube root of GyK-^—y^x^ + Sy^ — Uy'^^'arK 

8. Find the product of a -j- y^^T^ and a — y^ZZ^, and de- 
fine an imaginary quantity. 
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(438.) 

1. ^ + 1+1 
a b 

a ' c 

c 

2. There is a number consisting of two digits : the number 
is equal to seven times the sum of its digits ; if 27 be subtracted 
from the number the digits interchange their places ; find the 
number. 

3. Reduce to their simplest forms ^^ V? and ^250 3^y^&\ 

4. Vx— 3— Vx^^— V4a:— 155 = 0. 

5 7 3 _ 22 

• a:=*_4 x + 2"" 5 ' 

6. a?-|-y=3. 
a:2-|-/=29. 

7. Develop by Binomial Formula (2 a —3 h)\ 

8. In an Arithmetical Progression given the last term 

— 47, the common difference — 1 , and the sum of the terms 

— 1118 ; find the first term and the number of terms. 



J 



i 



4 



